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THE ELASTIC-PLASTIC CYLINDER SUBJECTED TO 

RADIALLY DISTRIBUTED HEAT SOURCE, LATERAL 

PRESSURE AND AXIAL FORCE WITH APPLICATION TO 
NUCLEAR REACTOR FUEL ELEMENTS* 


By T. B. Kammasnf, S. A. Murcut and P. M. Nacuopit 


(Received 20 July 1959) 


SUMMARY 


Tue elastic—plastic deformation of a solid cylinder in the presence of a distributed heat source 
and subjected to a lateral pressure p and an axial fource F is considered in detail using Tresca’s 
yield function, its associated flow law, and a linear workhardening law. Particular attention is 
given to the class of problems in which the radial stress, and not the axial stress, is the intermediate 
principal stress. The general results are applied to the cylindrical nuclear reactor fuel element 
in the state of plane strain with a radially distributed Gaussian heat source, acting in its fissionable 
interior. The solution is expressed in closed form in terms of the exponential integral and the 
incomplete gamma function and is found to exhibit three stages of plastic deformation. In stage 
I the plastic domain consists of two concentric and adjacent zones with different stress fields and 
different rates of propagation which expand outward from the centre of the cylinder ; in stage II 
the elastic domain vanishes, while the inner plastic zone continues to propagate ; and in stage III 
a third plastic zone is formed at the outer radius which propagates inward. Throughout the 
deformation the states of stress are found to exhibit regular progression. A numerical example 
is included. 


1. INTRODUCTION 


Tue brief list of existing complete solutions to elastic-plastic problems in the 
incremental strain theory of plasticity has been enriched in recent years by a 
number of thermoelastic—plastic investigations, e.g., ParKUs (1954), BLAND (1956) 
WEINER (1956), WiLHorr (1958) and Cowper (1958). Of the problems solved in 
the above collection, all but the first and third employ Tresca’s yield condition ; 
and of the plane strain solutions all contain, as do the isothermal solutions obtained 
to date, the axial stress o, as the intermediate principal stress. Furthermore, in 
all cases the state of stress is statically determinate. 

An exception may be found in the recent work of WEINER and HuDDLEsTON 
(1959) who have obtained, for an incompressible nonhardening cylinder in the 
presence of a temperature gradient, a radially symmetric solution for the stress 
rates which for certain regimes of the Tresca yield surface is necessarily statically 
indeterminate. 


*The results presented in this paper were obtained, in the course of research sponsored by the Office of Ordnance 
Research, U.S. Army. The investigation was initiated under Contract DA-20-018-ORD-14447 with the University of 
Michigan, and was completed under Contract DA-04-200-ORD-171 with the University of California at Berkeley. 

+ University of Michigan, Ann Arbor, Michigan. 

1 University of California, Berkeley, California. 
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\mong the existing radially symmetric solutions associated with the problem 
of the clastic plastic cylinder, that of the thick-walled tube has been the subject 
of numerous investigations. Of particular interest ts the work of Korrer (1953) 
who obtained a simple and satisfactory solution in closed form for a nonhardening 
compressible clastic-plastic material, using Tresea’s yield condition and_ its 
associated flow rule. This was oxtended by BLanp (1956) to include workhardening 
amd a steady state temperature gradient. In both of these investigations (a) o, 
is the intermediate principal stress so that, on account of the symmetry of the 
problem, the stress field is statically determinate, (b) no singular regime of the 
Tresea loading function is encountered and (c) the initial yield begins at the inner 
surface, developing a plastic region with a surrounding elastic annulus, 

The problem considered here is that of the quasi-static deformation of an 
elastic plastic cylinder, which, with reference to cylindrical polar coordinates 
(vr. @, =) occupies the region 0 ; a and is subjected to a lateral pressure p, 
an axial force F and a radially distributed heat source Q, all of which increase 
monotonically with time ¢. The solution is obtained for an inviscid workhardening 
material, with Tresea’s loading function, its associated tlow rule, and a work- 
hardening law based on the plastic work per unit volume expended ; the non- 
hardening clastic plastic solution is also deduced as a special case for comparison 
purposes. Depending upon the relative values of the independently varying * load 
parameters” p. @Q and F, the initial vield may occur at any radius 0 <r < a, 
while the axial component of stres may ormay not be the intermediate principal 
stress. I d, in the class of problems considered, the initial yield occurs along 
the axis of the eylinder + 0, when the state of stress reaches the singular regime 

9 — % a, — 2ko, where o, and o, are respectively the radial and tangential 
components of stress, and ky is the vield limit in simple shear. The ensuing state 
then consists of an clastic annulus (p r <a) surrounding a plastic region 
(0 r <p), with the clastic plastic boundary r p. The solution in the plastic 
domain (0 <r <— p) dloes not lend itself to description by a single stress field ; 
instead, continuity requirements, imposed on the stresses and displacement, at the 
elastic. plastic boundary p, together with consideration of the elastic loading paths 
as well as the possibic paths that the stress might follow in the plastic range demand 
that the plastic domain (0 r p) be composed of two concentric zones, separated 
by an interface rp, < p, each with different stress fields and different rates of 
propagation. In this manner the state of stress is found to exhibit regular progression 


(following the terminology of Hopcr 1956) ; ie., the state of stress upon yielding 


first lies on a reguler face of the yicld surface and then moves toward a singular 
regime where it stays throughout the remainder of the plastic deformation. 

An interesting feature of the problem is the continued propagation of the inter- 
face boundary p,, after the clastic plastic boundary p has reached the outer surface 
ra, so that the cylinder may sustain further loading. A second stage of the 
problem (referred to as Stage Il) is thus entered in which the clastic region has 
vanished entirely. Stage II of the problem is short-lived, however, as the state of 
stress at r = a reaches the regime B before the boundary p, has moved apprecial! 
(Fig. 1), and a third and final stage of the problem (Stage II]) is entered. In 
Stage III the state of stress again exhibits regular progression, giving rise to 2 new 


zone py <r <a (in which the state of stress correspo o regime B), initiating at 
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r = a with the interface boundary p, propagating inward ; hence the two interfaces 
p, and p, approach each other. It is found that these boundaries never meet but 
approach limit values as the temperature tends to infinity. This observation is 
similar to that made by Wi.torr (1958) for a ring subjected to a temperature 
gradient, and the work of Cowper (1959) for a hollow sphere subjected to a tempera- 
ture gradient. 

Specifically, the contents of the paper are arranged in two parts. In Part I 
(Sections 1-4) of the present paper, following some preliminaries, the character 
of the initial yield for a given class of temperature distributions is discussed in 
detail. The differential equations for the stress fields corresponding to various regimes 
of the Tresca yield surface are derived for an arbitrary, radially symmetric, 
temperature distribution and without the specifications of any particular hardening 
law. Also included, is the solution for the case of a nonhardening eclastic—plastic 
material. 

As an application of the foregoing results in Part I] (Sections 5-7), cylindrical 
nuclear reactor fuel elements in the state of plane strain are considered in detail. 
The solid cylinder of fissionable material forms the heat generating portion of the 
fuel element and is surrounded by a hollow cylinder of nonfissionable material 
called * cladding.’ The uniform pressure between the two cylinders is then a 
consequence solely of the temperature ficld generated (precluding a shrink fit for 
simplicity). Using a Gaussian heat source and a linear hardening law, the general 
differential equations for stress and the displacement derived in Part I, correspond- 
ing to the regimes which arise in the various stages of the problem, are solved and 
applied in the plastic regime. . A numerical example is worked out and complete 
results presented for a workhardening material as well as a nonhardening material 
for comparison. A further comparison is made of the solution of the coupled 
mechanical-thermal problem considered here with that obtained by a simple 
superposition of solutions to the separate mechanical and thermal problems. 


PART L. GENERAL CONSIDERATIONS 
2. Pre.iminary BackGROUND 


With reference to cylindrical polar coordinates (r, 0, 2), we recall for future 
reference that for axisymmetric problems in the state of plane strain the stress 
differential equations of equilibrium in the absence of body forces become simply 


o » ¢@ 
9 we (2.1) 
r 


and the nonvanishing plane components of strain are given by 


where u is the radial displacement. The elastic components of strain ¢,’, €', «,’ 
are related to the stresses through the generalized Hooke’s law, while the plastic 
components of strain (€,’" = «, — ¢,’, etc) are expressed for workhardening materials 


by 


of | ; 


dog da;) 


(2.3) 
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where the plastic potential f is regular, dot denotes differentiation with respect to 
time, and h is a positive function (H1LL 1950). When the hardening is zero the 
quantity Af on the right-hand side of (2.3) is to be replaced by A. 


Fic. 1. Tresca’s yield hexagon when o,, a9, a, are the principal stresses. 


Throughout this paper the plastic potential is taken as Tresca’s yield function 


f = max [|o, - a4), log — @,|, lo, — o,|] = 2k, (2.4) 


keeping in mind that the flow rule in the form (2.3) is valid only at regular regimes 
of (2.4); the function f is shown schematically in Fig. 1 with the various regimes 
labelled. The material is assumed to harden according to the law 


2k =» W,, (2.5) 


where k is the yield stress in simple shear, » is a constant which depends on the 
material, and 

é,”” + o,€, + 0, €," (2.6) 
is the rate of plastic work per unit volume. 

Although more general constitutive equations for non-isothermal plasticity 
have been recently proposed by PraGer (1958), the thermal effect is here accounted 
for only in the generalized Hooke’s law, so that the condition of compressibility is 

1 — 2y 
% +o + = —— (o, + o, + 0,) + 37, (2.7) 
where T is the change in temperature. The mechanical and thermal parameters 
E, v and « (modulus of elasticity, Poisson’s ratio and the coeflicient of linear 
expansion, respectively), as well as the initial yield limit ko, are assumed independent 
of temperature. 

Since, for the problem being considered, the deformation is a direct consequence 
of the change in temperature arising from a distributed heat source within the 
body, any temperature difference that might occur due to the deformation itself 
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(as in thermoelastic damping) may be ignored, thus uncoupling the thermal and 
mechanical problems ; furthermore, if the loading (thermal as well as mechanical) 
occurs quasi-statically, the heat conduction equation is characterized (e.g., 
Tuompson and Rocers 1956, p. 165) by 


KV?T = —@, (2.8) 


where K is the thermal conductivity and Q is a radially distributed thermal source 
expressible in terms of units of heat per unit time per unit volume, and 


Oe d 


~~ yr? ror 


v2 


8. THeRMOEFLASTIC SOLUTION AND INITIAL YIELD 


While our main concern is with the elastic-plastic cylinder occupying the region 0 = r & a, 
for future reference it is necessary to consider the corresponding thermoelastic problem. Specifi- 
cally, we recall the (quasi-static) thermoelastic solution to the axisymmetric problem of a hollow 
cylinder (p S r S 4) in the state of plane strain and subjected to a temperature distribution, 
superposed on the elastic solution due only to a uniform axial stress a, = C; (e.g., TimosHeNKO and 
Gooprer 1951, p. 409): 


F 


where = : + Tr dr . 
, 7 (a2 p) 


a 


The thermoelastic solution for the solid cylinder (0 <r <a) may be deduced from (3.1) by 
allowing in the integrals the lower limit p — 0, and by setting the coefficient C, = 0, which ensures 
the regularity of the solution at r = 0. When this solution is subjected to the boundary con- 
ditions appropriate to the solid cylinder subjected to a radial temperature distribution 7', a 
lateral pressure p, and an axial force F (which includes the effects of both C, as well as that 
arising from the plane strain solution) the stresses are found to be 


ak 
— [@ (a) - 8 (r)} — p, 
ae 


ak 
a [9 (a) + O(r) — T] —p, 


' 20 (a)] ' 


T (r) rdr. 
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According to Tresca’s yield condition yielding occurs when one of the quantities 


= (r- 0 (r)]|> } 


ak : 
[7 — @(r) — @(a)] 


ak 
o% [@(r) — @(a)] 


reaches the value 2k). Since the determination of the maximum of (3.3) depends on the load 
parameters and especially on the distribution of T (which is so far arbitrary), we restrict ourselves 
to the class of monotone temperature distributions which assumes its maximum either at r = 0 
or at r =a. With the notation 

F 


R 5 —P ; (3.48) 
wad 


T (0) T (a) 20 (0) T (a) 


Wo Wo 
20 (a) T (a) 
Ro 


the expressions (3.3), when evaluated at r O andr a, read 


rao = 9, r —~ % rag 


2E Q, mv, 


ak Qe mr, 
s |p = Ri, a — 


’ = 


where the arbitrary constant Q,) will be associated subsequently with a physical quantity related 
to the temperature field. A detailed comparison of the relative values of the five independent 
expressions appearing in (3.5) for the entire range of the load parameters, though straightforward, 
is lengthy and tedious. For our present purposes, however, we note that if the values of m, Qo 
and F are restricted to the range 1 m 2, Gy > 0, then one is led to the result that the initia- 
tion of yield may occur in the three ways, summarized in Table 1. It may be noted here that 
the choice of the range of w in Table 1 was motivated by the temperature distribution employed 
in Section 5 for which m ~ 1-12. 


TasLe 1. (1 2) 


Range of the parameter R Yield condition Location of initial yield 
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4. SonuvTions in THE PLastic DomMAIN 


The determination of the state of stress in the plastic domain generally, requires 
the solution of the system of nonlinear differential equations (2.1) to (2.7) ; however, 
it may be shown that for a linear workhardening material these equations can be 
directly integrated. To this end we observe that if f is a regular homogeneous 
function of degree n, then by (2.6), (2.3), and with an appeal to Euler's theorem on 
homogeneous functions, W, hfnf. When f is the loading function associated 
with the regular regimes of (2.4), then n = 1, f = 2k, and 


W, = 2hfk. (4.1) 


Substitution of (4.1) into (2.5) leads to kk 7) (hf), which upon integration becomes 


log (k/k)) =A; A= | hf dt, (4.2) 


indicating the nonlinear variation of k& with A. Expanding the left-hand side of 
(4.2) about k ky -- 1 and retaining only the linear term, results in 


k ky (1 ' nA), (4.3) 


as the law for linear hardening which, since the flow rule (2.3) was employed, 
is valid only for regular regimes of the Tresca yield function. The corresponding 
result for the singular regimes of (2.4) requires different considerations, e.g., for 
the regime B in Fig. 1, o, - a, + 2k, (2.6) because of the vanishing of 


plastic volume change becomes 
— 
W, = 2keé,”. (4.4) 


Repeating the steps between (4.2) and (4.3) we obtain 
k kl T n€, )s 


which is identical in form to (4.3), except that A is > placed by ¢,’’.. Expressions 
similar to (4.5) may be deduced in a similar manner for other singular regimes of 
(2.4). 

The stress field is, in general, statically indeterminate, requiring the simultaneous 
solution of the seven equations (2.1) to (2.4), (2.7), (2.8) and one of the type (4.3) 
or (4.5). As this system is linear, it admits twelve solutions, corresponding to the 
six regular and six singular regimes of the piecewise linear loading function (2.4). 
These solutions for the radially symmetric stress and displacement fields are general 
and are valid either in full or in part for all radially symmetric temperature distribu- 
tions, including the more specialized examples, where the initial yield occurs at 
r =aorr = 0, discussed in Section 3. 

We now proceed to consider the individual regular regimes of Tresca’s loading 
functions as follows : 

(a) Regime AB (o,, the intermediate principal stress). The solution here is 
included in the work of BLanp (1956) and will not be repeated. It should be 
recalled that the workhardening parameter employed by BiLanp, namely the 
equivalent plastic strain (see Hii. 1950, p. 30), differs from that used here (2.6) ; 


. 


however, as shown subsequently by BLANb (1957), the two parameters are equivalent 
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as long as the regime in question is regular and associated with either a linear or a 
quadratic loading function. 


(b) Regime BC (o,, the intermediate principal stress). The presence of the 
axial component of stress o, in the loading function, corresponding to this regime, 
renders the stress distribution statically indeterminate, even in the nonhardening 
case. Substituting o, from the loading function, i.e., og — o, = 2k, and o, from 
(2.1) into the compressibility condition (2.7), gives 


1 — 2v 
k 


et elnt): 


=)  sa-— 
: i ak 1 AO 


(3, + 2r Fi 2) 5 + 8aT, (4.6a) 


or 


from which 


— 1 r 3 r 
“u= a = |2r* o, — | ro, | + = | Tr dr 
E rt r 


2(1 — 2v)1 /[" 1 |’ B 
— Bus — O . | kr dr ~ | «,rdr + —. (4.6b) 
KE r r r 
Throughout this section o, has been assumed greater than o,; when o, > o, the 
sign of k need only be taken negative. 
The flow law (2.3) gives upon integration with respect to time 


tas =, 
so that 


” 


, ’ , ’ 
€g = €g + & og —€, + €- 


By the generalized Hooke’s law together with (2.1) and the loading function, the 
total tangential strain given above may be expressed as 


u 
€@ = — 
r 


2v 
=—¢T—s, ; e . —k) — Fo, + 2a? (4.7) 
Elimination of u between (4.6) and (4.7) after some manipulation results in the 
following differential equation for o, : 


2 
2(1 — nit +6(1 — yr oer + (1 — 2v) 0, = 
c c 


—aET — 20 Ero! + ok +2 (1 — vr 4 Be +r EO (48) 
or or or 


It may be of interest to note that (4.8) may also be obtained from the appropriate 
differential equation of strain compatibility. 

Since the yield stress k in general depends on parameters which may in turn be 
functions of the dependent variable o,, (4.8) cannot be solved until k is specified. 
The nature of the loading, however, is such that the axial strain is independent of 
a,, 80 that the solution of (4.8) is immediately attainable for a nonhardening material. 
The homogeneous solution of (4.8) for a nonhardening material is of the form 


oo lz a a. 
8) viz(l — »)| 


and the particular solution may be found by variation of parameters to be 


(4.9) 
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(o,), 2 


k 1 — 2p 


\ . a \F real dr — a \7 re dr| 
2(1 v) (8, s,) | r*2 1, m” Va 


4 E jl if (re,) ra-ldr — i if (re,) rita) ar}. (4.10) 


2(1 v) (8 — 8) (ra dr ra dr 


akT, 


m = 
ko 


With o, known the tangential and the axial stress may be found through the 
equilibrium equation and the yield condition, respectively. The second expression 
in braces (4.10) leads to a term appearing in the expression for ¢, which may be 
identified with C,, and results in 


ke c 


e, = 2(1 — ») p81 8 C, + ae (4.11) 


where C, is a function of time only. Thus, the stress distribution for a nonhardening 
material is given by 


er aus + € 
ky mi 


ks ®D 
2(1 — v)(s, —s) | 


A A 
= (1 — 8,)— + (1 — 8.) + C, + 
ri rsa 


1 — 2v 


5 p E a 82) (1 + 283) lr ra- dr 
2(1 — »)(s, — 8) ra Ta 


_ i= = + 28,) lF ri-l dr + 2(8, — 8) 7 


> (4.12) 


co, 


kg 


“ 
Since the foregoing solution is not valid when v = }, the integrations leading 
to (4.12) requires separate consideration. Here the solution for an incompressible 
material may be obtained directly from (4.8); the result is similar to (4.12), the 
chief difference being that the leading terms are logarithmic in r, and that with 
reference to ¢,, corresponding for (4.11), a uniform axial stress gives rise to a 
uniform axial strain. These results, for an uncompressible material, when differen- 
tiated with respect to time, agree with the previously known solution (WEINER 
1959) for the stress-rate and the displacement-rate of an incompressible material. 
In contrast to the solution for an incompressible material, it may be seen from 
(4.11) that for a compressible material a uniform axial stress may result in a non- 
uniform axial strain. 
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(c) Regime CD (o,, the intermediate principal stress). As in (b) the stress 
distribution is again statically indeterminate, and the procedure leading to (4.6) 
and (4.8) gives 

— “es ., ‘ —_ “r 
“= ; = | (3r0, +r =") dr — a = krdr 


‘te, dr + B, 
, 


~ Ke, + cET — ck 2" y, 
or 


whose solution for a nonhardening material is 


>» (4.15) 


1—s? {(T T 
= : lz real dr +- (8, — 83) Fr 


ky kg 


d 


The states of stress for the singular regimes A, B, C, D, E and F of Fig. 1 
are also, in general, statically indeterminate for a workhardening material ; for a 
nonhardening material, however, this is not the case, and the solutions may be 
obtained directly from the equilibrium equation and the yield condition : 


(= 2k, logr + D, 
regime A; (4.16) 


lo, o, = 0, — 2k, 


z 


o, = a, = 2k, logr + D 
regime B: : ‘ , (4.17) 


lo, =o, — 2k, 
(or = % = D; 


lo, _ D,; — 2k, 


regime C: (4.18) 
where D,, D,, D, are functions of time only. The states of stress at regimes D, E 
and F are obtained by replacing k, by — ky in (4.16), (4.17) and (4.18), respectively. 
The radial displacement associated with the above solutions, again obtained from 
(2.7), reads 


Ms 4 bake « + Sta (r log r —#7) + = [rar + — (4.19) 
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where B, is an arbitrary function of time and the coellicients {,, (, and ¢, for each 
of the singular regimes may be found from 


1 — 2y 
E 


together with (4.16), (4.17) and (4.18). 


(o, +o + o,) = % + Ughky + 6l,k, logr (4.20) 


PART If. APPLICATION TO CYLINDRICAL NUCLEAR REACTOR 
FUEL ELEMENTS 
5. TemMPERATURE DISTRIBUTION AND THE CHARACTER OF INITIAL YIELD 


The fuel portion of a cylindrical reactor fuel element can be treated as a solid 
cylinder in the state of plane strain subjected to a thermal gradient and an external 
pressure ; the former is due to heat generated by the nuclear fission of the element 
itself which thus behaves as a distributed heat source, while the latter is due to the 
expansion of the solid fissionable core against the nonfissionable hollow cylindrical 
cladding, which serves to conduct heat away. The pressure p at the interface 
(r = a) of the two cylinders is, therefore, not independent but rather a consequence 
of the temperature field. It is assumed for clarity that when Q is zero the stress 
field vanishes, i.e., there is no shrink-fit, although this may be easily included. 
A complete analysis of the reactor problem entails an elastic—plastic treatment of 
both cylinders, but here emphasis is placed on the elastic-plastic solid core and 
the parameters of the problem are selected with this goal in mind ; the hollow 
cladding is mentioned only to the extent that it affects the solution of the solid 
core. 

The heat source will be taken as Gaussian in character, i.e., 


Q = Q exp (— pr*) (5.1) 


where p? is a parameter. When p? = 0, Q reduces to Q,, a distributed source 
of uniform strength. With (5.1) the solution of (2.8), subject to the boundary 
condition 7’ — Ta at r=a and the regularity requirement at r = 0, may be 
written as 


T= 7, +70 [i(- tr) — Bi(—ptat)—2log’|, (5.2 


- B 
where 


(5.3) 


is the exponential integral. 
Since there is no heat source in the cladding (a = r < b), the temperature 


distribution is given by the homogeneous solution of (2.8), i.e., 
ao a Feteh 4 £ (5.4) 
(log 6, a) a 


where the boundary conditions 7’, and 7, have been utilized. 
Before determining the location of the initial yield, as well as p*, T* and Q,* 
(i.e., the values. respectively, of p, T and Q, at the initiation of yield), it is necessary 
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to establish the functional relation between the parameters Q,, T,, F and p. One 
such relation is obtained by equating the radial displacements of the two cylinders 
at their interface r = a. Since prior to yielding both cylinders are entirely elastic, 
the displacements in each may be written from the first two of (3.1) as 


= 1 = % ra,(?) 4 2C,r 1 ue. F (5.5) 
Ei 2; 


uy) — 
where the index i = 1, 2, refers to the quantities appropriate to the solid core and 
the hollow cladding, respectively. If the pressure at the inner face is — p, then by 
(5.5) 
1 * "1 as 1 us Ve - 2(1 —_ Ve) Cc, 2 — v;) Cc, (5.6) 
E, E 1 — 2», 2v, 


and the coefficients C, are found from the second of (8.1) and the boundary 
conditions o, (a) = — p, o,(b) = 0: 


Cy (I 4 mut ”1) pt E, 0 (a)| (5.7a) 
4 Vy 


Cc, = (1 — 2v_) (1 + vg) |- p() ae I + “ E,T, (> 1 | 
Ve 


E, —a* T,/1-—a 8 


where by (5.2) and (5.4) 


1 fe T exp (— p? a*) — 1 
0 =—=—_— T d = onal - — , 5.8 
(a) a® | 0 a 2 * . p? a® aN 
and similarly, 


. (5.8b) 


The relation between Q, and the interface temperature T',, following the procedure 
employed by GLassTonE (1955) for the case yx? = 0, is obtained by equating the 
flux per unit length, produced in the core at r = a, 


a*/b®? — 1 + 2logb “|| 


1 f° T, {7 T 
b) = Trd efi (-d_ 
“© BJ a cx a \T, (7 


2 log b/a 


q(a) = — = [exp (— pw? a*) — 1], (5.9) 


to that across any surface of the source-free cladding 


= a 2rK,. (5.10) 


Hence 
T, = hQ,, (5.11a) 

where 

log (b/a) 


A= a 
(T, T, — 1) 2u? RK, 


+ [exp (— p* a®) — 1], (5.11b) 


which reduces to GLassTone’s results when yp? = 0. 
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Substituting for C,“) and C, from (5.7), equation (5.6) becomes 


_l+y%, 2(1 — »,?) - 2 Se a 


E, E, (b? a? — 1) E, 


8 (b) 1 | 
= Qa [2 (1 + vada (FM). 8 pg — all toad (h + vadfe (522) 
where A and v, are defined by (5.11b) and (3.4b), respectively. 

We are now in a position to establish the character of initial yield. Since in the 
state of plane strain the superposed axial stress C,; = 0, we observe by the last of 
(3.1) that when p = 0, 

F 
ma 
It then follows from Table 1 and the first of (3.4a) that initial yielding occurs at 
r=0 if 
, %y m — 2 - 
— 4 EF, T, — % BE, v2 Q + p(l — 2) < , v2 Qo (5.14) 


» 
Vy y 4 


in which case (as may be seen from Table 1) the yield condition is characterized 
by 

(5.15) 
Before proceeding further it is necessary to specify the ratios of the coefficients 
(both mechanical and thermal) in the core to those in the cladding, i.e., 


0-22, (5.16a) 


as well as 


(5.16b) 


It may be noted here that the selection of the ratios (5.16a) is based on the assump- 
tion of a uranium core surrounded by an aluminium cladding. 

If, with the aid of (5.12) and (5.11), p and 7, are eliminated from (5.14), then 
it may be easily shown that the ratios (5.16) render the inequality (5.14) valid. 
Hence if yielding occurs in the core before the cladding —- which, subject to a 
later verification, is the case for the selected ratios (5.16) — then it must occur at 
r = 0 according to (5.15). 

Substituting F from ( 
to 2k, in accord with (5.1 


5.13) into the second of (3.5) and equating the results 
5) ho in the following relation between Q,* and p*, 


a, E, 
2(1 v;) 


Qo* [2h (1 — 4) + % + v2 (1 — 24)] — p* (1 — 2%) 


which may be solved together with (5.12) to obtain independent expressions for 
p* and Q,*. 

To confirm the statement that the solid core yields before the hollow cladding 
we need only compare p* with the corresponding value of p obtained under the 
assumption that initial yield first occurs in the cladding instead. This value p* is 
found by incorporating (5.12) into the results of BLanp (1956), where it is sub- 
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sequently found that p* < p* for the parameters selected, so that yielding occurs 
first in the core. It is important to observe that having established the character 
of initial yield, the value of p* ceases to be valid even for subsequent yielding of 
the cladding, since it was obtained through the use of the relation (5.12) which 
holds only when both elements are completely elastic. An exact value of j* may be 
obtained using a relation similar to (5.12) but reflecting the true state of plastic 
deformation in the core. 


6. Exastic—Piastic SoLuTION ror LINEAR WorkKUARDENING MATERIAL 


Having determined the character of the initial yield, we now proceed to 
establish the mode of the plastic deformation in the solid core. Because of the 
symmetry the elastic-plastic boundary is a cylinder of radius p, defining the 
plastic (0 = r S p) and the elastic (op = r = a) domains. The solution in the elastic 
domain offers no difficulty and may be obtained from (3.1) by setting C, = 0. 
For the plastic domain all the possible fields of stress discussed in Section 4 are at 
our disposal. Attempts to characterize the state of stress in the plastic domain by 
a single regime (although satisfying all of the field equations) disclose that such 
solutions do not conform to all of’ the continuity requirements concerning the 
stresses and displacements at the elastic-plastic boundary and hence must be 
rejected. These continuity requirements, together with the consideration of (a) the 
loading paths during the purely elastic stage of deformation (Fig. 2) for any r < 0, 


i?) 


Fic. 2. A portion of Tresca’s yield surface showing the stress profiles for a nonhardening 
material (y = 0). The dashed curve corresponds to the state of stress at the initiation of yield. 


(b) the fact that the initial yield occurs on an edge of the Tresca yield surface 
(the singular regime C), and (¢) the possible paths the state of stress may take 
following the initial yield, lead to the possibility of regarding the plastic domain 
(0 Sr sp), as consisting of two concentric zones, separated by an interface 
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r = p,, and with the state of stress in each zone characterized by a different regime 
of Tresca’s loading function. For reasons that will become apparent later, the 
solution in the range of contained plastic deformation of the cylinder will be 
subsequently referred to as the solution for Stage I of deformation. 


Stage I 

The central zone J (0 S r S p,) consists of stress states lying along an edge (regime C in Fig. 1) 
and are given by equations (4.18). The state of stress in the plastic annulus, zone II (p,; S r S p), 
surrounding zone I, lies on the face 


Og — G * 2k (6.1) 


of the Tresca surface and thus satisfies equation (4.8) whose solution for a nonhardening elastic— 
plastic material is given by (4.12). However, before the stress field in zone II may be found for 
a workhardening material, the yield stress k appearing in (4.8) must be determined through the 
workhardening law (4.3), which by the flow rule (2.3) and for the state of plane strain («, = 0) 
beeomes 

k = kg (1 + 9’). (6.2) 


With the use of the generalized Hooke’s law, (2.1) and (6.1), the elastic component of the axial 
strain may be written as 


o_o fT. 


%, (6.5b) 


When (6.4) is substituted into (4.8), there results the following differential equation in a, : 


2 ‘ 
b, r2 ’ ox Bb : or -b or —— 
1 ort lke r\k "em i¢+y 


> (7 
+ %75 (x) —)« — 2], 


b, = 2(1 — vy) — (1 — 4)? x, 
by = (1 — 2v,)(1 — x). 


The homogeneous solution of (6.6) has the same form as (4.8) with s, and 8, in (4.9) replaced by 


7 =13 J" b, °2), (6.7) 


respectively ; these reduce to s, and s, when » = 0. 

The particular solution of (6.6) for any temperature distribution, as in Section 4, may be 
obtained by variation of parameters. However, since the character of the initial yield was 
established only for the class of temperature distributions for which 1 < m < 2 (Table 1), in the 
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complete solution of (6.6) recorded below the specific temperature distribution (5.2) corresponding 


m =~ \-12 has been used: 


Iss r % 
2h, p? h | 85% 


ki ( pe? r2) 


~ “ , 


28 


a+y {a 
r 

ki ( pe a’) 2 log 
a 


" — %)[1 — 25, 


Ng) ps6 r6 


= utr? 
P,() e¥ y"—! dy 
~ 0 


is the incomplete gamma function. It follows from (6.1) and (2.3) that for loading from an elastic 
state é,"" — 0, and hence the radial strain is purely elastic. Thus, the radial displacement corres- 
ponding to the solution (6.8) is most easily evaluated through (2.7) with «, = 0, the generalized 
Hooke’s law, and (6.1) by 


+ 2(1 — vy) 09 — 2(1 — »,)& + 2a, B, T, (6.9) 


which with (6.8) completes the solution for zone II (p, rsp). 
Summarizing, the temperature field is given throughout the region 0 = r = a by (5.2), the 
stress and displacement fields are given : 
(a) in plastic zone 1 (0 S r = p,) by (4.18) and (4.19), respectively, and represented in 
stress space by the singular regime C in Fig. 1; (b) in plastic zone II (p, Sr & p) 
by (6.8) and (6.9) respectively, and represented in stress space by the regime BC ; and 
(c) in the elastic zone (p S r S a) by (3.1) with C, = 0. 
With the form of the stress and displacement fields established in all three zones of the problem, 
it remains to determine the five coefficients D,, Ag, A,, C,, Cy, as well as the relation between 
the boundaries p, p,, and the load parameters p and ®,. Equilibrium together with continuity 
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of the yield condition and displacements requires that the stresses themselves be continuous 
not only at the elastic-plastic boundary p but at the interface p, between the two plastic zones. 
Furthermore, an examination of the compressibility equation reveals that continuity of u at 
r =p, is equivalent to the requirement that ¢,”(p,) = 0; this latter condition considerably 
simplifies the determination of the five coefficients mentioned above. In order to determine 
the foregoing unknowns, we require (a) continuity only of o,, og, and ¢,”’ at r = p,, since a, and « 
will automatically be continuous through the yield condition, and the compressibility equation, 
respectively ; (b) continuity of o,, og, and o, at r = p, since u is continuous again through the 
compressibility equation and the vanishing of ¢,”’ in zone II ; (c) satisfaction of the boundary 
condition o, (a) = — p ; and (d) the matching of the displacements of the solid cylinder with that 
of the hollow cladding, as was done previously in Section 5 for the purely elastic solution of the 
problem. For a given value of p this stage of the problem is thus statically indeterminate, requir- 
ing the solution of eight equations in eight unknowns. 

In the central zone I the stresses through equilibrium and the loading function are found to have 
the same form as (4.18) except that ky is replaced by k ; the radial displacement is found through the 
compressibility equation (2.7) to be 


3i—2y, 2(1 —2»,)1 f° ie... 
“=- ~ r— - - krdr. + - 8a Trdr, (6.10) 
2 &, E, rio rio 


from which with the use of Hooke’s law and the plastic component of radial strain is found to be 


1 2 2k 1-2 2 , 3 
& ena Dz, -—=(1 v,) + te - "1) = krdr + 2a, T — — Trdr. (6.11) 
2E, E, Ey rejo at 


It may be seen from the compressibility relation (2.7) which holds throughout the cylinder, that 
since the stresses and displacement u are continuous at r = p,, the elastic as well as the plastic 


components of the radial strain each must be continuous separately. Since ¢,’’ = 0 throughout 
zone IT, then by (6.11) 


1 — 2», Dg oe 2k (p,) 
E, 2 Ey 


1-2 2," 3 Pl 
(1 — »,) — { ~ Bs krdr — 2a, T (p;) + =a) Trdr. (6.12) 
Pi 0 


Ey Pr Jo 

Substituting (4.18) into (6.2), though Hooke’s law, the value of & throughout zone | is found to be 

D ®,y T(r 
34-1 y¥T( ) 


k 
. (1 t y) : 1 ’ * 7 2) i + e 
ke . « % 


(G.13) 


which, when solved with (6.12) after some simplification, yields 


T @ = 
(p,) L3 8 (p,) j yal 4. ¥4) ®, 9 rr) — tr) , (6.14) 
T, T, va. T, 


Ot, hell, 
: f, T, 


A(py) T(p,) i 
+7 E = - | (1 + 4) ®,. (6.15) 


a a 
With D, and k known, the radial displacement may now be written as 


2 0 (r) 


E,u 1 — 2v, D. 1 — 2v ’ . an 
colin Gh -andenedaill 7 | —(il— 2v,) x] — The -+ ®, T, [3 —(1l-— 2v,) x}, (6.16) 


rky 2 0 


which completes the solution for zone I. 
Continuity of the plane components of stress [given by (3.1) in the elastic zone, and by (6.8) 
in the plastic zone II, and by (4.18) in the plastic zone I] at r = p, and r = p gives, respectively, 
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p* 
———— [¥, (1 — #5) — B,), 
‘6 


*5 
(6.17a) 


where 


(6.17b) 


1 _ ly, Sq) 7 B,), 
‘s 


where 
Ye D, — 0, (p,). 8, Dy — 0 (p,). (6.18b) 


where the barred quantities correspond to the particular solution of (6.6). 
The time parameters C,, C, of the elastic domain appearing in (6.17b) are no longer given 
by (5.7) but must be redetermined from (3.1) with the additional boundary condition 


(og — os * 2he giving 


z,c,™ ‘ ty 1 (Ala) Alp) 
P ’ ’ (— => (6.19a) 
ya Zr) My rk 1% a 


yc 1 } 
1 2 
(1 + 3 - Gin) -—-(11—2 Ula 6.191 
a vy) a ke | . i. ¥ (p) ( ¥,) ah ( ») 


where D 


With c,™ thus determined it is appropriate to record here the relation between p and @, 
for Stage I, which may be obtained from (5.6) through (5.7b) and (6.19a) : 


Pi, z(t —»,% &, j 2(1 — »,%) 
y "! Dp* x. | "2 2 a ‘) 


vg) ag Gib) 211 + ) (A (a) 5 Sun $(1 —»,%) 
2 ° (6.20) 
ay a, T, Dp? se a Ze Da 

Equating (6.17a) and (6.18b), there results two equations in the unknowns @,, p,, and p which 
may be best solved numerically for various choices of p. With ®, and p, determined, all of the 
coefficients C,, C,, A,, 4,, Dy, given by (6.19), (6.19b), (6.17a) and (6.14), respectively, may be 
evaluated, and the solution for this stage of the problem is complete. 


Stages 11 and 111 

Due to the nature of the problem and the yield condition (6.1), when the elastic-plastic 
boundary p reaches the outer radius r = a, the interface boundary p, continues to propagate 
and the cylinder is still capable of accepting more load, even in the absence of workhardening. 

Since zone II now extends to the interface r = a, the relation (6.20) ceases to be valid and a 
new relation between p and @, must be obtained. Since the cladding is still assumed to be elastic, 
(5.5) with i = 2 remains valid and is set equal to (6.9) at r = a. 

A second relation between p and ®, may be found by substitution of (6.18) (which remains 
valid in Stage II, since the form of the sflution in zone I has not changed) into the boundary 
condition o,(a) = — p. The two new relations between p and @, may then be solved simul- 
taneously for the two unknowns. Throughout Stage II, in the absence of an elastic—plastic 
boundary during Stage H, p, may be treated as the independent variable. 
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The description of the plastic deformation provided by Stage Il continues to be valid, until 
the state of stress at the outer radius r = a of the cylinder, represented during Stage II by a point 
moving in regime BC of Fig. 1, reaches the singular regime B, at which time the solution enters 
Stage III. As the states of stress at successive points in zone IT of the cylinder enter regime B, 
a second interface p, is formed which moves inward from r = a and forms a plastic domain ITT 
(pg =  S 4), corresponding to states of stress lying in regime B. 

The differential equation governing the radial stress o, (as well as o,, since o, = o,) in zone 
ILI, derived in a manner similar to (6.6) for zone II, is given by 


»? /o, 3d (<*) K O, + n®, | T ’ : 
=f: --—f— (1 — 2v) 5 + —— | — - (6.21) 
yr (i) r or \k rk, (l y) rf iT, w\T, 
for a workhardening material. The tangential stress og is then obtained through the equilibrium 
equation (2.1) and the displacement « through the compressibility condition (4.6a). For a non- 
hardening material the stress field is given by (4.17). The method of determining the coeflicients 
appearing in the solution is similar to that of Stage I with p replaced by p, and y, and 8,, in 
(6.17a) replaced respectively by 


Y3 0, (pg) — Gy (pg). Bs G9 (Py) — Ge (Po), 


(6.22) 
where o, (pq) and oy (p,) in (6.22) refer to the components of stress in zone ILL found from (6.21) 


(or (4.17)). 

Subsequent to the determination of a new relation between p and Qy for Stage IIT, and the 
redetermination of the time functions in the stress and displacement fields, it is found that the 
separation boundaries p, and p, approach cach other monotonically but do not meet ; cach 
approaching « limit value as the temperature is indefinitely increased. This is reminiscent of the 
results given by Witnorr (1958) for a ring in the state of plane stress, subjected to a temperature 
gradient, and by Cowrer (1958) for a hollow sphere also in the presence of a temperature 


gradient. 
This completes the solution of Stage IL] of the problem which remains valid until yield occurs 


in the cladding. It may be noted here that, once the cladding has yielded, a fourth stage of the 
deformation begins, since the interaction of the three boundaries p,, p, and p, (the elastic—plastic 
boundary in the cladding) must be considered. 


7. Discussion — NUMERICAL RESULTS 


In the preceding Sections the character of the initial yield and the subsequent 
deformation was established for a class of radially symmetric temperature distribu- 
tions (1 = m < 2), chosen to include (5.2) which was due to a Gaussian heat 
source, distributed throughout the region. The expressions in Section 6 are written 
in general terms to include any temperature distribution in this class. In order 
to gain an insight into the problem, it is desirable to consider a detailed example 
for one case. Since the expressions in Section 6 become involved and intricate, 
when (5.2) is inserted, for the sake of simplicity we allow the parameter ,? to 
approach zero. The temperature distribution (5.2) then assumes the simple form 


r= 7, +%e : - (2); (7.1) 


and 9 (r) 


becomes 
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and by (5.11b) 
a* log b/a 
in ; 7.4 
2(1— 7, T,) K, we 


Comparison plots of the functions specified by (5.2) and (7.1) as well as the 
integrals which appear in the solution reveal a qualitative similarity between the 
two temperature distributions, which together with the fact that both produce 
initial vield of the same character (m 1, so that the results in Table 1 are 
applicable) justifies the use of (7.1) in place of the more realistic expression (5.2). 
The resulting equations are thus considerably simplified. 

We now proceed to obtain explicit results for a workhardening material obeying 
(2.5) subjected to a uniformly distributed heat source (yu? = 0) which gives rise to 
the temperature field (7.1). In each expression the nonhardening material may be 
obtained by setting y = «x = 0. 

For the values of the parameters (5.16a) selected in Section 5 we continue the 
example and obtain explicit expressions using the alternative temperature field 
(7.1) for the quantities discussed in Section 6. In zone I for all stages of the problem 
the state of stress and the displacement continue to be given by (4.18) and (6.16) 
with D, and k becoming through (6.14) and (6.15), respectively : 


Rant an 48h — fer [+70 +)] 
sin | ‘ . | (7.5) 


. ®, d« {jr\* p,\" | : 

— 1 —— 1 — (- — ni 5 + 1 a v . 

ky 2 I\\a a [3 y ( )) | 
In zone II for all stages the stresses may be found by allowing ,»* to approach zero 
in (6.8) or more easily from (6.6), the right-hand side of which upon substitution 


of (7.1) becomes 


r 2 
b, +b, (<) ; (7.6) 
a 
where 
1 
b = — —— 2 — 11) 1 + ry ,. 
3 14 “ 1 ( T )] 
and consequently the stress field in zone II is 
r 2 
+ A,+ A, (") , 
a, 


=(1— 4) 48+ (1s) 


\2 
As + A, +84, ("), 
rs a 


and k is given by (6.4). 


The elastic-plastic cylinder subjected to radially distributed heat source 21 
By (7.5) and (7.9), 4, and A, may be found through (6.18) to be 


— 1 p,"5*? | 86 ®, 5 , | 
A = — 5 ‘ —_ 2 A , 
. %&—s a® |i - ay, | +90 # ")] (%. + 2) ‘| 
1 sot? ®, 5 
A, = Pa ; | 8 : [5/2 + y(1 + »)] — (8, + 2) Ag) 
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Fic. 3. Distribution of radial stress (y = 0). 


Distribution of tangential stress 
(y = 0). 


Equating these values of A, and A, with those given by (6.17a) with subsequent 
elimination of p, between the two resulting equations leads to the following relation : 


oo _..._ SR eewe,, m4 
a — & 


1 — 2», 


ereneees i 6S Oe i 
56 


- ®, [5/2 + y(1 + »,)] — (2 + 8) A, 
1 — 2», 


which indicates the complex nature of the interaction between p, ®, and p even for 


the simple distribution (7.1). Equation (7.11) may be solved simultaneously with 
(6.20) to determine p and ®, in terms of p. 


22 T. B. Kam™asu, 8S. A. Murcn and P. M. Nacuot 


The values p**, Q,** for which the cross-section becomes fully plastic, signifying 
the start of Stage II, may also be obtained from (7.11) and (6.20) by setting p/a = 1. 
During Stage II of the problem (7.5) continues to hold in zone I and (7.10) in zone 
II. Only the means of obtaining relations between p and ®,, discussed in Section 6, 
differs from Stage I. Stage Il ends when o, = o, at r = a signifying that the state 
of stress has entered a singular regime (B), constituting the start of Stage III. 
The procedure used in the solution of Stage IIT parallels Stage I and for economy 
of space will not be included here. 
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. 5. Distribution of axial stress (y — ©). ‘1G. 6. Ratio of radial displacement to 
cylinder radius (y = 0-3). 


For a nonhardening material (y = 0) the stress distributions and displacements 
for various positions of p, are shown in Figs, 3-6, and the projection of the loading 
paths on a plane perpendicular to the axis of the yield surface is shown in Fig. 2. 

To illustrate the effect of workhardening, a very drastic value 0-3 has been 
selected for y; this corresponds roughly to the value of y for uranium in com- 
pression (GuriINsKY and Direnes 1956, p. 58). 

Although not included in the Figures, it is found that at the completion of Stage 
I the greatest difference between the hardening and nonhardening cases occurs in 


= 


the axial component of stress (7-2 per cent at r — 0); the plane components differ 
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Fic. 7. Comparison of the three components Fic. 8. Comparison of the ratio of radial 
of stress for hardening (y = 0-3) and non- displacement to cylinder radius for hardening 
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during Stage III. 
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Fic. 9. Load parameters for various positions of the boundaries p,, and p,, showing values 
at initial yield (p*, Q,*), at the start of Stage II (p**, Q,**), and Stage III (p***, Q,**), as 
well as the asymptotic values of p, and pg. 
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by less than 2 per cent, while the radial displacements (Fig. 8) are indistinguishable. 
Larger differences occur during Stages IT and III and in Figs. 7 and 8 the components 
of stress and displacement, respectively, for p, = 0-5 of Stage III are compared. 
The character of the yield stress in simple shear for two values of p, is shown in 
Fig. 10. The load parameters for the workhardening case are shown in Fig. 9 as a 
function of p, and p,. The boundaries p, and p, for a workhardening material are 
found to lag behind the nonhardening values for a given value of the load para- 
meters p and @,, 
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Fic. 10. Yield limit in shear at the completion Fic. 11. Comparison of the thermo-mechanical 
: py solution at the completion of Stage I for the 

of Stage I and when ta 0-5 shortly after the state of plane strain with that obtained by 
start of Stage TI. superposition of the purely thermal solution for 

the state of plane strain and hydrostatic 

pressure (shown by dashed lines) for y = 0. 


Finally it may be noted that the effect of adding o, = — p to the purely 
thermal problem (p = 0) is not a matter of the simple super-position of a hydrostatic 
pressure. In fact the plane strain conditions prevent this so that the elastic-plastic 
deformation depends to a great extent on the relation between ®, and p. To 
illustrate this, a comparison of o, at the completion of Stage I for the thermo- 
mechanical problem, considered in this paper, with the result obtained by super- 
imposing a hydrostatic pressure upon the purely thermal solution* is shown in 
Fig. 11. 
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SUMMARY 


Tue interpretation of the photoelastic stress patterns of vibrating bodies is discussed, with 
particular reference to quartz crystals. An expression is derived for the change in velocity of a 
light wave propagated along the optic axis due to stresses acting in the plane normal to this 
axis. Such stresses should cause an increase in the effective rotary power and this is verified by 
experiment. This result offers an explanation of phenomena observed by earlier workers. 


1. Tae Puorore.astic Stress Patrerns Propucep sy Osciu.atory STRESSES 


Ix connexion with a photoelastic examination of vibrating quartz crystals it 
became necessary to consider the manner in which the isoclinics and isochromats 
observable in a statically stressed isotropic medium are modified by the vibratory 
nature of the stress and the optical activity of the Z-cut specimens used for the 
experiments. 

The effects of vibration alone may easily be taken into consideration. The 
intensity of the light transmitted by a birefringent medium between crossed 
polarizer and analyser is 

I = I, sin® 2a sin® (8/2) (1) 


where J, is the incident intensity, « the acute angle between the polarizer axis and 
a principal axis of the medium and 6 the relative phase retardation between the 
two plane polarized waves emerging from the specimen. The transmitted intensity 
is zero if « = 0 or | or if 8 = 2nz, that is, if the principal axes of the medium 
are parallel to polarizer and analyser or the retardation is a whole number of 
periods. In a mechanically stressed isotropic medium the principal axes of the 
artificial birefringence are parallel to the principal axes of stress, and the difference 
between the propagation velocities in any direction is proportional to the difference 
between the secondary principal stresses acting normal to the direction of propaga- 
tion. The case usually considered is that of a lamina in a state of plane stress, 
uniform throughout the thickness, the light being propagated along the thickness. 
If the stress varies across the specimen two sets of dark fringes are observed. One 
set, the isoclinic, joins points at which the principal stress directions are parallel 


*This work forms part of a Ph.D. thesis (University of London, 1955). 
tNow at Standard Telephones and Cables Limited, Crystal Division, West Road, Temple Fields, Harlow, Essex. 
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to the polarizer and analyser axes and its position is independent of the light 
wavelength. The other set, the isochromat, joins points at which the difference 
between the principal stresses causes a retardation of an integral number of periods 
and the position of the fringes for each non-zero value of n in equation (1) depends 
on the wavelength. The zero-order isochromat, for which there is no phase retarda- 
tion and the principal stresses are equal, is common to all wavelengths. 
Considering, now, an isotropic lamina subjected to an oscillatory plane stress 
system caused by vibration of the lamina in a normal mode, then a fundamental 
characteristic of such vibrations is that the displacements at all points are in 
phase and hence the directions and ratio of the principal stresses remain fixed 
throughout the vibration cycle. The retardation will vary sinusoidally with the 
stress at the frequency of vibration and, writing 6 = Acos wt and finding the 
mean transmitted intensity over a whole period of the vibration, equation (1) 
becomes 
IT, = Tg sin® 2a (1 — Jy A)/2. (2) 


This is zero when « = 0 or $m and also when A = 0 since J, (0) = 1. Thus the 
isoclinic and the zero-order isochromat are unaffected by the vibration. The 
expression (1 — J, A) oscillates about the value one with decreasing amplitude as 
A increases. The values of A for the minima are given by A = 2ka where k is no 
longer integral but takes the values 0, 1-117, 2-121, 3-122, 4-123. Although these 
minima do not have zero intensity, apart from the zero-order isochromat, the 
position is unaffected by the intensity distribution due to the sin? 2a term and 
they may be used in the same way as isochromats in the static case. 

Thus, when an isotropic body is vibrating in a normal mode of a type giving 
rise to a plane stress system, the usual photoelastic observations may be made 
except that the number of isochromats visible is limited by the decrease in 
visibility with order and that the retardation associated with any order is not an 
integral number of periods as in the static case. In these experiments on vibrating 
quartz crystals, however, owing to the smallness of the photoelastic effect and the 
thinness of the specimens used, the retardation could not be increased sufficiently 
to produce the first intensity minimum without danger of exceeding the breaking 
stress. Hence only the isoclinics and zero-order isochromat were available for 
study. 


2. Tue Puoroeiastic Errecr In Quartz 


Under the action of a general stress system the equation of the index ellipsoid 
of a crystalline medium, referred to the orthogonal crystal axes, changes from 
a®,, 72 + a®,, y*® + a5, 2% = 1 (3) 


to the general equation of an ellipsoid whose axes do not coincide with the coordinate 
axes : 
Qy, T* + Age y® + Ggy 2* + 2gg Y2 + Bay, 2X + 2a, ty = 1 (4) 


where a®;; represent the squares of the principal velocities of light waves in the 
unstrained crystal relative to that in vacuo. 

In general, each of the coefficients a,; is a linear function of all of the six stress 
components. PocKELs (1889) has shown that the strained index ellipsoid is obtained 
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from the unstrained by suitable changes in the lengths of the axes and, provided 


0 : . > *} 0 0 0 , 
that a,, — a®,, and a,; are all small compared with a®,; and a®,; — a®,;,, by small 


rotations ¢; about each of the coordinate axes in turn. The magnitudes of these 
angles are given by: 
tan 26; = 2ajy/(aj; — yy) ~ 24jq/(a°;; — A%qu)- (5) 


In quartz the coefficients of the strained ellipsoid are given in terms of the stresses 
by the following equations : 


Ay, = U%y + yy Oy + Aye Ge + My Fy + M4 % 
Ag, = U%y + My O% + yy Fg + My Fy — Mg % 
Ay, = U*, + my, 0 + 7g, Fp + Taq Oy 

Ag 741%, — 7a Fe + 4% 


ay, = Tg Fy + 27g) % 


“ye 14% + (yy — Me) % : 


where v, and v, are the ordinary and extraordinary velocities, 7,; the stress optic 
coeflicients and o,; the stress components. 

Since a°,, = @%y, = v%, ¢, is large but the orientation of the index ellipsoid 
may still be found from the formula given, provided that the rotation ¢, is carried 
out first and that it is calculated from the first part of (5). In the present discussion 
a state of plane stress in the XY-plane is considered. Since mg. = 7, — mg it is 
easily shown that in this case ¢, = 0, the angle between the XY and Y-axes and the 
principal stress directions. It may further be shown that for such a stress system 
the resultant effect of the rotations ¢, and ¢, is that the index ellipsoid is turned 
through an angle (¢?, + ¢*,)! about an axis in the XY Y-plane which makes an angle 
— 20 with the X-axis. Using Pockets’ values for the stress optic coefficients of 
quartz this angle is found to be about 1 or 2 per cent of the angle between the 
optic axes of the now biaxial quartz for a stress of 10° dvne em~? and will be ignored 
in what follows. 

On substituting the values of the ellipsoid parameters from (6) and taking new 
X and Y-axes along the directions of the principal stresses, ¢, and o,, (4) transforms 
to the same form as (3): 


(v3, + 711% + Me o,) x* + (rv, + 2%, > My 0.) y? 

+ (v®, + my, (0, + o,)) 2? = 1. (7) 
The difference between the principal velocities in the Z-direction is: 
Thus as regards the pure photoelastic effect a Z-cut lamina stressed in the X Y-plane 
behaves as though isotropic to light propagated along the Z-axis because the 
section of the index ellipsoid by the wave front has axes parallel to the principal 
stress directions and the retardation is proportional to the difference between the 
principal stresses. 


Since quartz is piezoelectric there is a secondary photoelastic effect due to the 
fact that the electric polarization produced by the stress causes further changes in 
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the parameters of the index ellipsoid by virtue of the electro-optic effect. The 
magnitude of the electric polarization will depend on the electric boundary con- 
ditions and will generally differ for static and oscillatory stresses. However, the 
effect is small in quartz, being a few per cent of the direct photoelastic effect and, 
more important, the symmetry of the direct effect is not altered by the secondary 
effect, for example the relation 7, = 7, — 7, is still valid. For these reasons it 
will be ignored in this discussion. 


8. Errect or Optica Activity 


In a medium that is both birefringent and optically active two elliptically 
polarized waves of opposite hand may be propagated unchanged in any direction 
with slightly different velocities. The axes of the ellipses are parallel to those of 
the section of the index ellipsoid by the wave front and the ellipses themselves, 
although similar, lie oppositely, so that the minor axis of one is parallel to the 
major axis of the other. 

In order to find the influence of such a medium upon the polarization state of 
an incident plane polarized wave, the wave is first resolved into plane polarized 
components along the axes of the section of the index ellipsoid by the wave front 
and then each of these is further resolved into two opposite elliptically polarized 
waves. After introducing the appropriate retardations due to the passage through 
the medium, these are recombined to give the emergent wave. Preston (1901) 
has considered the general case of the intensity transmitted by an optically active 
birefringent crystal between polarizer and analyser. If the axes of these make 
angles x and 8 respectively with one axis of the section of the index ellipsoid by 
the wave front, then the ratio of the transmitted to the incident intensity is 

2h 


I : , 2 
i, = (cos (a — B) cos 8/2 — a+ i) sin (a — 8) sin 3/2) 


8 OY cost in? §/2 i) 
+ (Jp) cost (e+ BD sint 37 (9) 
where 4 is the relative retardation of the emergent elliptically polarized waves and 
h is their axial ratio. Both terms of this expression are essentially positive and 
so the intensity can be zero only if they are simultaneously zero. The first term is 
zero when 


(B — a) = w/2 + tan-! (pe 3/2) (10) 

and the second when either 
(a + B) = 2/2 (11) 
& = 2nz. (12) 


Since (10) must always hold good for zero intensity the polarizer and analyser 
axes must be misorientated by an angle 


tan-! ( tan 3/2) 


2h 
1+h* 
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from the crossed position so that the effective rotation is 


2h 
p = tan- (-—, . tan 8/2). (13) 


If h = 1, that is, if the waves are circularly polarized, which is the case when no 
birefringence is present, then there results the well-known equation 


p = 8/2. (14) 


Assuming that the polarizer and analyser have the correct relative setting, 
then from (11) and (12) extinction can occur when (a) the bisector of the angle 
between the polarizer and analyser axes is parallel to that of the angle between 
the axes of the section of the index ellipsoid or (b) the retardation is a whole number 
of periods. 

Considering, now, a Z-cut quartz lamina statically stressed in the X Y-plane 
it is assumed that the natural optical activity is affected by the stress only to the 
same extent as the refractive index so that such a change is negligible compared 
with the birefringence introduced in the direction of the optic axis. In general the 
difference between the principal stresses, and their directions, will vary over the 
field of view so that it would be fortuitous if (10) were satisfied simultaneously 
with (11) or (12). If, however, the light is reflected from the far side of the specimen 
so as to retrace its path exactly (10) may be fulfilled automatically. The reflexion 
results in a complicated expression for the intensity since a left-handed elliptic 
wave on incidence becomes a right-handed wave on reflexion ; but at points where 
the transmitted intensity would be zero if the analyser were correctly orientated, 
that is, at just those points in which we are interested, the light emergent from the 
specimen must necessarily be plane polarized and will, on reflexion, retrace its 
path exactly and leave the specimen in the same state as that in which it entered. 
It may therefore be stopped by an analyser with its axis crossed relative to the 
polarizer. 

When observed under these conditions the specimen will exhibit two sets of 
dark fringes. One set joins points where the principal stress directions differ from 
those of the polarizer and analyser axes by half the effective rotation at the points 
concerned ; the other set joins points where the retardation is a whole number of 
periods. The sets correspond to isoclinics and isochromats with these differences : 


(i) The rotation must be known at any point on the isoclinic to find the 
principal stress directions. Since the rotation depends upon phase 
difference and therefore upon stress the interpretation is difficult. 
It will be shown however that for sufficiently thin crystals the rotation 
hardly varies from the natural value and hence the directions of the 
polarizer and analyser axes differ by a constant angle from the principal 
stress directions. 


Successive isochromats correspond to equal increments in the retarda- 
tion but this does not now correspond to equal increments in stress 
owing to the influence of the optical activity, as will be seen later. 
In the work on vibrating crystals only the zero order isochromat is 
produced so this question does not arise. 
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4. MacniruprE oF CuaNnce 1x Errective Rotation witH STRESS 


DkvuvE (1905) has derived expressions for the propagation velocities v,, v, 
and the axial ratio h of the two elliptically polarized waves in a birefringent optically 
active medium. In what follows the coordinate axes are taken parallel to the 
principal axes of the index ellipsoid as in (3) but the principal velocities relative 
to that in vacuo are now denoted by a,, a, and a, for mathematical convenience. 
DRuDE gives 


2u? = a®, + a®, + (a*, — a’) cos g, cos g, 
+ [(a*, — a*,)? sin® g, sin® g, + 4°]! (15) 
h + 1/h = [(a*, — a®,)? sin® g, sin® g, + 4n?]4/n (16) 


where yg, and g, are the angles between the direction of propagation and each optic 
axis and 7 is a parameter proportional to the rotary power in the absence of bire- 
fringence and varying with the direction of propagation. In the present case the 
direction of propagation is the Z-axis and since the optic axis must split symme- 
trically into two new optic axes on the application of stress g, and g, are simply 
equal to + 2, the semi-angle between the optic axes. This has the value 


sin-* [(a*, — a*,)/(a*, — a*,)]! 
and hence 
sing, = + [(a%, — a%)/(a®, — a%)]}, (17) 
sin g, = — [(a*, — a®,)/(a*, — a’,)]}, (18) 
COs g, = cos g, = + [(a*, — a*,)/(a*, — a*,)]}}. (19) 
Substitution of these values in (15) and (16) gives 
vy — vy = (n/a,) [1 + (a, — ay)*/y/a,)*3, (20) 
h + 1/h = 2[1 + (a, — ag)*/(y/a,)*)*. (21) 


If d is the thickness of the lamina, T the period of the light wave, and c the velocity 
of light in vacuo then the relative retardation of the emergent waves is 


§ = 2nd (v, — v,)/Te v, v2 
> (22 dn/Tca*,) 1 + (a, — a,)*/(n/a,)*}} (22) 


from (20). By (14) the rotation in the unstressed specimen is equal to half the 
retardation : 


Po = 59/2 = mdn/Tca’,. (23) 
Hence 5 = 2p, (1 + «)! (24) 
where € = (a, — a)/(/a,). (25) 
From (13) and (21) the effective rotation is 


-1{_ 2h ‘ 
p = tan-? (> tan 3/2) = tan-! 


ten tne. (28) 
(1 + «*)3 
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In these expressions ¢ is directly proportional to the difference between the principal 
stresses ; substituting from (8) into (25): 

€ = (4, — 42) (oy — o,)/'2n. (27) 


The resultant retardation is not proportional to the stress however. Fig. (1) shows 
the variation of the retardation 5 and the effective rotation p with « for two 
thicknesses of quartz, 0-5 mm and 3-06 mm. The first thickness is that of a Z-cut 
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‘16. 1. Dependence of effective rotation on phase retardation in a birefringent optically 
active medium. 


disk used for experiments on vibrations while the second is that of a Z-cut bar used 
for the experiments described in the next section to test this theory. It will be 
noticed that while p, and 6 are proportional to the thickness p is definitely not. 
For the smaller thickness p hardly varies from the natural value py since 
(tan K p,)/K — p, as py » 0. Thus, for thin crystals, the rotation may be assumed 
constant and equal to the static value for all practical purposes. Owing to the 
flatness of the curves when « is small the same will be true for thicker crystals 
provided the stresses are small enough. Two other features of these curves are 
notable. First, for sufficiently high stresses the retardation tends asymptotically 
to a straight line through the origin representing the retardation in the absence of 
optical activity. Second, whenever 5 = nm then p = 8/2 as for the case of optical 
activity in the absence of birefringence. 

Finally, perhaps the most interesting feature of all in this theory is the fact that 
according to (24) the phase retardation between the two oppositely elliptically 
polarized waves can only increase when the quartz becomes artificially birefrigent 
along the optic axis. Thus the increase in effective rotation given by (26) is 
independent of the sign of the stress and depends only upon the difference between 
the principal stresses. 


On the photoelastic examination of vibrating bodies 


5. EXpERIMENTAL TEsT OF THE THEORY 


The results of Section 4 were tested by investigating the propagation of light 
through a Z-cut bar uniformly bent in the X Y-plane. The bar had a rectangular 
section and its length was parallel to the X-axis. Fig. 2 shows how the stress was 
applied and Fig. 3 shows the optical arrangement. The polarizer axis was so 
orientated as to polarize the light in the plane of incidence on the half silvered 
mirror in order to avoid subsequent elliptic polarization. The thrust was provided 
by a calibrated spring rather than by weights as the stresses had to act in the 
horizontal plane owing to the geometry of the optical system. Before applying 
any stress the field of view was dark since the natural rotation of the quartz was 
cancelled by the double passage of the light through the crystal. 
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Fic. 2. Apparatus for applying static bending stress to a quartz bar. 
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Fic. 3. Optical apparatus for observation of photoelastic stress patterns. 


On applying a small stress the field brightened near the edges of the bar. At a 
slightly higher stress three distinct dark fringes could be seen parallel to the length 
of the bar, one along the axis and the other two symmetrically on either side. 
By rotating the bar and its bending jig about the Z-axis the latter fringes could be 
made to move outwards or, by a reverse rotation, coalesce with the centre fringe. 
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When the stress was increased still further the first-order isochromat appeared at 
the extreme edges of the bar. The thrust was increased slightly to a value of 
approximately 107 dyne so that these lay clear of the edges and then a series of 
photographs was taken in which the applied stress remained constant but the bar 
had various orientations relative to the polarizer axis. It was noticed that the zero 
and first-order isochromats at the centre and near the edges respectively retained 
their position throughout this series and also that the split ‘ isoclinic ’ was approxi- 
mately symmetrical throughout, although one side of the bar was in compression 
and the other in tension. Fig. 4 (Plate) shows a photograph of a typical photo- 
elastic stress pattern under these conditions and Fig. 5 an explanatory diagram. 


First order 
isochromat 


=. 


Fic. 5. Vhotoelastic stress pattern in a statically stressed quartz bar. 


In the absence of optical activity there would have been a solitary isoclinic 
fringe blacking out the whole area over which the stress was substantially parallel 
to the axis, this being observed when the axis of the bar lay parallel to the polarizer 
or analyser axis. But from the theory of Sections 3 and 4 there is an effective 
rotation depending on the stress in the case of an optically active medium and 
darkness is only attained when there is a certain relation between polarizer orienta- 
tion, principal stress directions and the magnitude of the stress, namely, that at 
any point on an isoclinic the stress results in an effective rotation equal to twice 
the angle between polarizer and analyser axes and the principal stress directions. 
The stress in a uniformly bent bar increases linearly from zero at the neutral axis 
to a maximum at the edges and so for a given applied stress and orientation of the 
bar relative to the polarizer axis the isoclinie fringe consists of two lines parallel 
to the neutral axis along the lines of appropriate tensile and compressive stress. 
If the orientation of the bar is altered the fringes move outwards or inwards to the 
regions of appropriate stress at which the necessary conditions are still fulfilled. 
Alternatively if the orientation is fixed but the stress is varied the isoclinic fringes 
move so that they are always in regions of the same stress and therefore the same 
effective rotation. 

Although in this experiment the absolute stress was not known accurately, 
owing to poor mechanical construction of the bending jig, a graph of rotation 
against relative stress may be plotted from measurements made on the series of 
photographs taken under conditions of constant applied thrust. For each effective 
rotation the distance between the two parts of the isoclinic was measured and taken 
to be proportional to the stress. Fig. 6 shows these experimental points. The curve 
is part of Fig. 1 for a thickness of 3-06 mm and has been drawn to pass through 
the experimental point for which the rotation is 180° and the isoclinic coincides 
with the first-order isochromat. The values of « relate to the theoretical curve. 
The agreement between the shapes of the two curves is very good. As the thrust 


‘sysip ZyuNb Furjeaqrs ur susajped ssoays onsupoOyUg “Li-L ‘Solg 


~ 


‘OL “DI4 


‘auq zyenb passers 
Ayeoreys & ur usegyed ssaajs oNsepo}Oyg “F “914 


‘? “Oly 


On the photoelastic examination of vibrating bodies 35 


was known to be about 107 dyne for this experiment the stress in the region of the 
first order stress fringes was calculated from the geometry of the bar and the jig 
to be about 8-41 x 10®dyne cm~-*, and it was possible to estimate the value of 


711 — Mi 


1 
2 
Fic. 6. Dependence of rotation on phase retardation showing experimentally determined 
points. 


From (24) 
« = (8*/4p%, — 1) (28) 


and, since py = 78° for the specimen used, « is 2-08 for the first-order isochromat. 
From (23) 
7 = po a, Te/nd (29) 


and substituting in (27) gives 
7, — M2 = 2p) a*, Tce/(o, — o,) wd. (30) 


Taking a value of 1/1-55 for the ordinary velocity and using the experimental 
values quoted : 


14, — M4. = 10-3 x 10-4 dyne~! cm? for A = 5461 A. 


PocKELs’ results give 


1, — M2. = 18-95 x 10-™ dyne-cm? for A = 5893 A 


which is of the same order of magnitude. 


6. Puoroe.astic Errect in ViBprkaTING QuARTZ CRYSTALS 


The work described in the previous sections is part of an extensive study of 
the longitudinal vibrations of thin, circular, Z-cut quartz disks, the results of which 
will be published elsewhere. Some examples are given here, however, to show how 
the theoretical predictions of Sections 1-8 are borne out in practice. Z-cut disks 
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behave substantially as though isotropic for normal modes of vibration involving a 
state of plane stress in the XY-plane. The theory of these vibrations in isotropic 
media has been given by Love (1927). 

Of the multitude of modes of this type there are two series of symmetrical modes 
with simple displacements whose magnitude at any point depends only on the radial 
coordinate. In one series, type A, the displacements are everywhere along the 
radius vector while in the other, type B, the displacements are everywhere normal 
to the radius vector. The principal stresses at any point act Along the radius and 
its normal for type A and at 45° to these directions for type B. In each case the 
nodes of the longitudinal displacements consist of the centre of the disk together 
with a number of concentric circles, the number increasing with mode order. Denot- 
ing successive modes by integers, including zero, the m' type A mode has m 
nodes in addition to the centre while the m™ type B has m + 1. The zero-order 
isochromat joins points at which the principal stresses are precisely equal. In both 
types this occurs at the centre and on a series of concentric circles which lie between 
the nodes, except that there is never one between the centre and the first nodal 
circle. In the case of the type B modes the outermost circle of the isochromat is 
the periphery of the disk itself while for type A modes the outermost circle almost 
coincides with the periphery, except for the m = 0 mode. 

The quartz disks, all about 2-5 em diameter and of various thicknesses, were 
excited into vibration by a potential difference of appropriate frequency _applied 
to six electrodes round the periphery, these being connected alternately in opposite 
phase so as to produce a field with trigonal symmetry in the X Y-plane. The orienta- 
tion of the crystal axes relative to the electrodes differed for types A and B modes 
since type A are dilatational modes and require a field along the X-axis while type 
B are shear modes and require a field along the Y-axis in order to excite suitable 
stresses. A suitable orientation was easily found by trial in every case. The crystals 
rested on a glass plate coated with a reflecting layer this being composed of dielectric 
multilayers to avoid short circuiting the electrodes. In the figures showing the 
photoclastic stress patterns the polarizer axis is always vertical. Apart from the 
photoelastic effects interference fringes can be seen in some of the photographs, 
these being formed by light reflected from the reflecting layer and the two crystal 
surfaces. 

Fig. 7 (Plate) shows the type A, m = 1, mode for a crystal which is 0-5 mm 
thick. The isoclinic cross should have arms parallel to the polarizer and analyser 
axes but is misorientated by about 7°. The natural rotation of this specimen is 13°. 
Fig. 8 shows the same mode for a 2 mm thick crystal. The natural rotation of this 
crystal is 51°, and the misorientation is increased to 26°. The thinner crystal was 
right-handed, and rotated the light vector anticlockwise when looking in the 
direction of propagation while the thicker was left-handed so that the misorienta- 
tions are both in the appropriate direction, that is, the isoclinics correspond to an 
orientation differing from the polarizer setting by half the natural rotation in the 
quartz. Fig. 9 shows the type B, m = 1, mode for a 0-5 mm thick crystal. The 
isoclinic cross, whose arms should make an angle of 45° with the polarizer axis, is 
misorientated by 7° as in the case of Fig. 7. 

The radii of the zero-order isochromat circles have been measured on photo- 
graphs of the 0-5 mm thick specimen for type A and B modes, m = 0 to 8. In 
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every case the radii agreed with the theoretical values to well within the accuracy 
of the measurements. In spite of this good agreement it is known from multiple- 
beam interference examination of the surface displacements normal to the plane 
of the disk that all of these modes are strongly coupled to flexural modes (ToLANSKY 
and Woop 1958). However, these flexural displacements do not influence the 
longitudinal displacements and they do not distort the photoelastic patterns since 
the stresses involved are antisymmetric about the median plane of the disk and 
the optical changes due to the stresses in laminae at equal distances on opposite 
sides of this plane cancel out, to the first order, in a sufficiently thin disk. 

Fig. 10 shows the type B, m = 1, mode for a 3mm thick crystal. For this 
thickness various second-order effects, both elastic and photoelastic, become signi- 
ficant and the stress pattern is correspondingly distorted. It is included, however, 
to demonstrate the increase of rotation for high stresses. In spite of the distortion 
it is seen that the isoclinic cross is misorientated by about 40° clockwise, the natural 
rotation being 78° and the crystal left-handed. Fig. 11 shows the crystal vibrating 
in the same mode at a much higher amplitude. Those parts of the isoclinic in 
between the zero-order isochromat have moved still further in the closewise direc- 
tion indicating an increase in the effective rotation. It is, perhaps, surprising that 
the displaced isoclinic is so clearly defined, for it is actually moving to and fro at 
twice the frequency of vibration. The reason is that in the extreme position the 
isoclinic is momentarily at rest, the intensity of the rest of the field being then at a 
maximum, and the system acts stroboscopically. In the case of the 0-5 mm thick 
crystal there was no sign whatever of an increase in rotation with high stress ; 
a 1-0 mm thick crystal showed some signs of increased rotation at stresses just short 
of the breaking point. 


Thus, for thin quartz crystals of this type, the photoelastic stress patterns may 
be interpreted as though the quartz were isotropic and the stresses static except 
that the isoclinics correspond to a virtual polarizer setting differing by half the 
natural rotation in the quartz from the actual setting. 


7. COMMENTS ON PHENOMENA OBSERVED BY EARLIER WORKERS 


(i) Eaperiments of Morens and Verscuarre.t (1927). A vibrating quartz 
bar was studied by placing it between polarizer and analyser, so that white light 
passed along the optic axis, the transmitted light being examined with a spectro- 
meter. The dimensions of the bar were 8, 34 and 12 mm along the X, Y and Z-axes 
respectively and the bar was excited into longitudinal vibrations along the X-axis 
at a frequency of about 450 kc/s by electrodes on the X-faces connected to a valve 
oscillator. Initially there was an extinction band in the spectrum of the transmitted 
light, due to the rotary dispersion of the quartz along the Z-axis, the position of 
which depended upon the precise relative setting of polarizer and analyser. Having 
moved this band to a suitable part of the spectrum the crystal was set into vibra- 
tion and, as the amplitude was increased, the band was observed to move bodily 
towards the red end of the spectrum becoming less distinct as it did so. This 
occurred whatever the initial position of the band and indicated an increased rota- 
tion of some tens of degrees as shown by re-orientating the analyser to restore the 
band to its original position. The authors expressed surprise that the change in 
rotary power was in a fixed sense for an oscillatory stress. Moreover they stated that 
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the effect could be produced neither by a uniform compression perpendicular to 
the Z-axis of a Z-cut specimen nor by an intense electric field. 

The change in rotation was clearly a manifestation of the effects discussed in 
Sections 3 and 4 of this paper which always result in an increase of the effective 
rotation irrespective of the sign of the stress. It is not possible to comment any 
more precisely than this since the experimental conditions are not very well des- 
cribed. The light admitted to the spectrometer for instance, was probably collected 
from a large area of the specimen over which the magnitude of the stress varied 
considerably. As to their failure to produce the effects by a static mechanical or 
electrical stress, this was probably due to their failure to appreciate the enormous 
stresses present in a resonating piezoelectric crystal. They do not mention the 
dimensions of the specimen used for the static experiments but considering that 
used for the dynamic experiments, a force of about 200 kg wt would be needed to 
produce rotations of the order of 20-30° by uniform compression along the X-axis, 
from the experimental results of Section 5. Using Pockets’ data for the electro— 
optic effect (1890) the same result could be produced by a potential difference of 
several hundred kilovolts between the X-faces. Evidently they did not go to these 
extremes although, as seen in Section 5, the necessary stress is easily realized in a 
suitable specimen by simple bending. 

(ii) Experiment of Pax Tconenc Kao (1935). It was noticed that the high 
order modes of a vibrating rectangular Z-cut quartz crystal often had the appear- 
ance of a regular array of red and green spots when the crystal was examined ‘in 
reflexion by white plane polarized light, using a crossed analyser. Now this is the 
optical arrangement used in the work described in Sections 5 and 6 and so Pan 
TcHENG Kao was observing, although he did not realize it, the isoclinic patterns 
corresponding to principal stress directions differing by half the rotation in the 
quartz from’ the directions of polarizer and analyser axes. Since white light was 
used the isoclinic parameter varied for each wavelength, owing to the rotary 
dispersion of quartz. At any point of the crystal where there was the correct 
relation between the principal stress directions and the rotation for a particular 
colour, that colour would be stopped and the complementary colour would show 
up. Thus the general appearance was that of diffuse isoclinics coloured red on 
one side and green on the other. Owing to the gridlike nature of the isoclinics for 
many of the high order modes of a rectangular crystal the colours appear as a 
regular array of spots. 
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SUMMARY 


Tur problem of a thin-wall polycrystalline cylinder subjected to a torsional strain following 
a plastic tensile strain according to an extension of Tayior’s theoretical model has been 
investigated. Some agreement with experimental results has been obtained. 


1. INTRODUCTION 


TayYLor’s model (1938) for calculating the stress-strain relation for a crystalline 
aggregate in the plastic region following a linear strain path has recently been 
extended (Payne 1959) to include the complete stress-strain relation for a non- 
linear strain path. To test this modified theory, the problem of a thin-wall cylinder 
of face-centred cubic polycrystalline material subjected to an incremental torsional 
strain on an existing tensile or compressive plastic strain has been investigated. 

This problem has been studied from another point of view by Batporr and 
Buptansky (1949). Tay.or, to simplify the mathematics, assumed the same 
strain in each crystal of the aggregate, whereas BatporF and BupIANSKyY assumed 
the same stress. TayLor’s model leads to a violation of Newton’s third law at the 
grain boundaries, in the plastic region, while Barporr and Bupiansky’s violates 
the continuity of material. In the former circumstance six or eight slip systems 
may become active ; in the latter usually only one can become active. The true 
situation is presumably a compromise between these limiting cases. However, the 
success of the TayLor model in approximating the experimental tensile stress— 
strain curve for aluminium in the plastic region suggests that it is the more realistic. 


2. APPLICATION OF THE THEORY TO THE ToRSION PROBLEM 


The deviator of the tensile strain tensor of the aggregate at the inception of 
the torsional strain is represented in the principal axes of the specimen by 


0 0 
0° 0 1 
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TayLor’s simplifying assumption of uniform strain assigns « to the individual 
crystal. By transformation it may be referred to the crystalline axes as a function 
of @ and ¢, the spherical polar coordinates defining the direction of the cylindrical 
axis in the crystal. Tien the clastic portion of « may be designated by 


€ = (7, 4/2») Ay, (1) 
where 7, is the critica] stress, « is the shear modulus of elasticity, and A; (PAYNE 
1959) defines on the yield surface of the crystal a vertex which denotes the purely 
plastic state. Either six or eight slip systems in which slip may occur are associated 
with the vertex. We designate these by a = 1, 2 m(m =6or8). The 
plastic portion may be expressed by 

m 
_ 2 £, B®, 
a=l 
where g, is 14/2 times the slip in the ath system. The B‘?) for face-centred cubic 
crystals have been listed (Payne 1959) and are selected as to sense such that 
£, > 0. 
The differential torsional strain, which becomes simple shear in a thin-wall 
cylinder, may be represented by 
0 0 1 


de = dy,,| 0 0 0 (2) 
1 0 0 


in the principal axes of the specimen. Referred to the crystalline axes, de becomes 
a function of the Eulerian angles 0, ¢ and %, which describe the orientation of 
the cylinder with respect to the crystal. By neglecting the small effect produced 
by workhardening during the torsional strain, i.e., by assuming dr, = 0, the 
conditions imposed on the elastic and plastic components of de may be expressed 
in the notation of Paynr (1959): 


de + dé = de, (8a) 
B® .de<0 for «<m, (3b) 


dé — Sag, Bi), (8c) 


dg, > 0, (4a) 
dg, B® . de = 0. (4b) 


The set of active systems, « = 1, 2, m, as a function of @ and ¢ for the 
crystals of the aggregate under simple tension (or compression) has been deter- 
mined by Bisnop (1953). Of the 44 sets of values of @ and ¢ employed by Tay or, 
we found that it was sufficient for our calculations to use 87, since these results 
were practically the same as those for 27. For each such direction the values of 
y% were selected at 30° intervals. For each choice of 0, ¢ and ¢ relations (8) and 
(4) were solved for the given de according to the following procedure : 

1. Determine de- B® for « = 1, 2, m. Let the system for which the 
maximum value is attained be designated « = 1. Then, if de- B® < 0, relations 
(3) and (4) are satisfied by de = de and dé = 0. 
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2. However, if de- B) > 0, let de, = de — du, B™ with dy, of such magni- 
tude that de, - B“) = 0. Then, determine de, - B‘*) for « = 2, 3, m. Assume 
that the maximum value is attained for « = 2. If de, - B‘) < 0, relations (3) and 
(4) are satisfied by de = de,, dé = dy, BY. 

3. However, if de,- B®) > 0, let de, = de, — du, B® — dv, B® with dy, 
and dy, of such magnitudes that de,- BO) = 0 = de, B®. Then, determine 
de, - B® for « = 3, 4, m. Assume that the maximum value is attained for 
a= 38. If de,- BY) <0, relations (3) and (4) are satisfied by de = de, and 
dé = (du, + dv,) B® + dy, B® (if du, + dv, > 0, du, > 0). 

4. However, if de,- B®) > 0, continue this process until it is determined 
that de = de, for n < 5 or de,- B®) > 0. The latter would indicate that de = 0 
and dé = de. 

The results for 9 = 60°, ¢ = 45°, referred to the principal axes of the specimen, 
are presented in Tables 1 and 2. ‘lables for other orientations are given in the 


TaBLE 1. Elastic strain tensor dé referred to cylinder axes at 30° intervals of 4 for 0 — 0 
and 45 


wre dé,,/4y13 _ déy, dyi3 dé ss dyi3 déi2/dyy3 HE a3/4 743 dé, dyi3 


0-1082 0-4328 O-5412 0 0 ©5625 
0-2306 G-2474 00-4781 — 01949 0-1906 0-4341 
0-4599 0 0-4605 0-0190 — 0-0160 0-3059 
0-1571 0-2355 0-3929 0-2406 0-2722 0-4723 
120 0-0531 O-4741 0-4210 0-0458 0-0734 0-7004 
150° 0-1575 0-2709 0-4285 — 0-2801 0-1065 0-6398 
180 0-4939 0 - 04939 0 0 O-5777 
210 0-1575 02709 0-4285 0-2801 0-1065 0-6398 
2H) 0-0531 0-4741 — 0-4210 — 0-0458 O-0734 O-7004 
270 0-1571 0°2355 — 0-3929 — 0-2406 0-2722 0-4723 
300° 0-4599 0 — 0-4605 — 0-0190 0-0160 0-3059 
330° 0-2306 0-2474 — 04781 0-1949 — 01996 0-4341 


TABLE 2. Plastic strain tensor dé referred to cylinder axes at 30° intervals of 4% for 0 = 60 
and ¢ = 45° 


dé,,/dy13 de 42/4715 dégs/dy,3 42/4745 déys/dy,3 deg, /d 745 


— 0-1083 — 0-4331 0-5413 0 0 0-4376 
— 0-2310 — 0-2473 0-4782 0-1949 — 01903 0-5662 
— 0-4606 0 0-4610 — 0-0196 0-0163 0-6939 
— 01572 — 0°2355 0-3927 — 02405 0-2723 0-5277 

0-0532 — 04742 0-4209 — 0-0458 0-0735 0-2996 
— 0-1578 — 02709 0-4283 0-2801 0-1064 0-3603 
— 04938 0 0-4937 0 0 0-4223 
— 01578 — 0-2709 0-4283 — 02801 0-1064 0-3603 

0-0532 — 0-4742 0-4209 0-0458 — 0-0735 0-2996 
— 0-1572 — 0°2355 0-3927 0-2405 — 0-2723 0-35277 
— 0-4606 0 06-4610 0-0196 — 0-0163 0-6939 
— 02310 — 0-2473 0-4782 — 0-1949 0-1903 0-5662 
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Astia Reports (1957, 1958). The de were averaged first with respect to » and then 
with respect to the set of values of @ and ¢ lying within a zone ; the zone is a locus 
of directions for which the same set of slip systems become active — or for which 
the same vertex on the yield surface is reached — during a plastic tensile strain. 
Then, with Q; representing the solid angle subtended by the ith zone and dé; 
representing the average of de over the selected values of @ and ¢ within this zone 
as well as of , dé,,. the average de over the specimen, was obtained from the 
relation 


22; de, = Q da,,, 


where 


2= 22, 


The result, 
0-1953 - 0-00138 0-5771 


de dyy3 0-0013 00-1953 0-0015 


‘au = 
0-5771 0-0015 03906 


represents the deviator of the clastic strain tensor for the aggregate under torsion. 
To it must be added the hydrostatic component dy I, where I represents the unit 
matrix. 

From the theory of clasticity the corresponding stress on the specimen becomes 


1+p 
dS = 2 F + dnl, 5 
Haw: 4 <i | (5) 


where p is Poisson's ratio. For 


1+ p 


the condition that the tensile components of dS normal to the cylindrical axis 
vanish is satisfied. Setting p = 4 for aluminium and substituting the resulting 
value for dy in equation (5) gives dS in the desired form 


0 OO | dry 


(7a) 


(7b) 


The addition of the hydrostatic component dy I to de changes the elongation 
along the axis of the specimen. Since it was desired to determine the stress pro- 
ducing a torsional strain unaccompanied by such an elongation change, the above 
computations were repeated for three sets of values of @ and ¢ in different zones 
substituting for de m (2) the expression 
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—td 0 dys 
0 — $d 0 
dys 0 dn 


which overcorrects for the effect of the hydrostatic component. However, in none 
of these instances did a significant change in the value of dé averaged over y occur. 
Consequently, we concluded that equations (6) and (7) suffice to represent the stress 
which, according to the model of this paper, produces the torsional strain dy,, — 
with a contraction of the specimen in the plane normal to the cylindrical axis — 
following a tensile stress o, into the fully plastic region. 

According to the model under consideration both dr,,;/dy,,; and do,/d7,, are 
constant for increasing torsional strain until a point on the yield surface of one 
of the crystals is reached at which one of the previously inactive systems (« > m) 
becomes active. For the B® representing this system, it is readily shown (PayNE 
1959) that B‘*)- A; = 0, where A, designates the vertex occupied by the particular 
crystal just prior to the torsional strain. Then, for this system to become active, 
it is necessary that 5¢- BY) = 7,/,/2y. From equation (1) and the relations 
5/2 < |A,| <+/6 and |B@| = 1, it is apparent that under this circumstance 
|5e| ~ \e| and, therefore, 57,, ~ 03. This model, then, predicts a linear relation- 
ship between (a) the tensile and torsional components of the stress that is required 
to produce a torsional strain and (b) the torsional stress component and resulting 
strain. The slopes of the curves are given by equation (7). This relationship is 
maintained until the torsional stress component exceeds a value of the order of 
magnitude of the tensile stress at the start of the torsional strain. 


8. A CoMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS 


The experimental results reported by Petexs et al. (1949) appear to be the 
only ones to which these conclusions may be compared. A thin-wall cylinder of 
polycrystalline aluminium alloy was subjected first to compression beyond the 
elastic limit and then to torsion with no further change in the axial dimension. 

Although the maximum torsional stress (12 k.s.i.) was substantially smaller 
than the tensile stress (32 k.s.i.) in effect at the beginning of the torsional strain, 
the 57,3 vs. 5y,3 curve is nonlinear. The quantity dr,,/dy,, approaches the elastic 
value 2p at 57 = 0, but attains what appears to be a nearly uniform value of 
about 1-35 » for 57,, > 8 k.s.i. Furthermore, the 30, vs. 57,; curve is nonlinear, 
with do,/d7,, varying from about } for 57,, = 0 to about 4 for 57,, > 8 k.s.i. 
Thus, the experimental values of both dr,;/dy,, and do,/dr,, come into approxi- 
mate agreement with our predictions, but only after a torsiona! stress approxi- 
mately one fourth the tensile stress in effect at its inception is reached. 

In attempting to account for this discrepancy for 57,3 << } 3, it should first 
be noted that at the start of the torsional strain in the experiment the ratio of 
the axial compressive stress o, to the axial compressive strain was 0-80 E, where 
E represents Younc’s modulus. Thus, the plastic component constituted only one 
fifth of the total strain. Previous calculations of the tensile stress-strain relatien 
for a face-centred cubic polycrystal (PayNE et al., 1958) indicate that the model 
under consideration requires a much larger ratio of the plastic to the total strain 
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to ensure that in nearly every crystal a vertex on its yield surface is reached. 
Accorcingly, if the torsional strain were begun before a given crystal had achieved 
its vertex, fewer slip systems would be available for the plastic component of the 
torsional strain than assumed in the above analysis. This would require a greater 
initial stiffness in torsion. The additional slip systems would become active after 
a torsional stress amounting to a fraction of o, since, although the vertex had 
not been attained, its approach must have rendered to these additional systems 
resolved shear stresses constituting substantial fractions of the critical stress. 

Such a qualitative explanation of the discrepancy receives some support from 
the results of two other measurements performed by these investigators. The 
latter experiments differed from the first in that the axial load, rather than the 
elongation, was maintained constant during the torsion. Although the results 
cannot be compared quantitatively to those of this paper, they do show the initial 
stiffness in torsion disappearing for successively smaller values of 57, as the ratio 
of the axial compressive stress to the corresponding strain prior to the torsion was 
reduced first to 0-74E and then to 0-44£. 

However, it is believed that a more realistic model (i.c. than the one using the 
assumption of the same strain in each crystal) would not show the vertex of the 
yield surface attained in each crystal no matter how large the plastic component 
of the tensile strain. This would follow, as mentioned earlier, in order to satisfy 
the conditions imposed on the stress at the grain boundaries. (Presumably, the 
strain would not be uniform over the grain. This would require a device such as 
the consideration of an average strain for a crystal or a uniform strain over only a 
portion thereof). Hence, greater initial stiffness in torsion than predicted by the 
model presented in this paper would be expected. 
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By W. A. Zamat, D. D. Lanct and F. R. Brorzent 
(Received 26th August, 1959) 


SUMMARY 


Tue steady-state creep rates of commercial tin were investigated at temperatures between 120 
and 230 °C, Torsional creep equipment was developed for this purpose. At temperatures below 
215 °C results indicate that the steady-state creep process is one governed by a single activation 
energy of 22,500 cal/mole. At higher temperatures, however, the simple Arrhenius-type equation 
cannot properly express the creep behaviour. 


1. INTRODUCTION 


VikTUALLY all investigations of metallic creep have been limited to temperatures 
well below the melting point of the materials. Only a few reports in the literature 
cover studies of mechanical properties at temperatures higher than 95 per cent 
of the absolute melting point. Yet even these few investigations were restricted 
to relatively low stresses. It was thought, therefore, that an investigation of 
steady-state creep under the combined influence of high stresses and of tempera- 
tures approaching the melting point would test the range of validity of presently 
accepted creep concepts. 

Tin was chosen as the material for this investigation primarily because of 
experimental convenience. Its low melting temperature and ready availability 
are particularly desirable features. Furthermore, creep data for tin over wide 
temperature ranges have been published and permit comparison with experi- 
mental results obtained in this investigation. 

In most metals the activation energies of steady-state creep correspond to the 
activation energies of self-diffusion. In tin, however, a relatively low creep activa- 
tion energy seems to prevail at low temperatures and a relatively high one at 
temperatures above 130°C (BREEN and WEERTMAN 1955, 1956). The latter is 
substantially greater than the activation energy for self-diffusion determined 
through radioactive tracer techniques by FENsHAM (1950). WEERTMAN and BREEN 
(1956) arrived at the conclusion that these activation energies could be reconciled 
with self-diffusion activation energies if Zener’s ring mechanism were to play 
a part in the self-diffusion process. 

°This research was carried out under the sponsorship of Army Ballistic Missile Agency, U.S. Army Ordnance 
contract No. DA-23-072-ORD-1167. 


+The Rice Institute, Houston, Texas. 
Formerly at the Rice Institute; present address—Chance-Vought Aircraft Co., Dallas, Texas. 
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At very high temperatures and under the influence of high stresses it becomes 
exceedingly difficult to discern the various mechanisms that may contribute to 
the creep rate. Among the processes that might contribute substantially to the 
deformation are (1) slipless deformation through movement of point defects ; 
(2) grain-boundary slip ; (3) dislocation climb. An effort will be made to discuss 
the results in the light of these basic possibilities. 


2. EquirpMENT AND PROCEDURE 


Specimens were tested in torsion. This eliminated variation of cross-section 
during the test and simplified the maintenance of a uniform temperature along the 
length of the specimen. The specimens were heated in a small resistance furnace 
(Fig. 1) which was operated at constant current. The furnace was surrounded by a 
constant-temperature oil bath to isolate it from external temperature variations. 
With this equipment it was possible to reduce temperature fluctuations to a maxi- 
mum of 0-3 °C with less than 0-3 °C variation along the entire length of the speci- 
men. All temperature measurements were made in the centre of the specimen with 
a calibrated copper-constantan thermocouple and a Leeds and Northrup poten- 
tiometer. 


TORSIONAL CREEP TESTING MACHINE 


an: 


THERMOCOUPLE 


HIGH TEMPERATURE CREEP CURVE 


MICROMETER 
Y 4 THREADS 


T=226°C 


RECORDER TetSin-bd 
WIRES 


RELSre 


SPECIMEN yirs in 1 
sd tt 17 — 


450 4 20 
TIME ft (sec) 


ANGLE OF TWIST @ (rod) 


Fic. 1. Torsional creep-testing machine and Fic. 2. Typical high-temperature creep 
specimen. curve at constant torque. 


A constant torque was applied to the specimen through a weight and pulley. 
The angular deformation produced by the torque was converted into linear 
motion by a micrometer screw. The latter moved the core of a differential trans- 
former which, in turn, activated a Sanborn recorder. This instrument recorded 
the angle of twist as a function of time with a maximum senbitivity of 0-05 rad. 
at full-scale deflexion, 5 cm, on the recorder chart. The equipment was calibrated 
prior to each test. 
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The specimens were prepared by casting commercial tin in steel moulds. They 
were then machined to the dimensions given in Fig. 1. Spectrographic analysis of 
a number of specimens revealed them to be of 99-30 per cent purity, with the 
following major impurities: (Found Pb, 0-51; Sb, 0-09; and As0-06%). All! 
specimens were annealed at 224 °C for 20 min and air cooled. The resulting grain 
size varied from 50 to 200 grains per cm?. 

In carrying out the experiments the specimens were placed into the furnace and 
allowed to reach the testing temperature. The load was applied gradually. Test 
runs lasted anywhere from 20 sec to 1 hr. A typical high-temperature creep curve 
obtained in this manner is illustrated in Fig. 2. 

Since the results obtained by this method were expressed in terms of the angle 
of twist as a function of time at constant torque, it was necessary to convert the 
data into conventional terms of strain and stress. Under the assumption that the 
deformation was one of pure torsion, an equation was developed (see Appendix) 
by means of which the shear stress at the surface of the specimen could be calculated. 
It was found that a constant torque was equivalent to a constant stress. 


8. ReEsuLts 


At temperatures below about 215 °C the steady-state creep rates at constant 
torques followed closely the established relation 


é = S(o) exp (— Q/RT) (1) 


where é€ = creep rate, S(c) = a stress-dependent constant, Q@ = heat of activa- 
tion, R = universal gas constant and 7 = absolute temperature. For this tem- 
perature range Q was 22-5 + 1-0 kcal/mole as computed from the data in Fig. 3. 
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Fic. 3. Plot of the steady-state creep rate vs. reciprocal of absolute temperature at different 
torques. 


This is in good agreement with the findings of several investigators: FRENKEL 
et al. (1955) found Q = 21-0 + 2-0 kcal/mole while Wiseman et al. (1957) found 
Q = 23-0 kcal/mole. Werrrtman and Breen (1956) and WererertMan (1957), 
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whose observations were made with tin single crystals, observed Q = 22-0 kcal/mole. 
At temperatures below 215 °C the heat of activation appeared to be independent 
of stress, strain and temperature, as is usual with creep of metals (Dorn 1955). 

At temperatures above 215 °C the results indicated that the Arrhenius-type 
equation (1) is no longer applicable. Judging from the high-temperature portions 
of the curves in Fig. 3, the process can no longer be viewed as one having a single 
activation energy. The slope of the curves tends toward very high values as the 
melting point is approached. The only other creep results in that temperature 
region with polycrystalline tin were those by BREEN and WrEerTMAN (1955). The 
few data collected by those authors in the range near the melting point are not 
suflicient to corroborate or contradict the results given in Fig. 3. 

The creep curves observed at high temperatures still exhibited a definite linear 
portion (Fig. 2). Yet, as the temperature was increased, this steady-state creep 
portion tended to take up an increasingly smaller part of the entire creep curve. 
In the immediate vicinity of the melting point, i.e., at 228 °C, it became very 
diflicult to distinguish between secondary and tertiary creep. 

Creep rates at constant temperatures, as a function of stress, are shown in 
Fig. 4. The data for this diagram were obtained from the curves in Fig. 3, since 
it was not convenient to perform tests for different torques at exactly the chosen 
temperatures. By and large, the exponential expression by Dorn (1955), 


é - A(T)", (2) 


is consistent with the results given in Fig. 4. In this equation A (7) tempera- 


ture-dependent constant, 0 = the applied shear stress. The values for the exponent 
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Fic. 4. Logarithmic plot of steady-state creep rate vs. shear stress at different temperatures, 


n varied between 4-5 and 5-0 at temperatures up to 215 °C; and appeared to reach 
higher values at temperatures above 215 °C, Breen and WerertmMan (1955) found 
the exponent to be about 4-6. Attempts were made to extend the observations 
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of the stress-creep relationship in a more definite way to temperatures close to the 
melting point. This was not possible because steady-state creep data could be 
obtained for only very small torques. Higher torques were precluded by the 
extremely short duration of the high-temperature runs. 


4. Discussion 


The results obtained with tin at temperatures below about 215 °C, summarized 
in Figs. 3 and 4, confirm the observations made by other investigators. On the 
other hand, the departure from normal behaviour at higher temperatures is striking 
and stimulates speculation as to the possible underlying causes. 

It has been postulated by Nabarnro (1948) and HerrinG (1950) that the move- 
ment of point defects could account for creep. According to Herrine, such a 
mechanism leads to a linear stress dependence of the creep rate. If such a mechanism 
were to become pronounced at high temperature, it would lead to an apparent 
lowering of the stress exponent n in (2). This was clearly not the case ; indeed, 
the exponent appears to be greater than 5 at temperatures above 215 °C. More- 
over, the NABARKO-HERRING mechanism requires a temperature dependence which 
parallels that of the self-diffusion coellicient of tin. As mentioned earlier, the 
activation energy for self-diffusion in tin is substantially lower than that for steady- 
state creep. The observations made here, however, point toward a rapidly in- 
creasing energy of activation at elevated temperatures. The NaBarro-Herrinc 
mechanism therefore cannot account for the anomaly in the creep behaviour 
observed near the melting point of tin. 

It is conceivable that, at very high temperatures, grain boundary slip could 
contribute to the overall deformation in such a manner as to increase the total 
strain-rate. In such a case the creep:rate at constant torque would be the sum of 
the creep-rate ¢,7 extrapolated from temperatures below 215 °C and of the creep 
rate é;;7 due to an additional process, such as grain boundary slip. Thus, 


€ur = €total — €LT (3) 


By using the observed data for é,,,,; and extrapolating the data é€,,, to tempera- 
tures above 215 °C, this approach yields the relation 


éur = Bexp(— Q’/RT) (4) 


where B is a constant depending on the applied torque, and Q’ is the activation 
energy of the high-temperature process. Q’ has the unusually high value of 60-70 
keal/mole. In view of the difliculty of obtaining precise creep data at these very 
high temperatures it cannot be said with certainty that Q’ is independent of applied 
torque. Nevertheless, the observed activation energy is much higher than that 
reported by Purrick and Kine (1952) for boundary slip in bicrystals of tin, namely 
19-0 kcal/mole. Even the higher degree of impurity in the material used in this 
investigation compared to that of Purrick and KineG can hardly account for the 
differences in activation energies. 

WEERTMAN and BrEEN (1956) speculated that immobile Lomer dislocations 
might be formed in tin. This would make it possible to apply the analysis by 
WEERTMAN (1955) of dislocation climb to creep in tin. Such sessile dislocations 
might break down under the combined effects of high temperature and stress 
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(Srron 1956). Should this take place, the effective length of piled-up groups of 
dislocations would increase. According to WrertMan’s formulation the creep- 
rate should be proportional to the square of this length, so that the breakdown 
of sessile dislocations would enhance the creep-rate. In view of the uncertainty 
of this hypothesis it would be idle to attempt a quantitative analysis. 


5. CONCLUSIONS 


The steady-state torsional creep of commercial tin is dominated by a 
process requiring a single activation energy up to about 215 °C. At higher 
temperatures an increasingly rapid rise of the creep rate is observed. 


The activation energy at temperatures below 215 °C was found to be 
22-5 + 1-0 keal ‘mole, in good agreement with data obtained by methods 


other than torsion. 


The stress dependence of the creep rates follows an exponential law of 
the type € = A(T) o* at temperatures below 215 °C. It continues to do 
so at higher temperatures, though with larger values of the exponent n. 
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APPENDIX 


Consider a section of the cylindrical portion of the specimen. Let o, be the shear stress at a 
distance r from the axis due to a torque r. During steady-state creep at a constant temperature 
T and creep rate @ assume that (i) ¢, is a function of r and @ only ; (ii) planes perpendicular 
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to the axis remain plane. Due to the constraints on the ends of the specimen, the following 
formulae may be used to compute the strain « and strain rate é. 


«e=TrO/L, ¢€ = rO/L. (5) 


Following a derivation similar to that of Ludwik (Horrman and Sacus 1953) it may be shown 


that 
3 Ae a of3 . 
% — %(a/by = 6 7) + br 2b (6) 


where o, and o, are the stresses at the inner and outer radii of the specimen. Since the stress 
@q hear the axis of the specimen cannot exceeed the stress o, on an outer fibre, and since 
(a/b) < 1, og (a/b)® may be neglected compared to op. This gives the formula used to compute 


the stresses shown in Fig. 3: 
Lae 
=o =|0—+3 2ntA, 7 
o= % | 7) T (7) 


Tests were run at different values of + and T so that a curve of + vs. In @ could be plotted. 
The slope gives the first term in the numerator of (7). At a given torque it was observed that 
6 7/20 was essentially constant and had a value close to 1-0 lb-in. Any variation in the stress 
computed for a given torque in this manner was negligible so that, for all practical purposes, a 
constant torque gave a constant stress at all temperatures tested. 
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GRAPHICAL ANALYSIS OF THE FORMATION OF SHOCK 
FRONTS IN MATERIALS 


By Snor-Yean Hwaneo and N, Davips 
Dept. of Engineering Mechanics, Pennsylvania State University 


(Received 31st August, 1959) 


SUMMARY 


CoNTOUR-PLOTTING methods are applied to non-linear materials with a two-straight-line stress 
strain relation, such as certain types of rubber or foam plastic. The multiple scabbing phenomenon 
of materials due to tensile reflexion from a free boundary is analysed and presented graphically. 
General rules governing the structure of the characteristics field are obtained. 


1. INTRODUCTION 


Tuts paper extends the one-dimensional graphical method, as described by Ku man 


and Davins (1958) for analysing stress-wave propagation effects, to the study of 
the formation of shock fronts under non-linear stress-strain behaviour of the 
material. When such behaviour is present, additional complicating factors arise ; 
essentially these phenomena are classified according as the wave-velocity under 
high loading is smaller or larger than under low loading. In the former case a 
trailing plastic wave is known to result, while in the latter shock fronts tend to 
be formed analogous to those which have received intensive study in fluids. In 
this paper we shall discuss first these general conditions in more detail ; then show 
by means of examples and plots how these fronts are formed and how they interact, 
after successive reflexions from boundaries, with each other and with different 
kinds of waves. 

Graphical analyses have been applied to various wave problems by De Junasz 
(1949), Lex (1953), Karman and Duwez (1950), Lee and Tuprrr (1954), MALVERN 
(1951), Wurre and Grirris (1948), and others. 


2. Srress—Srrain Wave Errects 


It is known that stress-wave phenomena depend basically on whether the 
stress-strain diagram for the material is concave down or concave up. In the 
former case, the slope do/de decreases as the stress and strain increases. This 
implies that large strains are propagated with lower velocity. In the latter case 
the situation is just reversed, and shock fronts may appear, as will be seen. For 
example, raw rubber (Houwink and Burcers 1953), soft rubber (Marin and 
SAUER 1954) and foam plastic have either concave upward stress-strain curves 
or even combination concave up followed by convex up (Fig. 1). For foam plastic 
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or raw rubber the stress—strain relation is convex upward, and hence do/de increases 
with increasing ¢; large strains will travel faster than small ones and any large 
pulse travelling through the medium acquires a steep front. In the case of soft 
rubber the wave in some middle range of stress travels with slower velocity than in 


the low or the high range. 

We may say in general that wave effects in compression are similar to those 
in tension, provided the proper behaviour of the material is allowed for. In common 
brittle materials, such as cast iron and concrete, the considerably lower ultimate 
strength in tension is another important non-linear effect relevant to intense waves. 

Another non-linear effect arises from repeated loading and unloading beyond 
the proportional limit, giving a diagram such as shown in Fig. 2. For the construc- 


a Do 


€ 


Fic. 1. Some idealized stress-strain curves. Fic. 2. Complete cycle of stress-strain for 
mild steel under tension. 


Plastic range 
Elastic range ig 


Elastic range 


? Unloading 
€ e” 
(a) (b) 
Fic. 3. Examples of unloading behaviour. 


tion of X—T diagrams a simplification will be made by replacing the curved ares 
of the characteristic by straight-line segments. Thus, repeating the loading results 
in the line DF, the are F'4 can be considered as a prolongation of the curve BC. 
If an interval of time, say several days, is allowed to clapse after unloading, then 
upon reloading a higher yield point than F may be obtained as indicated by the 
dotted line F5. 
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Two possible, significantly different, unloading curves may occur for the 
materials under study in this paper. Thus, in Fig. 3 (a) it is supposed that the 
material unloads along the same two-slope diagram as for loading. Foam plastic 
is approximately in this category. On the other hand, in Fig. 3(b), unloading 
takes place along the prolongation of the line of higher slope ; here a residual strain 
is left in the material. 


8. Conrour RELATIONSHIPS FOR STRESS PULSE PROPAGATION 


As developed by Davins and Kumar (1958) the relationship between the slope 
m, of the strain contour and m,, the velocity contour at a given point of the X-T 
diagram is 


(1) 


Refiexon 
fronts 


—— Stress contow 


pe Velocity contour 
Incident fronts ¥ | 
ry — — Chorocteristic line 


= 


Fic. 4. Reflexion of an elastic wave into a plastic wave at a fixed end (second reflexion, at 
front boundary, not shown). 


where S is the slope of the o, «— curve. It may be noted that, for a wave in which 
only loading occurs, the stress ¢ is a unique function of ¢ so that the stress contours 
coincide with the strain contours. Upon unloading, because of the lack of a single 
value of stress, this no longer holds. 

When either m, = 1/c or m, = 1/¢ then the other slope also has the same 
value from (1). 

This means the velocity and strain contours run parallel, and represent a 
wave travelling with velocity ¢ without change of shape. This is shown in region 
A of Fig. 4, for example. 
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When velocity and strain contours are not parallel the relationship (1) must 
still hold. We call this an interaction region since such a pattern occurs whenever 
two different waves meet each other. Such regions are bounded by characteristics, 
i.e., lines where contours change direction suddenly, or partly by physical boundaries. 
The exact shape of such regions and the individual contours in them must be 
worked out by using the boundary and other conditions (formulated as * rules’ 
by Davins and Kumar (1958) as follows: ~ 


1. Contours of different values cannot cross or meet. 
2. A contour must start or terminate at either end of the X—T region (i.e., 
x=0orr=L). 


The product of the slopes of velocity and strain contours at a point is given 
by p/S. In particular, if one of the contours is horizontal, the other must 
be vertical. 


4. EXAMPLES 


Some X—T diagrams for basic case were plotted by Davips and Kumar (1958). 
The diagrams of this section form a supplemental study for the types of non-linear 
materials of Fig. 1, as exemplified by rubber and foam plastics. 


s 
®-+4------- 


——— 


Fic. 5. Tllustration of shock fronts (reflexion at boundary not shown). 


A. Plastic reflexion of elastic wave at fixed boundary 


When elastic waves of sufficient intensity in rods of rubber-like materials 
propagate towards a fixed end (Fig. 4), after reflexion a plastic wave results. The 
numbers in black written on the contours represent a non-dimensional stress 
defined as the ratio of actual stress to the critical stress ¢ = 1. The construction 
procedure for the figure is described by Davips and Kumar (1958). It is worth 
noting how the reflected pulse, because of the higher propagation velocity, tends 
to acquire a steeper front than the incident pulse. 


B. Formation of shock fronts 


The basic situation where such a front arises is a loading beyond the critical 
stress ¢ = 1, as shown in Fig. 5. As the Fig. 5 illustrates, the wave of higher 
velocity overtakes the initial elastic slower wave. Each stress contour below the 
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(a) Section A-A (b) Section B-B 


Fic. 6, Stress profiles showing shock fronts. 
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Fic. 7. Elastic -plastic reflexion and shock front formation from an elastic pulse at a fixed 
end. 
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critical one is suddenly deflected when met by the line ¢ = 1, and thereafter 
coincides with this line. The discontinuity in stress thus created grows in magn tude 
until all the lines have been ‘ gathered in’ at P ; after this it continues as a unit 
jump through the medium. Cross-sections of the pulse as observed at two stations 
along the bar are shown in Figs. 6 (a) and 6 (b), illustrating this situation. The 
justification for the result is that all the rules for contours remain satisfied. 


C. Elastic—plastic reflexion of an elastic pulse from a fixed boundary 


When an incident elastic wave carries contour values from zero to a value less 
than one, there is both an elastic and a plastic wave on reflexion. The stress and 
velocity contours in this case can be drawn in a similar way as has been done 
previously. The new feature is that shock waves are initiated, as shown in Fig. 7, 
after reflexion of the initial wave. The discontinuity, however, is only 1/4 in 
magnitude, unlike that in Fig. 5. 


Stress contour 
Velocity contour 
— — Chorocteristic ime 


meee Line of discontinuity 


Fic. 8. Reflexion of a triangular pulse with discontinuity. 


D. Reflexion of a triangular pulse having an initial discontinuity at a free end 


A situation similar to shock waves is encountered by using the discontinuity 
method, which is based on following the course of initial discontinuities through 
the medium, as shown by an example in Fig. 8. The diagram is made for the case 
of a disturbance consisting of a gradually increasing compressive pulse, followed 
by a sudden unloading, with complete reversal of stress, as shown in the Figure. 
The discontinuity has a structure similar to a shock front, although it is desirable 
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to reserve the latter term for a front which develops of itself inside the medium, 
rather than one which is excited externally. 
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Fic. 9. Interaction of elastic—plastic contours for a triangular pulse. 


E. Interaction of elastic—plastic contours for a triangular pulse 

The formation of a shock front and the later reflexion and interaction of elastic 
plastic pulses are shown in Fig. 9. A more complicated interaction pattern arises 
when the reflected plastic wave meets the oncoming elastic unloading wave at the 
tail of the pulse. In order to clarify the construction of the diagram some additional 
properties of the contours are listed, as further general rules : 


4. In an interaction region, contours of a given kind are parallel. 


5. Whenever a triangle is formed consisting of two characteristic lines and a 
contour (such as FKB, Fig. 10), the conjugate contour from the vertex 
K, meets the opposite side at its mid-point. (This follows from Rules 
3 and 4 which permit all the contours to be drawn after the interaction 
regions have’ been located). 


6. 
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If a slower moving set of contours are overtaken by a faster moving set, 
the former are deflected to the slope of the latter, thereby generating a 
shock front. 


The zero-stress-contour follows a free boundary, while the zero-velocity- 
contour follows a fixed boundary. 


Unless a dissipative mechanism is assumed, shock fronts persist, once 
generated. 


Fic. 10. Detail of interaction region ABCD in Fig. 9. 


The drawings of Fig. 9 and 10 are made stepwise as follows : 


(i) 


(ii) 


(iii) 


Point A is located as the first interaction point between the two waves. 
Next B and C are located from the known slopes of the characteristic lines 
AB and AC, 


Point D is then located as the intersection of two elastic characteristic 
lines, and the values o = v = 0 are fixed since the emergent waves must 
retain their increments of stress and velocity. 


The value o¢ = 2 is a maximum, and the corresponding contour appears to 
stop at E; actually it makes a 180° turn there and returns coincident 
with itself. Its prolongation EFX serves as a characteristic line to reverse 
all the contours within the triangle AFB. 


The remaining step is to determine point F. For this we note next, since 
a = 1 at A, that AF is a contour which separates the elastic and plastic 
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regions. Also CD is a characteristic line which links two equal values 
of stress and velocity. We may postulate the existence of a line GK in 
the same manner as CD, and which runs parallel to CD, meeting line 
DB at K and line EX at F, thus determining the required point F. How- 
ever, this is not a unique way to determine F ; another way arises from 
the fact that the velocity line EH and EH’ where v = } must meet AF 
and BF at the midpoints of these segments (see Rule 5). 


Free 
end 


Fic. 11. Elastic—plastic reflexion from a free end with three propagation velocities. 


(v) After F has been determined, the completion of the diagram is a straight- 
forward procedure, outlined earlier. The construction should be checked 
to see that the conditions given by the rules for X-T' diagrams are satisfied. 
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F. Elasto-plastic contours starting from a strong triangular pulse for a soft-rubber 
like material 

The stress-strain relation and the resulting diagram for a soft rubber-like 
material is shown in Fig. 11. This illustration intends to show the effect of a 
material behaviour with three values of propagation velocities. In this case a 
shock front will form due to the occurrence of the larger velocity at intermediate 
strains. 


G. Interaction of elastic-plastic contours by fast elastic overtaking wave 


Suppose a uniformly increasing load from ¢ = 0 to ¢ = 1} is followed by unload- 
ing to zero stress. Fig. 12 shows in outline how the elastic unloading wave overtakes 
the plastic wave at point A. The details of what happens then is shown in the 
diagram of Fig. 13. The plastic wave is so narrow here that point C falls beyond 
the advancing front of the plastic wave. 


—— Stress 
~- Velocity( ) 
—— Stroin( ) | 


LEGEND | 
| 


Fic. 12. Strong elastic wave overtaking a plastic wave. 


Some features of the result are: 
(a) A reflected elastic loading wave is generated, starting at point A. 
(b) The plastic wave disappears completely. 


(c) A continually widening region of permanent strain develops, starting at 
point A which always separates the elastic from the plastic waves and the 
incident from the transmitted waves. 
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Fic. 13. Interaction contours of a strong elastic wave overtaking « plastic wave. 
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Fic. 14. Construction of wave interaction. 
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A brief description of the construction of this diagram follows. The stresses 
and strains in the two incident waves are given information and are shown on the 
diagram. The boundary conditions v(B) = v(C), ¢(B) = o(C), give around the 
path ADC, which crosses successively two elastic waves, 


v(B) —v(A) = o(S) — o(4) 4 a (B) —<() 
p Co p(— Cy) 

For the path ADC, 
o(D) — a(A) a (C) —o(D) 

C, p(— Co) 
Using o(D)=1, o(A)=1}, o(E)=0, Cy =2, Ci, =}, o(B)=a(C), we 
obtain o (B) = 3 and «(B) = 0-825. The remaining part of the procedure then 
consists of the following graphical steps (Fig. 14): 


v(C) —v(A) = 


(i) Through point A draw a horizontal axis x and a vertical axis y. 


(ii) Point B will lie somewhere along the prolongation of line (1). The intercep- 
tion of the y axis by line (1) is a known quantity, say ),. 


(iii) Similarly, b,, b,, 6, and b, can be obtained by the same procedure as (ii). 


(iv) The slopes of lines (1), (2), (8), (4) are designated by 1m,, and lines (5, 6, 7) 
by my. 


(v) The conditions of intersection for the strain and for the velocity contours 
are just sufficient to locate the point B on the Figure. One such condition 
is that B must lie on the continuation of line (1). Then, after writing the 
known z and y coordinates of points E, F and G, it is possible to express 
the coordinates of M in terms of those of B, using the fact that M is the 
midpoint of FB. The next steps consist in writing the equations for the 
line EM, the parallel line GQ, and the line ANS. Finally, a second condition 

arises from the fact that points Q and S lie on the same horizontal line. These 
two conditions are just sufficient to determine the coordinates of B: 


_ bg b, (2b, — by) — by bg bg 7 bg — m, b,) (2b, = by) 


m, bs b, — m, b, (2b, — b.) ~My bs bg — mz b, (2b, — &J 


For convenience in graphical plotting it is simpler to locate the points C and 
D on the w and y axes respectively, with the following coordinates : 


_ b, (2b, — by), 


D: tp =9; Ya b 
3 


It can easily be shown that a line joining C and D meets line (1) at B. 


(vi) After point B has been determined, the remainder of the diagram may be 
completed in a straightforward way. 
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Another type of strong elastic overtaking-wave is illustrated by Fig. 15. The 
plotting procedure is similar to the previous case. A special feature of the diagram 
is that the same magnitudes on the incident plastic waves and on the unloading 
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(0) (0) O a 


Fic. 15. Overtaking of a plastic wave by an elastic unloading wave. 
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Fic. 16. Formation of scabs by a triangular pulse. Fracture stress = — 1. 


elastic waves should be linked by either vertical lines (strain contours) or horizontal 
lines (velocity contours) in the interaction regions. This condition, in addition to 
the boundary conditions, enables the diagram to be constructed. 
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H. Multiple scabbing of materials due to tensile reflexion of a compression pulse 


Since many materials have a smaller strength in tension, reversal of stress 
leads to the formation of scabs once a critical dynamic stress is reached. If the 
pulse is sufliciently long its trailing end will suffer reflexion at the newly fractured 
surface. By the same process this causes a second scab to form. The process 
continues until the reflected pulse becomes too weak to cause any further fracture. 

Fig. 16 shows the application of the contour method to such a scabbing problem. 
The construction of the diagram is based on the assumptions that the magnitude 
of dynamic stress is entirely relieved after the fracture, and the fractured surface 
becomes a new free boundary. The construction of the diagram is then straight- 
forward (the critical dynamic stress is assumed to be — 1 in Fig. 16). 


5. Discussion AND CONCLUSIONS 


The contour method is useful in solving theoretically many non-linear problems 
of the one-dimensional wave equation. In these problems the state of stress, 
strain, and particle velocity at any position and time can be presented on an X-T 
diagram. The formation of scabs may also be shown on this diagram. The resulting 
features of course need to be verified by experiments, but this method should 
greatly reduce the difliculty and complexity of solving wave-propagation problems 
in non-linear materials. 

Some general conclusions can be drawn from the analysis of the problems 
presented here : 


(i) The shock-front ideally tends to persist indefinitely, unless some further 
dissipative mechanism in the material is assumed. 

(ii) When a fast elastic unloading wave overtakes a plastic wave in the same 
direction, a region of permanent deformation is generated by the interaction 
of the two waves. 


(iii) Based on the assumption that the dynamic stress is relieved at a fracture 
surface, the methods discussed here enable the scabbing surfaces to be 
located. 
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ON THE PROPAGATION OF A CRACK IN AN 
EKLASTIC-BRITTLE MATERIAL* 
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SUMMARY 


Tur Garvin theory of brittle cracking is extended to a dynamic problem, in which a semi- 
infinite crack in an infinite medium is extended by finite forces. The conclusion is drawn that 
the force required to maintain a steady rate of extension of the crack decreases as the rate increases. 
It is also observed that various criteria which may be assumed for crack division lead to limiting 
velocities of propagation of a single crack, 


INTRODUCTION 


Tur wide discrepancy between the measured breaking strength of a brittle material 
and the theoretical estimate, based on the cohesive forces between the molecules, 
was explained by Grirrrru (1921) in terms of stress concentration near incipient 


cracks. He postulated the existence of such a crack, in the form of an ellipse of 


small minor axis, and used the solution of the equations of elasticity in elliptic 
coordinates, as developed by Incuis (1913), to determine the stress field near the 
ends of the crack, assuming a given limiting form for the stress distribution far 
from the crack. Finally, by comparing the elastic energies corresponding to cracks 
of different sizes, and allowing for the different surface energies of the cracks, 
Guirriru obtained an estimate of the stress required to enlarge a given crack, 
and showed good agreement with experimental results. 

Yorré (1951) considered the stresses in the neighbourhood of a moving crack. 
She assumed a crack of constant length, moving with constant speed through a 
fixed material, and obtained a solution by superposition of surface waves. Her 
analysis showed a singularity at the end of the crack, which reduced to that required 
by the Grirrrru solution as the speed of the crack approached zero. It also included 
the interesting property that for large enough speeds the direct stress over a radius 
near the end of the crack had a maximum value when the radius was at an angle 
to the axis of the crack. Thus some explanation was offered to account for the 
curved cracks often observed, for example, in glass. The analysis, however, suffers 
from the disadvantage that no estimate of the forces required to maintain the 
motion of the crack can be obtained from it. 


*The results presented in this paper were obtained in the course of research sponsored by the Office of Naval Research, 
under contract Nonr.-562(10) With Brown University. 
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The present method differs from Yorré’s method mainly in that a semi-infinite 
crack is postulated. Two advantages follow: first, the solution may be obtained 
by much more elementary methods and, second, an estimate of the force required 
to extend the crack can be included. Near the end of the crack the solution agrees 
with Yorré’s solution, having the same limiting form as the singularity is 


approached. 


2. MATHEMATICAL SPECIFICATION OF THE PROBLEM 


Consider an infinite elastic body in a state of plane strain, in planes parallel to 
the 2, y plane in rectangular Cartesian coordinates. Assume a cut over the half- 
plane y = 0,  < Vt, where V is a constant and ¢ is the time. Assume further 
that the surface tractions o,,, 7,, on the two sides of the cut are equal, and of the 
form 


o, = —f(z— Vt), o, =g(ez@— Vt), —wow<ae—Vt<0, (1) 
where f, g are differentiable any number of times, except perhaps at a finite number 
of isolated points, and that 


Ro,.; Ro,,, Ro,, > 0 (2) 


R = {(a@ —Vt)* + y*}! + o, uniformly in y > 0. 
The condition (2) may be modified to 
R(o,, — A) +0, R(o,,— B) +0, R(o,, —C) +0, R+o, (3) 


where A, B, C are given constants, by superposition of a uniform stress field, and a 
suitable change in the conditions (1). The situation described by (3) may be loosely 
called ‘ uniform stress at infinity.’ 

Note that the length of the cut increases with constant speed V. 

Let (u,, u,) be Cartesian components of the displacement of an element, and 
use scalar and vector potentials ¢, % such that 


nal, 4a 


——» 4 
* os * dr (4) 


Then the usual linear theory of dynamic elasticity (e.g. BULLEN 1953, p. 86) shows 


that 
>? 2(%¢ , #¢ 
at re (SS * av) ” 


a = ¢,7 V* y, (6) 


where 
pe;? = (A+ 2p), pcy* = pw, (7) 


and p is the density, and A, » are the Lamé elastic constants, of the material con- 
sidered. Following SNEDDON (1952) assume solutions of (5) and (6) of the form 


¢=¢(« — Vt, y); ¢ = ¢(a — Vt, y). 
Write X=a— Vt; (8) 
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then (5) and (6) become 
vd 
S/n? j 
“ x 
and 
Yay 
yx?” Oy 


while the boundary conditions (1) become 


(1 V? /¢,*) 


o —f(X), o, =g(X) —-w<X<d, (11) 


vy 


Assume now that V < e,(< ¢,); then equations (9) and (10) are both elliptic. 
Write 
P+ i(l —V%e*) y (12) 
and 
+ i —V8/e,3)} y, (13) 
then 
+i w, (2), We = o + ix = wy, (2) (14) 


where x, « are introduced to complete the complex potentials w, and wy. 
When ¢, % are known, the stress components at the point X¥( =a — Vt), y 
are given by 


(15) 
(16) 


. >? 
poy, — (2 — Vie) OF 


+2(1 —V¥e, a (17) 


The problem, then, is to determine the complex potentials w, (z,), ww, (z,) of 
(14) in the regions 
—am<arg2y<7, —a7< arg2, <7, (18) 


subject to the conditions 


, [w 
(X? + y*) det > 0, \z9| > @ (19) 


: rw 
(X? + y*)} = +0, |z,| > oc (20) 


(from (2)), and 


2 . >»? ; 
el ee eS et 1d 


arg 2, = + @, 


= 
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»? 


Xx 


arg2,. arg2z—-> + 7, 


(2 —V¥e,*) — —2(1 -V8 c,*)! ae > pt f(X), 


from (1), (16) and (17). 


3. A Format Sowurion 
Write 
& +im =o = i2', f+ in = & = i,}, (23) 
and 
7,25 w-5S 
dz,* dz,? 
Then W,, W, may be regarded as functions of {,, ¢, respectively, analytic in the 
upper half planes, 0 < arg (, < 7, 0 < arg (, < 7, and subject to boundary 
conditions as arg {, > 0, 7, arg (, > 0, 7. 
Now when any function W'({) is analytic in 0 < arg { < m, and |W'(g)| +0 
as |{| + oo, uniformly in 0 < arg { < m, Cauchy's theorem, applied to a semi- 
circle, { = Me'*®, 0 < @ < a, together with the real axis, as M > o, gives 


W(t) - i WO a4, (25) 


2mi J -at — 


m/ W (t) dt, 


(24) 


and 


leading to 


Diced hits [- ath. FY (26) 


—2 ‘— 4 

where in each case convergence is assumed, the integration is along the real axis ; 
0 <arg{< 7; and the asterisk denotes the complex conjugate. But at 
{t, = & = 4, real, equations (21) and (22) give 


2i (1 —V2e,-*)) {W, (t) — W,* (O} — (2 — V2.) {W,* (t) + Wy (t)} = 2n-8 g (P) 


2m 


and 
(2 —V2e,-*) {W,* (t) + W, ()} + 21 (1 — V2.) {W, (t) — W,* (t)} = 2n f(A) 
so 
1 8) a =i (1 —V2e,-) W, (2) — (2 — V2eg?) Wald) (27) 
emit —ot —¢ 
and 
Df LO) = (2 — Veg) Wy (0) + (1 — VP eg) Wy). (28) 
per ot—¢ 
W, (¢), W, (0) may be eliminated successively from (27) and (28) to give 


{$(1 — V8 eq-*)8 (1 — V8 eg-t)t — (2 — VP eg 9)*} Wy (hs) 


im I (t — &)-2 {2(1 —V%e,-*)} g (f) — (2 —V2e,-*) f(#)} dt (29) 
Trp » 
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and 
{4(1 —V%e,-*)} (1 —V?e,-*)! — (2 — V2 c,-*)*} W, (29) 

= {« — {,)-1 {i (2 — V* eg-*) g (#) + 2(1 —V%e,-*) f (t%)} dt. (80) 
Equations (29) and (30) constitute a formal solution of the problem, subject to 
the following conditions : 


(i) The integrals converge, 0 < arg {, < 7, 0 < arg {, < =. 


(ii) The integrals have limits as arg {, > 0, 7, arg (, > 0, 7, except possibly 
near isolated singular points. 


(iii) The factor 
D = 4(1 —V*e,-*)§ (1 —V*%e,-*)! — (2 — V*%e,-*)*? + 0. (31) 
(iv) The behaviour as IZ,| > 0, Ze > © is correct. 


Now D has real zeros for V2 = Oand V*? = C? where C is the velocity of Rayleigh 
waves on a free surface. It is shown later that, for the solution to be physically 
meaningful, one must take V < C., 

The conditions (ii) and (iv) require further comment. First, note that W,, W, 
may have singularities on the real axes of (,, ¢,. Any disccntinuity, for example, 
in f (¢®) or g (t®) will give rise to logarithmic singularities in W,, W,, and singularities 
at {, = 0, ¢, = 0 cannot be excluded a priori, since singular transformations have 
been used. Secondly, the real parts of W,, W, on the real axis would be unchanged by 
the addition of any functions 


W’, = iF, (t,), W’, = iF, (%) 


such that F,, F, are real wherever (,, ¢, are real. Moreover if F, FP, tend uniformly 


to zero as |{,|, |f,| > co the application of Cauchy’s theorem remains valid. It 
follows that the functions W, ({,), W,(¢,) are not uniquely determined by (29) 
and (30). However, a function real on the real axis, bounded at infinity, and having 
no essential singularity is a rational function with real coefficients and poles on the 


real axis. Hence uniqueness can be achieved by specifying the singularities of 
W,, W, on the respective real axes. In the particular application which follows, 
two singularities arise from discontinuities in the given functions f(X) and g (X) 
and a third singularity, at the origin, is introduced to ensure the specified behaviour 
of W,, W, for large values of their arguments. 

No attempt will be made to specify general conditions which ensure the con- 
vergence of the integrals in (29) and (30). It is sufficient to establish the convergence 
for any particular choice of f(X) and G(X) which is envisaged. 


4. A Speciric Prostem 
As a simple application of the foregoing analysis, take 
f(a —Vt)=0, «—Vt< —a, 


=P, 0>2—- VU> —a, 
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g(v«— Vt) =0, 2—Vt< —a 
S, O0>2— Vt> —a, 


where a is a positive real constant. 
Then (29) and (30) give 


a} , , 
DW, (2) ~{ if — )71 {2(1 —V?e,-*)) S — i (2 —V*% c,-*) P} det 
enum {2(1 —V*c,-*)? S — i(2 —V*e,-*) P} log 


Tr ph 


using (23), and 


DW, (%) = — + {i(2 —V®eq-*) S + 2 (1 —V2e,-2)! P} log 
Th i 


Now in order to ensure that the applied forces are resisted by the material 
near the end of the crack, one must add terms singular at the origin, to reduce the 
stresses at large distances in accordance with the condition (2). It may be con- 
jectured that only the lowest power of z,~!, z,~' consistent with (2) should be 
introduced. This conjecture can be supported on physical grounds by the observa- 
tion that a singularity with exponent — m, m > 1,2, leads to expressions for the 
elastic energy per unit volume of order z,~?", z,~?” and hence to an infinite con- 
centration of energy in a small circle with centre z, = z, = 0. These considerations 
suggest the final answers 
at — iz,} 


mpD (V) W, (21) = — {2 (1 — V2 cq-*) 8 — i (2 — V% c,-*) Ph flog 


: 2ia* 
+ tar — — 
2,3 


4 ; 4 y ‘ yr at 7! 12 i 
mpD (V) W, (2) = — {i(2 —V? e,-*) S + 2(1 —V*%e,-*)! P} foe os 
9int 
+to~ = 8 
Zi 
The stress components follow from (15) to (17), and it is easily verified directly 
that all the conditions of the problem are satisfied. 


5. Tune FiLow or ENERGY 


Next consider the energy balance in the problem. Then it is easily verified 
that the stress components, and the velocity components, are 0 (R-*2) as R + oo. 
Thus the energy density is O (R~*) and there is no transport of energy to infinity. 
The energy fed into the material by the forces P, S must therefore escape through 
the singularities. Now near the points 7 — Vt= —a, y +04, y +0 —, the 
stress and velocity components are 0(logr) where r? = (a — Vt + a)* + y?. 
The rate at which work is done on the circumference of a circle of radius r is there- 
fore 0 {r (log r)*} and tends to zero with r. The only loss of energy is therefore 
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associated with the singularity at the origin of the (X, y) coordinates, and all the 

work done by P, S is lost at X = y = 0. It is natural to equate the rate of loss 

of mechanical energy at this point to the rate of increase of surface energy of the 

material, which is 2 TV, where T is the energy per unit area of the surface. 
Now from the form of the solution, 


#4 ey ,[dx#*¢ ay 0? « 
-V(Sts sil "lee 8 -PeF ey) Oo 


du | , vex 
—_w — — V3 -.-2)3 © * 
yt J \" V? ¢,~*) a + 
using (4), (12), (18) and (14). 
The rate at which the external forces do work is 


ee ds Pd ie 


But from (36), (37), (38) and (39) 


Dry | —V3¢,-4(1 —V8e crt) S [log 
y=0+ 


ai + 73 — 
dt 


-o 
+ 7PV {2 —V2e,-* — 2(1 —V%e,-*)* (1 —V? c,~*)*} (40) 
and 


Dap [| = nSV {2 —V* eq? —.2 (1 —V¥e,-*) (1 — V8 04-4} 
y=0+ 


4 2a} 
—Ve,2(1 — Ve )! P blog ot5-% 
} P flog > — 
where r = — X. Hence 
(2a? 
ol rt 


4 4 
a +7 \ 


at — r| 
« 3 
= — {1 — V2e,-*)! P? + (1 —V%e,-*)4 S?}. (42) 


DapU = V3 cy? {(1 —V? e,-*)? P? + (1 — V2 e,-2)! sy |’ 


— log 


The equations il al on the other side of the crack, to (40) and (41) 
are obtained merely by changing the sign of S in (40) and P in (41). The rate 
at which the forces do work is then the same as in (42). If now the assumption is 
made that T is the same, whether the surface is formed by direct or tangential 
stress, the result of equating the rate of working to the rate of creation of new 
surface energy is 


c,*)} P? + (1 —V? c,~*)} S?} = 2a DT 


= 2mpT {4 (1 —V* c,-*)# (1 — V2 e,-*)# — (2 — V2 c,-*)}. (43) 


On the propagation of a crack in an elastic-brittle material 


6. IncIPIENT MorTIOoN 


Equation (43) gives the condition that the applied forces, P, S are sufficient to 
maintain the steady extension of the crack. If P, S were reduced, the crack would 
spread more slowly, and incidentally the kinetic energy of the whole medium would 
be reduced. On the other hand, if P, S were to be increased, work would be available 
to increase the kinetic energy of the material and the rate of propagation of the 
crack. Now if P, S are increased from zero in a medium initially at rest, extension 
of the crack will begin when P, S reach values such that (43) is satisfied for V just 
greater than zero. Note that both sides of (43) vanish for V = 0. The condition 
for incipient motion is that (43) should have a quadruple root at V = 0, and this 
is seen to be the case when 


a(P? + S*) = mT (1 —c,?/c,?). (44) 
Now Grirriti found the stress P, required to initiate spreading of a thin crack 
of length |, in a thin plate, to be given by 
P? = 4ET/ nl, (4: 


and since his crack extends at both ends one may tentatively set / = 2a. Also 
for a plate (plane stress) 
c,2/egt = 4(A + w)/(A + 2p) (46) 
and Grirriti worked with vy = 1/4, A = w. Setting! = 2a,8 = 0,4 = E,2(1 + v) 
PP? = 8, 7*, and P/P, = 1-11, approximately. One would expect the dynamic 
method to give a higher force than the static one, since it takes into account the 
kinetic energy associated with movement of the crack, but the above numerical 
result is not to be taken too literally, as it depends on the equation | = 2a, which 
is only conjecture. 
Note too that the present method implies the same limiting force for direct or 
tangential stress of the material. Again this is not in agreement with Grirritn’s 
results, and again his own result is the more appropriate to the experiments which 


he performed. 


7. Hicuer VeELocitTies oF CRACK PROPAGATION 


Table 1 shows the variation of P with V for S = 0, and of S with V for P = 0. 
calculated from equation (43). The second line represents the direct stress required 


Tasie 1. ((v 


V/ey 0-0 . 9 “ | 


aP(mTyY| 08165 ‘81: . 0-7878 | 0-7629 | 0-7284 


aS/\(nuT| 08165 | 08150 0-8004 | 


V/eg 0-6 0-7 0-8 0-9 


aP/mpT)| 06799 0-6092 0-4957 0-2305 0-0000 


aS (apT 3 0-7363 0-6893 0-6026 0-3228 0-0000 


c’ = 0-9194 c, is the velocity of a Rayleigh wave on a free surface. 
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to maintain the motion of a crack, in the absence of shear, and the third line re- 
presents the tangential stress needed, in the absence of normal stress. 

Note that, as V increases, the force require to maintain the motion decreases. 
Thus, if a stress is applied which causes a crack to spread, the crack may well 
continue to spread even when the applied stress is decreased. Catastrophic cracking 
may therefore occur even under a load which, after reaching a maximum, decreases 
fairly rapidly. Note also that as V +c’ the rate of working of a finite force tends 
to infinity, and the cracking process would appear to be self-maintaining. However, 
crack division will certainly occur before this velocity is reached. 


8. Crack Division 


Consider the stresses near the end of the crack (XY = y = 0). Then the dominant 
terms in (36) and (37) give 


mpD(V) W, (z,) = 2(2 —V®%e,-*) Pat z,-* + 41 (1 —V*%e,-*)) Sat z,-* + O(1) 
mD(V) W, (z.) = 41 (1 — V2 e,-*)* Pat z,) — (2 — V%e,-*) Satz, 4+ O(1). 


Write NV = rcos @, Y = rsin 0, 2, — 1, ¢,%". ty = ry eg” where 


ri? =r? (1 —V*%e,-* sin? @), 7,2 = r? (1 —V* ec, sin® @) (47) 
and tan 20, = Ve, tan @, tan 20, = Ve,~* tan @, (48) 


and express the stress tensor near r = 0 in terms of the polar coordinates (r, @). 
Then 


a,, Sin*® @ + a,, cos* @ — 2a,, sin 8 cos 8, (49) 
(Gy, — Fz) Sin 8 cos 8 + a,, cos 20, (50) 
o,, cos* @ +- yy sin? @ + 20,, sin @ cos 6. (51) 

Use of equations (15) to (17) then leads to 

a~4 wD (V) og (0) = — 4(1 —V*%e,-*)! sin 20 {(2 — V* e,-*) P sin 0, 

— 2(1 —V*e,-*) S cos 6,} r,-? + 2 { V* (c,-* — e,-*) 

— (2 —V* e,~*)} cos 20 {(2 — V*c,-*) P cos 0, + 2(1 —V*e,~*)) S sin 0,} 1,4 

+ 2(2 —V*c,-*) sin 20 {2 (1 —V*e,-*)! P sin 0, — (2 — V? c,-*) S cos 04} r,~ 

+ 4(1 —V*%e,-*) cos 20 {2 (1 — V* e,-*)! P cos 0, + (2 —V? c,-*) S sin 0,} 

rz? + O()1). (52) 


There is a similar equation for o,, obtainable by changing the sign of each trigono- 
metrical function of 2@ in (52), and 


at wD (V) o,4(0) = — 2(2 —V*e,~*) sin 26 {(2 —V* c,-*) P cos 0, 


+ 2(1 —V*%e,-*)} S sin @,} r,-* + 4(1 —V*e,~*)! sin 26 {2 (1 — V* c,-*) cos 0, 


+ (2 —V*e,-*) sin @,} r,-4 — 4(1 —V* ¢,-*)! cos 20 {(2 — V* e,-*) P sin 0, 
— 2(1 —V*e,~*} S cos 0,} r,-* — 2 (2 — V* c,-*) cos 20 {2 (1 — V¥ e,-*)t P sin 0, 
— (2 —V*e,-*) S cos 04} 7.74. (58) 
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Now, following Yorré, assume that the cracking of the material is caused by 
large direct stress. Take S = 0 in (52); then, as V +0, o,,(0) has a maximum 
for 9 = 0, but as V increases through a critical value, V,, at which [d? o4,/d6*],_9 = 0, 
the value of og, at 9 = 0 becomes a minimum and maxima occur on each side of 

= 0. This suggests that V, is the limiting velocity of propagation of a simple 
crack, and that division occurs if the applied stresses are further increased. 

On the other hand, it might be conjectured that rupture is associated with 
strain, rather than stress. The limiting velocity V, will then be that for which 
[d? €49/40*|4_9 = 0, where é,, is the strain component, proportional to (1 — vag, —va,,. 
Again, if it were assumed that hydrostatic stress is unimportant, the limiting 
velocity, V, would be given by considering o,, — a,,. 

Finally, if rupture is associated with shearing stress, one should take P = 0 
in (53) and crack division will occur at a speed V, such that [d? O,9/ dO"), 0 = 0. 
The values of V,/c,, V_/ce,, V3/eg, Va/c, are given in Table 2 for vy = 1/4, v = 1/8. 
The third, fourth and fifth lines, marked with asterisks, are the corresponding 
results for plane stress. 


Irwin (1958) quotes measured values of the limiting velocity of crack propaga- 
tion in thin plates of varying materials. The values vary between V/c, = 0-44 
(cellulose acetate) and V/c, = 0-59 (silica glass). The velocities derived from the 
present analysis are therefore consistently too high, but may perhaps be regarded 
as lying within the limits of experimental error, particularly since, from the nature 
of the experiment, the measured values are likely to be too low rather than too 
high. 
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RESEARCH NOTE 


A new technique for engraving and measuring grids in 
experimental plasticity 


By R. C. Brewer and J, M. ALEXANDER 
Imperial College of Science and Technology 


(Received 23 July 1959) 


As part of Imperial College's extended programme of experimental research into the plastic flow 
of metals, particularly in metal working processes, it has been necessary to engrave and measure 
grids on metal specimens. By this technique grids are engraved on interior sections of specimens, 
which are then subjected to some metal working process, the operation being interrupted when 
the steady state is obtained so that measurements can be made of the deformed grid. In this way 
it is possible to determine a slip-line field (or the orthogonal network of lines which lie in the 
direction of principal shear strains), and obtain information about the detailed pattern of stress 
and strain which exists in the material. Typical examples of specimens partly deformed in rolling 
and machining are shown diagrammatically in Fig. 1, the specimen being formed in two or more 
laminae so that the grid can be brought to the interior of the specimen where edge effects will not 
give spurious results, and then secured together either by pressufe welding or some form of 
adhesive. Photographs of typical deformed grids in these processes are shown in Fig. 2. 

Apart from the difficulties associated with the securing together of the laminae to give 
effectively a single homogeneous specimen which can be deformed under truly plane strain con- 
ditions, one of the major limitations of these researches has been the difficulty of engraving a 
sufficiently accurate grid. In a University, metal working machines, due to limitations of power 
and space, are incapable of applying large forces to a specimen so that specimens are necessarily 
of rather small size. This means that in order to get a reasonable accuracy it is necessary to 
engrave the grid with as fine a mesh as possible and this in turn requires the width of the engraved 
lines to be small enough to enable the nodal points to be located to the same order of accuracy. 
In the past no better method could be found than that of using a razor blade as the scriber ; 
this was firmly secured in the fixed arbor of a milling machine, the table being traversed underneath 
it to scribe a line, and indexed transversely to provide the spacing. This method produced a line 
which in addition to being rather thicker than was desirable, also suffered from the coronet effect; 
in general it did not justify the use of a more accurate measuring instrument than the tool-makers 
microscope. A further disadvantage was that the nodal pitch of the grid could only be achieved 
as a nominal dimension since the thimbles indicating the table movements of the milling machine 
were not reliable even to the order of accuracy of the tool-makers microscope. This meant that 
the grid has to be measured both before and after deformation. 

The expansion programme of the College has included the establishment of a Metrology 
Laboratory with a wide range of equipment and with the necessary atmospheric control for making 
fine measurement. One of the two basic measuring instruments is the MU 214 B Universal 
Measuring Machine manufactured by the Société Genevoise d’ Instruments de Physique. This is a 
coordinate measuring machine with a longitudinal movement of 16 in., a transverse movement 
of 4 in. and a vertical movement of 6 in. The high measuring accuracy is due to the fact that the 
principle of measurement is the microscopic observation of standard scales which are graduated 
at intervals of 0-05 in. The graticule of the microscope head can be moved (through a range a 
little greater than 0-05 in.) by means of a very accurate micrometer screw, the amount of movement 
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being observed on a rotating scale graduated in units of 0-00005 in. A further sub-division by eye 
enables the reading to be estimated to the nearest ten y in. 

The greatest accuracy which the Société Genevoise is prepared to guarantee is 0-00004 in. but 
if the instrument is used in accordance with good metrological principles, the accuracy should be 
higher than this figure. The limiting factor in the present application is undoubtedly the thickness 
of the engraved lines ; normally this could not be made less than 0-0002 in. and, even on a specular- 
ground steel surface, 0-00015 in. would be the absolute limit. It is perhaps sobering to reflect 
that the larger of these two figures is only of the order of one-twentieth of the diameter of the 
average human hair! One further advantage was that the machine could be used not only for the 
measurement of the grids but also for engraving them. It was proposed to employ a tracelet 
mechanism similar to that used for engraving the lines on standard scales and line standards. 


Grid scribed on interior cross-section 


Fic. 1. (a) Partially rolled specimen. (b) Partially machined specimen. 


It was clear, however, that this would have to differ in two ways from the tracelet mechanism 
used on a linear dividing engine. In the first place, the construction would need to be much 
lighter so that it could be attached to the location microscope and secondly, the normal tracelet 
mechanism is used to engrave lines on materials with a very narrow range of hardness. The 
proposed application entailed a much greater range and made necessary some means of adjusting 
the normal force between the engraving tool and the work. 

Fig. 3 shows the tracelet mechanism which the Société Genevoise manufactured, in position 
on the measuring machine. The actual engraving tool is of high carbon tool steel, hardened, 
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ground and lapped to a wedge form of 30° included angle, and is held at one end of a lever pivoted 
in conical bearings carried in the main member. The force between the tool and the specimen 
may be adjusted by moving the jockey weight along the counter-balance arm of this lever. The 
height of the engraving tool can be easily adjusted so that the engraved line is in the focal plane 
of the microscope. Thus the position of the engraved line can be measured during the actual 
engraving operation. 

It has been found, however, that such measurement of the undeformed grid is unnecessary. 
It is relatively easy to produce a grid of lines 0-0025 in. apart, even in material as soft as commer- 
cially pure aluminium, the resolution of the lines being quite satisfactory. In practice a certain 
amount of experiment is required to find the rake angle of the engraving tool which gives the most 
clearly defined line. If the * cutting speed ° is too high the engraving tool tends to bounce, giving 
an intermittent line ; the highest speed of cutting which will give a continuous line is naturally 
governed by the extent to which the upper surface of the specimen is plane. This is an inevitable 
consequence of the low normal force between the tool and the specimen. 

In the past there has been a lack of fundamental data concerning the detailed deformation 
pattern in many metal working processes and it is hoped to investigate several of these processes 
with the aid of this technique. If an accuracy of + 50 yin. can be achieved on a grid of 0-010 in. 
mesh, it should be possible to measure a strain in the material of the order of 1 per cent which is 
little more than the yield point elastic strain for many materials. 


Fic. 2 (a). 


Fic. 2 (b). 


Fic. 2 (a) Typical deformed grid in rolling (courtesy of Mr. F. Exits). 
(b) Typical deformed grid in machining (courtesy of Mr. S. C. Suan). 
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Fic. 3 (b). 


Fic. 3. (a) The MU 214B Universal Measuring Machine with the tracelet: mechanism. 
(b) The tracelet mechanism. 


BOOK REVIEWS 


Solid State Physics : Advances in Research and Applications, Vol. 6. Edited by F. Sxrrz 
and D. Turnsuu.. Academic Press Inc., New York, Academic Books Ltd., London. 429 pp. 
$12. 


Tue sixth volume of this well-known series contains three articles directly relating to the 
mechanical properties of solids. The article ** Compression of Solids by Strong Shock Waves,” 
by Rice, MeQueen and Walsh, reports work carried out at Los Alamos in which metals were 
subjected to pressures of up to several hundred thousand atmospheres with the help of explosives. * 
From velocity measurements a Hugoniot curve can be constructed, that is, a curve showing the 
pressure and volume behind a shock wave with the shock wave velocity as parameter. The 
authors show how more orthodox thermodynamic curves (e.g. pressure-volume isotherms) can be 
deduced from the Hugoniot curve and a knowledge of the Griineisen constant of the material. 
Data for twenty-seven metals are plotted and tabulated. The theme of Professor Borelius’ 
article, ** Changes of State of Simple Solid and Liquid Metals *’ is closely related ; he shows that 
a division of thermo-dynamic quantities into a vibrational part (given by a Debye function) 
and a remaining ‘ structural’ part leads to a satisfactory correlation of the experimental facts. 

In “ Macroscopic Symmetry and Properties of Crystals,” Charles S. Smith derives, largely 
by direct physical arguments, the restrictions which the symmetry of a crystal imposes on the 
arrays of coeflicients which describe its physical properties. Tensors of up to the fourth rank are 
considered. As his primary example of a fourth-rank tensor the author considers not the familiar 
clastic constants, but the piezo-resistivity coeflicients. Results for the elastic constants then follow 
at once on imposing the additional requirement that (with the usual two-suffix notation) the 
array of coefficients be symmetric. 

The rest of the volume is concerned with the electronic properties of solids. The articles by 
Piper and Williams (** Electroluminescence "), Dekker (** Secondary Electron Emission”) and 
Givens (“* Optical Properties of Metals”) each contain experimental material and a theoretical 
discussion. In the final article (“ Theory of the Optical Properties of Imperfections in Non- 
Metals *’) Dexter guides the reader along the chain of approximations which leads from a precise 
quantum-mechanical formulation to a mariageable theory. 

J. D. EsHetpy 


Solid State Physics : Advances in Research and Applications, Vol. 7. Edited by F. Serrz 
and D. TurnBuLL. Academic Press Inc., New York, Academic Books Ltd., London 525 pp. 
$12. 


THE LONGEST article in the present volume is Huntington's comprehensive 160-page review of 
“ The Elastic Constants of Crystals.”’ It begins with an outline of macroscopic and atomic theory 
(including a sceptical look at the Laval theory) and a summary of methods of measurement. 
This is followed by tables of experimental results (with accompanying theoretical commentary) 
and an account of the effects of pressure and temperature. The final section discusses the influence 
of (among other things) lattice imperfection and superconductivity. 

A. F. Wells gives a refreshing treatment of “* The Structures of Crystals."’ His starting point 
is not the theory of space-groups but rather the topological problem of linking atoms together. 
In “ Electron Energy Bands in Solids *’ Callaway outlines modern methods of calculating band 
structures and gives a critical review of the results which have been obtained so far. Becker's 
article (“* Study of Surfaces by Using New Tools *’) is concerned with two new devices for investigat- 
ing crystal surfaces. One is the simple and elegant field emission electron microscope of Miller, 
and its more powerful offshoot the field-ion microscope, in which electrons are replaced by ions 
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in order to increase the resolving power. The other is a rapid-acting ion gauge with which pressure- 
changes associated with adsorption and desorption can be studied. 

The remaining two articles deal with transport processes. Klemens (** Thermal Conductivity 
and “Lattice Vibrational Modes *’) is concerned with the thermal conductivity of non-metals and 
the lattice component of the thermal conductivity of metals and alloys. As often in solid state 
theory it proves easier to estimate the effect of imperfections that to solve the problem for the 
perfect crystal. Lewis's article “‘ Wave Packets in Metals” discusses a troublesome technical 
point in conductivity theory. Roughly speaking, the difficulty is that for the usual perturbation 
theory to be valid the time occupied by an electron-phonon collision ought to be small compared 
with the time between collisions, and this condition, or rather its quantum-mechanical analogue, 
is commonly not satisfied. Specialists in this field will find the author's point of view instructive. 
Others, even if they are not prepared to follow the argument in detail, will, perhaps, be reassured 

by his conclusion that results obtained by the orthodox treatment are in fact correct. 


J. D. Esnetsy 


D. E. R. Goprrey: Theoretical Elasticity and Plasticity for Engineers, Thames and 
Hudson, London, 1959, 311 + x pp., 42s. 


Tue First part of this book would appear to be based on a course of lectures on elasticity delivered 
a few years ago by A. C. Stevenson to post-graduate mathematicians at University College, London. 
The first two chapters analyse stress and infinitesimal strain using the vector method, these are 
then related for an isotropic, homogeneous elastic body by invoking Hooke’s Law and the depen 
dence of the strain-energy on the strains only. Chapters II] and V deal with pure bending and 
bending with shear respectively. The treatment of torsion in Chapter IV presents the well-known 
analytical solutions. A brief application of the conformal transformation method is given. The 
reviewer believes that the author has missed an opportunity in failing to introduce to engineers 
the idea of approximating to the value of the torsional rigidity by bounding methods. The torsion 
problem is particularly convenient as an introduction to such methods. Chapter VI is concerned 
with two-dimensional elasticity. This chapter serves a useful purpose by introducing the complex 
variable technique to the notice of the engineer, a thorough grasp of the methods here will help 
those going on to the advanced treatise by N. I. Muskne.isnvits Some Basic Problems in the 
Mathematical Theory of Elasticity. Chapter VII on curvilinear coordinates deals with the 
spherically and axially symmetric theory while Chapter VIII explains the ideas involved in the 
theory of concentrated and discontinuous loads in two and three dimensions. Chapter IX is 
concerned with the theory of thin flat plates and here, the reviewer, although he agrees that 
Stevenson's notation for stress-couples is logically superior to that usually used, cannot believe 
that it is useful to introduce it to engineers. 

Chapters X, XI and XII are entitled theory of plasticity, plastic bending and torsion of a 
beam and plane problems of plasticity respectively. It is the reviewer's opinion that this part is 
so sketchy as to be practically worthless and as an introduction for engineers does not come up to 
Pracer and Hopce The Theory of Perfectly Plastic Solids. The problems and solutions are a 
useful addition to the book. In the solution at the top of page 299, the error should read 27 per 
cent and not 6 per cent. 

The book is unfortunately marred by poor proof-reading (or bad printing), 60 being a lower 
bound for the number of accents over the stresses which have been omitted ! 

F. A. Gaypon 


J Mech. Phys. Solids, 1960, Vol. 8, pp. 81 to 86. Pergamon Press Ltd., London. Printed in Great Britain 


STRESS CRITERION FOR FATIGUE FRACTURE 
OF STEELS 


By T. Yoxosort 
Tohoku University, Sendai, Japan 


(Received 3rd November, 1959) 


SUMMARY 
AN APPROACH is presented to the problem of correlating the macroscopic fatigue strength of 
steels with microscopic explanations of present dislocation theory. The stress concentration 
or notch effect due to the obstacle itself against which the dislocations pile up is taken into account 
in addition to assuming that stress concentration at the piled-up dislocations plays an important 
role in fatigue fracture of steels. The agreement with the characteristic features in stress criterion 
for fatigue fracture of steels is good. 


1. INTRODUCTION 


Ix ruts article an approach is presented to the problem of correlating the macros- 
copic behaviour of engineering materials with microscopic explanations of present 
dislocation theory. It has been pointed out by Woop (1958) that in the case of 


OFHC copper and «-brass the fatigue failure at large stress amplitudes appears to be 
started by stress concentrations at a point where dislocations are piled up. On the 


other hand, since in the case of steels the stress criterion for fracture corresponding 
to the early part of a S/N curve appears to be similar to that for the later part 
of the curve, it is assumed in this article that stress concentration at the piled-up 
dislocations plays an important role in fatigue fracture under stress amplitudes 
corresponding to the later part of S, N curve including endurance limit. A salient 
feature, however, of this article is that the stress concentration or notch effect due 
to the obstacle itself against which the dislocations pile up is taken into account 
in addition. Attempts were made previously to derive the stress criterion for 
fatigue fracture along these lines (YoKkowort 1957a, b). In this article the model 
is considered in more detail ; the argument is an order-of-magnitude or qualitative 
one and agreement with data is dependent upon appropriate choices of the con- 
stants related to notch stress concentration. However, the characteristic features 
in stress criterion for fatigue fracture of steel appear to be well explained. 


THEORETICAL CONSIDERATIONS 
In fatigue of steels under alternating stresses some of the dislocations may be 
in cyclic motion, and pushed and piled up cyclically against such obstacles as 
inclusions and pearlite or carbides during moving forward and backward. Let us 


assume the obstacle is an elliptic cylinder. The following notation is used : 


sl 


T. Yokonor 
the cross-section of the specimen 
the active slip plane on which dislocations pile up 
the plane containing the long axis of the ellipse of the obstacle and 
being perpendicular to the plane of the ellipse 
the axis of the specimen 
the angle YQX' between planes XX’ and YY’ 
the angle between the planes YY’ and AA’. 


It may be reasonable to consider that the active slip-plane nearest to the tip P of 
the obstacle (Fig. 1) intersects the obstacle at a distance from the tip not greater 
than the mean distance | between Frank-Read sources (Frank and Reap 1950). 
For Frank-Read sources further than | from the tip toward the slip plane YX’ 
intersecting the obstacle may already have been operated. Then we assume the 
average distance between XY and P (Fig. 1) as }/, taking the mean value from zero 


1. Fatigue crack initiation based on this present model. 


tol. Now there exists a concentrated tensile stress q, +, due to the piled-up disloca- 
tions, where +, = the applied shear stress component on the XX’ plane and in 
the XX" direction, g, = the stress concentration factor due to piled-up dislocations. 
q is written (Strom 1954) 


43 = JJ L 5) F (0) (1) 


where L = slip distance (in this case one half the grain diameter), F (@) =a 
factor depending on the relative orientation of YY’ to XX’. 


Let o, denote the applied tensile stress component normal to the plane YY’, 
and 7, the applied shear stress component on the plane YY’. Since this type of 
obstacle is considered to produce a stress concentration on the boundary due to 
notch effect, at a point R on the periphery of the obstacle the circumferential 


Stress criterion for fatigue fracture of steels 83 


tensile stresses q, , a, and q, , 7, are induced by o, and +, respectively, where q, , 
and q, , are stress concentration factors and « = ROY. Therefore, the total sum o 
of these tensile stresses is 

7 = %,.% + 92,67 + Is To (2) 
The value of «, ¢ and @ giving the maximum value o,, of a in (2) will be denoted 
by €,, », and @,,, respectively. Suppose fatigue fracture (crack) initiates when o,, 
reaches some critical value, say, one tenth of Young’s modulus E. Then the 
fatigue fracture criterion is 


11, em [4m t V2, 6m Tm T 93,m TO, = % E (3) 


Where Gy, ms J2, em 24 Jy, m are the values of q, ., G2, and g,, respectively, corres- 
ponding to «,,, ¢,, and @,,, and « is a numerical value of order of one tenth. It is 
assumed that the specimen contains obstacles and crystal grains with all orienta- 
tions. The position of the maximum value of the stress concentration factor 
q;,, due to applied tensile stress component o, is P in Fig. 1. The position of the 
maximum value of stress concentration factor gq, , due to applied shear stress 
component 7, is fairly remote from that of the maximum value of stress concentra- 
tion factor q, , due to the applied tensile stress component o,. That is, the plane 
on which the maximum concentrated tensile stress due to 7, acts is inclined with 
the plane YY’ on which the maximum tensile stress due to o, acts. The former 
makes an acute angle with the piled-up plane XX’, if we assume in a first approxi- 
mation for convenience the maximum tensile stress concentration by piled-up 
dislocations is on the plane perpendicular to this slip plane. On this reasoning 
the concentrated tensile stress q, , 7, due to the applied shear stress 7, in (2) was 
previously neglected (YoKkosBort 1957a, b). 

Now, since the analytical solution of (3) is very complex, tensile (or bending) 
and torsion tests are considered in what follows. In a tensile test, q,. 04 + q2,, 7 
in (2) takes the maximum value q,,, ¢, when « = 0 and ¢ = 0, where 


o, = applied tension stress, 

Im = BY(L'/b) (Ixeuts 1913), 

L’ = the length of the longitudinal axis of the ellipse of the obstacle, 
b = radius of the tip of the ellipse, 
8 = numerical value of order of unity. 


g, takes the maximum value q, ,, when 0 = 109-5° (Srron 1954). On the other 
hand, +, takes maximum value }o, when ¢= 0 and @ = jx. Therefore, for 
convenience in a first approximation, g, 7, in (2) is assumed to reach the maximum 
value 43 » Tom for 0 = fa and ¢ = 0. Then, using (1), the tensile stress q3 », To», 
at the tip P due to piled-up dislocations is written 


L 
Y3,m Tom Y J) > (4) 


where y is a numerical value of order unity. Thus, the criterion (3) reduces to 


Ba/(L'/b) o, + y V(L/)) 40,= @ E. (5) 
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In a torsion test q, .o% + q2,, Ts in (2) takes the maximum value q,,, 7, when 
« = Oand ¢ = }n, where 


t, = applied shear stress, 


N , 
Gms = 5 4/(L'/b), 
5 = numerical value of order of unity. 


r, takes maximum value 7, when ¢ = $7 and @ = ja. Therefore, q, 7, in (2) is 
assumed to reach the maximum value q ,, 7), for ¢ = [7 and @ = ja, assuming 
for convenience in a first approximation that g, takes the maximum value 
4s.m = y VLU) for @ = fx as mentioned above. That is, 


73,m Tom = Y V(L/)) Ts (6) 


Thus, the criterion (3) reduces to 


oA ee 


Therefore, the ratio +, ¢, is obtained from (5) and (7) as 

L ie 

Ly 5 
where 8, y and 6 are assumed as unity. If we assume fatigue fracture occurs when 
the average tensile stress over the distance € (NeEUBER 1937) on the YY’ plane 


from the tip P reaches some critical value, the y/(6L/lL’) may only be replaced 
by /{ &L,(€ 4 l) L’} in (8), that is, 


pr} (9) 


ny |, 


Equations (8) and (9) reduce to 
for 


for 
and 
10 >+7,/o4,>05 for o>L/L'>0. 


s 


In other words, when the value of L’/L increases from zero towards infinity, the 
stress criterion for fatigue fracture changes from a maximum shear stress law 
towards a maximum tensile stress law. This result may explain the experimental 
features described later. In (9), putting €L/(€ + 1) L’ = 30, we get 7, 0, = 0-577. 
This value is in agreement with the result obtained from a Mises type criterion 
(Sines and WatsMaAn 1959), which appears held in many soft steels. Assuming 
& >I, LL’ must be about 30 to 60 in this case. This value appears to be not 
unreasonable, because L’ should be the length of the region of the interface where 
there is no cohesion between the obstacle and the surrounding matrix (that is, the 
length of the region of mere contact), and such value of the length L’ might be 
considered not so large. 
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3. CONCLUSIONS 


From the theoretical considerations above, the following three features in 
fatigue fracture may be interpreted. 

(1) Equations (8) or (9) predicts that in fatigue fracture of steels neither the 
maximum shear stress law nor maximum tensile stress law is obeyed, which is in 
agreement with the trend of data reported in the literature. 


Zz 
jo 


Fic. 2. Predicted crack direction in tensile Fic. 3. Predicted crack direction in torsional 
fatigue test. fatigue test. 


(2) Equation (8) predicts that the ratio +,/o, of torsional fatigue strength 7, 
to tensile (or bending) fatigue strength o, increases when the ferrite path L decreases 
under the condition of equal size L’ and shape of pearlite patches in carbon steels. 
Experimental results on carbon steel with various carbon content (Nisuimara and 
KAwAMoTO 1940, 1941 ; GouGu 1951; Sines and WaisMAN 1959) appear under- 
standable from this viewpoint, although the size of pearlite patches also might be 
different. 

(3) The fatigue strength is higher in spheroidized steel than in lamellar pear- 
litic steel with equal mean ferrite path L, and it has been inferred that the fatigue 
strength is independent of mean ferrite path (Drerer et al. 1955). However, the 
fact is interpreted in such a different way that from (5) the fatigue strength is 
understood to be higher in spheroidized steel with obstacles (carbides) of smaller 
length L’ as stress raiser than in lamellar pearlitic steel with obstacles (lamellar 
carbides) of larger length L’ since ferrite path L is equal for both in this case, 
although the fatigue strength is also dependent on ferrite path L. 

(4) The length L’ of inclusions as stress raiser may be considered as larger in 
steels with larger inclusions. Hence in such materials 7,/¢, may be larger as pre- 
dicted by (8). Experimental results remarked by Sopwirn (PreTERSON 1956) 
may well be interpreted on these lines. 

(5) The theory predicts that, under both tension and torsion tests, fatigue 
cracks (fracture surface) will run normal to the principal stress (Figs. 2 and 3), 
which is in agreement with the data under stress amplitudes corresponding to the 
later part of S/N curve. 
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SUMMARY 


Tuts paper is concerned with the application of complex variable analysis to obtain solutions 
for the Saint-Venant torsion problem corresponding to certain sections with regular curvilinear 
boundaries. The area of the cross-section is conformally mapped on the unit circle by a trans- 
formation involving some parameters. By varying these parameters various shapes having 
several axes of symmetry are obtained. Sections bounded by n (> 2) equal and very approxi- 
mately circular ares are included as particular cases. Closed and exact expressions are derived 
for the complex torsion function, the torsional rigidity, and the shearing stresses at any point 
of the section. The distribution of shearing stress on the boundary is investigated in the general 
case and graphs showing its variation in four particular examples are plotted. 


1. INTRODUCTION 


SeverAL methods have been used to solve the Saint-Venant torsion problem 
(linear small strain elasticity) for various sections ; references are to be found in 
two recent papers by the author (1959, 1960). The method of images was applied 
by Hay (1939) to discuss sections bounded by a rectangle, an equilateral triangle, 
an isosceles right triangle and a 30° right triangle. Comprehensive reviews of the 
problem with extensive bibliographies have been given by POscu (1921) and 
Hiccins (1942). An excellent survey of approximate mathematical methods 
has also been presented by the latter author (1943). An approximate method 
suitable for closed sections having several axes of symmetry has been discussed by 
GALIMKHANOV (1955). In a recent paper Portrsky (1958) has examined several 
graphical and exact analytical methods. A specialized text by Werner and 
GUntTuert (1958) contains a good collection of a number of torsion solutions useful 
in engineering problems. 

Functions of a complex variable have been applied by many investigators. 
Cauchy integral methods have been introduced by Muskueuisuviti (1949) and 
quoted by SoKOLNIKOFF (1956), who gave a formal solution when the mapping 
function is written in the form 


s= Za, (. (1.1) 
0 


n= 


As illustrative examples SokoLNikorr (1956) treated sections with the shapes of 
the cardioid, the lemniscates of Bernoulli and Booth and the case of a section 
tSee the review of this book in Math. Rev, 1959, 20, 81. 
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bounded by two circular ares. Trerrrz (1921) and Sern (1934) have used the 
Schwarz-Christoffel transformation to investigate the torsion problem concerning 
regular rectilinear polygons. Sections whose boundaries are the curves 


a ba cos @) (1.2 
and 


r? a’ b? cos 20 (1.3) 


have been considered by Musuranrt (1933, 1935); his method consists essentially 
of assuming the complex torsion functions to have certain forms involving integral 
and fractional powers of the complex variable z. The solution for a circular shaft 
with two slits extending from the ends of a diameter to any depth along the diameter 
was obtained in closed form by WiccLesworrnu (1940) who mapped the area of 
the cross-section of the shaft conformally on a half-plane and applied Schwarz’s 
formula. The complex torsion function for beams whose boundaries consist partly 
of a straight line has been determined by Guosu (1947) whose method was applied 
to a semi-circular area, a semi-loop of the lemniscate of Bernoulli and a semi- 
cardioid (Mirra 1949). Conformal transformations have been used by Stevenson 
(1948) to study the Dirichlet problem for a ring space. His method was illustrated 
by determining the torsional rigidities of sections bounded by confocal ellipses or 
eccentric circles. Sections transformable to a ring space have been investigated 
by Morris and Haw ry (1958). 

STEVENSON (1943) and the author (1960) have treated sections bounded by 
regular curvilinear polygons of » sides and n rounded vertices (which may become 
cusps). The boundary curves, taken in the 2-plane, can be mapped on the unit 
circle y in the (-plane under the conformal transformations 


ecg(l m ¢"), -0, O < || (n (1.4) 
etl m &*), . 0 m| (nm < l, (1.5) 
respectively. Sections bounded by the inverses of an ellipse with respect to any 
point on its major or minor axis have been recently considered by the author 
(1959). It was found that the mapping function in this case takes the form 


s=ceC/(1 nt m{*), ¢c>O0, (1.6) 


where m, » are real and |m 1. in| < 2. In this paper we deal with sections which 


are mapped on the unit circle by the more general mapping function 


et (1 m &" pt), «>d, (1.7) 


where n is an integer and m, p are real coetlicients restricted so that the roots of 
z' (Cf) = 0 do not lie inside y. It will be seen that the results include those of the 
two foregoing papers (Bassatit 1959, 1960) as particular cases. For vn > 2, 
m 2 nin 1) and p (n 2) n® (2n 1) we shall show in the next 
Section that the bounding curve consists of » equal and very approximately 
circular ares. By varying the three parameters involved in the mapping function 


various sections having several axes of symmetry may be obtained. 
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Maprpinc FUNCTION 


We now consider the classical torsion problem of an isotropic cylindrical beam: whose section 
is bounded by the closed contour J, in the z-plane* (= — a iy — re’), where I, is confor- 


mally mapped on the unit circle in the ¢-plane by 


col mC" 4. pl?"), a ¢ a (2.1) 


n being a positive integer and m, p are two real parameters. In order that this transformation 
shall be conformal at all points within [, the parameters m and p must be restricted such that 
>'({) does not vanish or become infinite within 7. It is suflicient to consider either positive 
or negative values of m. This is due to the fact that the transformation (2.1) is equivalent to the 
transformation 


y - yD 
cel‘ sa m ¢'" p v="), 


where 2 sexp(ia/n) and ¢ C exp (ian). 
If I,’ is the inverse of [,, with respect to the circle |2 Jf and 2 1 iy, 2 iy’ are 


the points on ya ve : respectively, which correspond toe e’’ on y then 

(2.2) 
Introducing (2.2) in (2.1) now leads to 

(2.3) 
where cc = f?. (2.4) 
The parametric equations of I,’ are therefore 


cos m COS Ny ub p COS Ny ys. 


sin wh m sin ny yb p sin ts db, 
where 
2n 
while those of I, are 
2 . j . . / 
i cos bb m COS Ny w pcos ny bs, 
(2.7a) 
cy r i i ), i / 
4 sin wy m sin ny yb psin ns 
where 


er m2 p 2m (1 p)cosn db 2p cos 2n wb. 2.7b) 


In general, it can be shown that each of [, or [’,’ is a certain regular curvilinear polygen with n 
sides and n rounded vertices (which may becomes cusps). For the contour I, these rounded 
vertices or indentations occur when ris a minimum and become cusps when the critical points 
of the transformation, given by 2 (0) = 0, fall upon the boundary [,. It is easily seen that if 


mn, + pny = 1, (2.8) 
then the boundary 7 has » cusps which correspond to the points 
cexp (2sima/n) (s 
From (2.1) it follows that these cusps lie at the points 
2. c [exp (2si 7 n)] a m p) (s 


The case n 1 leads to the transformation (1.6) which has been studied in detail in a previous 


paper (Bassani 1959), where some figures are drawn. We now consider the cases 1 2 and 


n> 2. 


The case » = 2. Here we have the mapping function 
. ° ¥ 
2 cOa m t= pe), 


*This is chosen to coincide with the plane Z — 0 perpendicular to the generators of the cylinder. 
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and the parametric equations for I,’ simplify to 


z’/e’ (1 + m)cos % + pcos 3%, ) 
(2.10) 
y' /e’ (1 m)sin & p sin 3%, | 


which represent a family of ovaloids symmetrical with respect to the coordinate axes. When 
1 m 9p it can be seen that J”, becomes a curvilinear rectangle whose sides are parallel 
to the coordinate axes and are of lengths — 16 pe’ and 4(1 Sp)e. Form = 0, p 1% the 
contour J”, is a square hypotrochoid while ifm = 2.7, p 1 7 then the ratio between the 


sides of the curvilinear rectangle I’, is 2:1. The latter curve and its inverse [’, with respect to a 


- ) / 
r | 


concentric circle are shown in Fig. 1 


- 


Fig. 1. Section bounded by the inverse of a curvilinear rectangle 


The case n 2. It is easily proved that the function 


@ , 
, 


25 (; }(; 5 1) ort (om i (u> 2) (2.01) 


maps the infinite region outside a regular rectilinear polygon with » sides in the z’-plane on the 
area outside the unit circle in the (-plane. As an approximation to the right side of (2.11) we 
retain only the first two terms of the infinite summation appearing in it. Hence we obtain 


eral +m o* + py), (2.12) 
where 


m 2un(in—1) p (n 2) n® (2n — 1). (2.13) 


Assuming that 2 is the inverse of z° with respect to the circle |= J in the z’-plane and ¢ is the 
nverse of ( with respect to ¢ 1 then 


(2.14) 
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Fia. 2. Section bounded by three equal and approximately circular ares. 


Fic. 3. Section bounded by four equal and approximately semi-circular arcs. 
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and combining (2.14) with (2.12) leads to the transformation (2.1). Thus it follows that, with the 
values (2.13), the closed curve I,’ is approximately a regular rectilinear polygon with » sides and 
the inverse curve I, consists of the union of » equal and very approximately circular arcs each of 
which passes through the centre and two consecutive vertices of a regular rectilinear polygon 
with » sides. Figs. 2 and 3 illustrate the contours [and I)’ corresponding to 3m 1/3, 
p 145 and tom 1 6, p 1 56, respectively. The curves I,’ and I,’ are also 


Fig, 4. Section with four axes of symmetry and four cusps. 
z=cf/(l +01 04 + O18 2). 


drawn in Figs. 41 and 43 of Muskie cisuvint’s book (1949, pp. 371, 872). The section correspond- 
ing to the values n tm = p — OFT is shown in Fig. 4. These values satisfy the conditions 
2.8) and the boundary /y has four cusps at the points | 5¢ G6 and | Sic 6. For larger values of 
n the section bounded by I has grooves of a particular type. 


3. CompLex Torston FUNCTION 


In the torsion problem it is known that the displacements «, v and w are furnished 
(STEVENSON 1943) by 


“ iv irzZ, w rt Olay) = hr | 2 (2) +2 (2)]. (3.1) 


where + is the constant twist per unit length of the cylinder and Q(z) = ®(a, y) 4+ i ¥ (a, y) is 
the complex torsion function which satisfies the boundary condition 


Y (a, y) $2: along I, : (3.2) 


bars are used to denote conjugate complex quantities. Using (2.1), the function Q(z) can be 
written in terms of [ as 
£2 (z) (3.3) 


where w ({) is regular within y. It is known (MuskHeLisivins 1949, p. 577) that 


1 [ z(e)=(e") 
w (C) da constant, 
2n o 4 
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where (¢ is any point inside y. Introducing (2.1) in (3.4) vields 


P 2n 
da constant. (3.5) 


a 
- (6) as + oe » : - 
2a y(t + mo" 4+- pa®") (a°" mo” p) (oe c) 


Since the transformation (2.1) maps the area inside y in the (-plane on the area inside J, in the 


z-plane we see that the 2” roots of the equation 
po" +mo"+1=0 (3.6) 
must lie outside y. If A’ and A” are the two roots of the quadratic equation 


pr +mt+1=0, 


so that 
then the 2” roots of (3.6) are A 


We therefore have 
~ r’ (f — Ay’WE — Ag’). --(0 — Ay’), 


and by logarithmic differentiation this yields 
, 1 v? , 
A,’) n ("-*/(f" — 2d’), 


and hence 


A,’) =n d'/(C" Xr’). (3.10) 
If m* A 4p then the integrand of (3.5), viewed as a function of ¢, has 2” simple poles 
i @ , n), which lie outside the unit circle. For large values of |o) the integrand 
is of the order of 1/\0/?"" 4, and we have 
n 
w(t) ci f(R, R.”’) 4+ constant, (3.11) 
s=—l1 
where A,’ is the residue of the integrand at A,‘ and R,” is the corresponding value at A,”. Apply- 
ing (3.8), it is easily shown that 
R.’ 


ys 


N Ay’ /[mp (Av — ’) (A? + mW + p) (E — ASD], (3.12) 
and then (3.10) gives 


n 
ZR, V2 [p(r’ — ) (A? + mW + p) (O" — 9). (3.13) 
s=1 


n 

The corresponding expression for ZR,” is obtained from (3.13) by interchanging A’ and A”. 
s=l1 

Inserting these values in (3.11) and making use of (3.7), one finds 


eid p + mp 0") 


- — = constant. (3.14) 
(1 — p){(l + p)® — m2} (1 + m0" + p ") 


w (0) 
In the particular case m* = 4p the integrand in (3.5) has n double poles outside y and it can be 
shown that the same formula (3.14) remains valid. Taking for the constant in (3.14) the value 
eid + py [20 — p){ + p?® — m*}), 
we obtain for the complex torsion function 


cig — ml" — pq 


(3.15) 
2k 1+ml" + pw 


w (¢) 


where 
k = (1 + p)? — m? -(l+p)/( " (3.16) 
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The imaginary part of (3.15) is 


q(1 — p® pt") — m? p2” + m p™(q — 1) (1 — p®) cos ng (3.1 
- a a. 3.17) 
2k 1 + m® p?” + p® pt” + 2mp" (1 + p p™) cos n & + 2p p®" cos 2ng 


which reduces to jr? on putting p = 1 and using (2.7b). 


#. TorstonaL Ricipiry 
The torsional rigidity D is known (S1TeEvVENSON 1943) to be given by 
D = pl + J), (4.1) 


where « is the rigidity of the material of the cylinder, J is the polar moment of inertia for the 


cross-section, or 


li = (a) 2 (a) 2* (a~") do, (4.2) 


J 3 
and 


Jd j | zsle)zle 1) w’ (a) de. 
Introducing (2.1) in (4.2) leads to 


. 


pict | 


* ¥ 


of” 1G) mn ao PMs a") 


da, 
(o* mo" ~ pF mo" + pon “ 


where », and n, are defined by (2.6). Let y’ and yp” be the two roots of the equation 


2 


i- mi p i. 
so that 


a im ° ‘ p. (4.5) 
The integrand in (4.4) has 2” double poles inside y at the points p,’, uw.’ (s = 1, % n), where 
Hs o> Me pe. (4.6) 
If P, and P,” denote the residues of this integrand at the points yu,’ and p,"’, respectively, then 
n 
jact 2(P,' + P,’’). (4.7) 
s=1 


Setting o pw, + ¢ in the integrand of (4.4) and expanding the resulting expression in powers 
of ¢, one finds after a fair amount of algebraic manipulation and using (4.6), that the coefficient 
of t-! in the expansion may be written as 


P 


P = 
s D tot 
n(p ly (ne ip) (pp 


mn, p(+ — p) (p — 1). pPng(5 — 2p) (p— 1), « 


Lu v(1 2m), - y mp (n n, p) 
= “n.) = - e ° 
op , , 7 2 op ~ af 
Interchanging »’ and «” in (4.8) gives the value of P,”. Both P,’ and P,” are independent of s, 
and hence (4.7) becomes 
4 nnd (P, Pe”) (4.10) 
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After some straightforward calculations and repeated application of (4.5) the following ex- 
pressions are arrived at : 
m (1 Pp) 


(pp ma 73 = ke ia + p + p®)m? — spl 4 p?*}, (4.11) 


l 
(p pike [m4 p(s + Bp + p®)m? + 2pP 1 4 yp}, (4.12) 
M ye 


1 
rea —— - == Pe [p? m* — (1 + Bp® 4 4p) m? 4 2p (1 + p)*], (4.13) 
l+y 


, 
(pp a 7 po pK (ue — pw) (L — p + p®)m?® — pl + p)*), 


m (" 2 a ’ 
a ~ — == ——__* " (m? — 2p — Sp* + p), 
(pp . * pk 


m (pe “ ‘) ; . ‘ : 
=< _ = . (p* m* 3p? — 2p), 4.16 
(py “— py? pe tains — 


- | l ‘ym! ip (1 (I 3) m* 
(pp’ E yo pik l , ’ , v 


+ 2p2(1 + py], (4.17) 
” 


’ 
}- =— m4 1(5 bp 4) m? 
(pe x (pp pr : i: 
| p?(5 — 3p) (1 + p)). (4.18) 
Introducing these values in (4.10) we find, after considerable reduction and dividing by m? — 4p, 
that the polar moment of inertia of the section bounded by I’, is 


nc4 


2p — 1s (1 + p)t(l 4+ 4nup® + pt) 4+ {ny (lL — 4p + 4p3) + 6 mp*} m4 
2(1 + pP{n —2(2n 4 1)p 4 4np® — 2(4n — 1) p® + np*} m?). (4.19) 


In the two particular cases n land p = 0, the foregoing expression simplifies to 


1 a ( 41 tp? 4 
= ) + +p" — p*) 
2a pie | p) p+ 
+ 2(1 + pl — Gp + 4p® — Gp? + p*) mm? + Gp? m*), (4.20) 
rei 2n m* 4 n,m) one 
; -21) 
2(1 m2)? 
respectively. 
Inserting (2.1) and the torsion function defined by (3.15) and (3.16) in (4.3) yields 


da (4,22a) 


cin | ol im (I p* a") + 2p(1 + p) o”} 


2(1 — pyk 2n)3 


, (o®" + mo” + p)(l + mo" + po 


n” 


. 2(Q, + 5"). (4.22b) 
(1 P)K gat ‘ 


anc 


where Q, and Q,”’ are the residues of the integrand in (4.22a) at the poles yp,’ and p,”’, respectively. 
It is easily shown that 

2 m(p® pw’ + pw’) + 2p? r) 

A A a ES Oe (4.23) 
n(p— 1) (mo — pw’) (pp py 
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and Q,”’ is deduced from (4.23) by interchanging p’ and «”’. With these values inserted in (4.22b) 
and making use of (4.14)-(4.16) the expression for J reduces to 


mcd 2p? m2? (1 py? see 
_-— —|. 4.24) 
k2 |(1 — py! + hk? 


When (4.19) and (4.24) are substituted in (4.1), it is found that the torsional rigidity is 


pret . . 
D = oa — pre [1 + py) + ng pt) — 4p (1 + pL — np + ng p®) mF 
(ny tn, p + 2n p® + 4n, p®) m*), (4.25) 
which reduces to 
fe Tre 4 ” » 
= — ( ry* ( p*) p + p p?) me spr m* |, 26) 
. 2(1 pina Ul pyr )— pa + pl ‘) zp mt), (4.26 


pact 


— ,( 
2(1 — m?*)! 


ny m'), (4.27) 


in the special cases n 1 and p = 0, respectively. These expressions are in agreement with 
those obtained before (Bassaus 1959, 1960). 


5. SHEARING STRESSES 


_ ~ 
The shearing stresses pZ and %Z at any point of the cross-section are determined (MUskuE.i- 


suvVILI 1949, p. 579) by the convenient formula 
< _& 
pL — i bh = [url p\z (0)\] [wo () — (0) 2 (0). (5.1) 


Substituting from (2.1) and (3.15). (3.16) in (5.1) we obtain 
_ 
i 


on, 
oZ idZ ert ei [p(l mc" pena mn, ¢ pry c=") 


” 
; fm C-" 4+ 2p (1 + p) + mp? oO) ("+ am Ae + pd® [")*], 
( pP) pk 


where 
7 


py v4 - y? ” 
7 mn, — png CO) [1 am ™ + p C2 


ny? m? 2 4 ng? p? At + 2m, MA(ny pr® — 1) cos bd — Bug pa® cos 24}3 


m= d2 p Mf 2mA(l pa?) cos dé 2p A? cos 2¢}. 
A = nw. 
Setting ( = pe in (5.2a) and separating real and imaginary parts we find 


ener 


(1 p) pkT 


~~ 
oZ 


[mA {(1 — p®) kt, + (m® — 2p — Ap? + kp — pp*)t, 


pre ‘sind zpr*i(i PY p 


3n! 


Pp (4 2p m*)t 


2n 


(1 Pp) m2 p= .. ' sin 24 mp? Dy l, sin 3 $}. (5.5) 


1/ 
m* 2 fe p* M mA(2 : an pr) cos é 2, pr cos 2 d} 
pa p) (mn 2p) # m* p? A‘) 


p' No (mn? 2p) p* A*) A tp (l pa pa) A?) cos } 


ha m® \2 p At) A® cos 24 mp? (1 A*) A® cos 3d} |. 
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Fic. 5. Variation of shearing stress on the boundaries of the sections shown in Figs. 1-3. 


0) 60 150 180 


lic. 6, Variation of shearing stress on the boundary of the section in Fig. 4. 
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where, for the sake of convenience, we have introduced the notation 
é. 1 — p*, (5.5) 


Since the parameters m, p are chosen such that 2’ ({) does not vanish at any point within y and 
the function w (¢) is regular inside y, it follows from (5.1) that the foregoing expressions for the 


~ 
the boundary I, of the cross-section, p = 1 and (5.3) gives pZ = 0 as expected, while the peri- 


pheral shear stress (5.4) simplies considerably to 


pore A B eos 4 
pyk “« 2Decos¢é kK cos? 4)? 
where 6 nd and 
(1 — p)m, m* + (1 + p)(l + ng p*), 
2mnp, 


(1 np? + mi? n*, 


n,m (Ng p — 1), 


BE $m, p. : 


The maximum and minimum values of the tangential stress (5.6) on the boundary I, occur 
alternately at the points ¢ = 0. ¢ = a, and ¢ mM, 
where 

ip He 

RD kA 


(1 C1 "PL + 2apa ny py? 
: af : a! , (5.8) 


n) Msp} zn, (1 Pa Ns p*) 


on substitution from (5.7). The magnitudes of the shearing forces on the boundary at ¢ 0 


and ¢ 7 w are determined from (5.6) and (5.7) as 


pore (1 pny m* 2mnp (1 Pha Ny p*) 


-_ 
(bZ),. 7 . 
(1 pyk nm NoP 


-_~ re (1 n,m Zmnp (1 "1 ny p*) 
(2), 01.4 = — : : 2P". (5.10) 


(1 pyhk , 1 nym Ny P 

Equations (2.8) and (5.9) show that the boundary value of the shearing stress at a cusp is infinite 
as expected, The considerable variation in peripheral shear due to the existence of grooves in the 
cylinder is illustrated in Figs. 5 and 6, where curves are plotted to show the distribution of shearing 
stress on the boundaries of the four sections sketched in Figs. 1-4. The points at which the 
stresses take their minimum and maximum values on the boundaries are indicated in all Figures?. 
\s is usually the case the maximum values are attained at the bottoms of the grooves. This 
indicates the importance of considering stresses in slots and keyways of shafts. 
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YIELDING OF STEEL SHEETS CONTAINING SLITS 


By D. S. DuGpDaLe 


Engineering Department, University College of Swansea* 
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SUMMARY 
Yrecpine at the end of a slit in a sheet is investigated, and a relation is obtained between extent 
of plastic vielding and external load applied. To verify this relation, panels containing internal 
and edge slits were loaded in tension and lengths of plastic zones were measured. 


1. INTRODUCTION 


Norcues, such as holes and slits, generally reduce the strength of sheet material. 
If no inelastic deformation is permissible, stresses must nowhere exceed the initial 
yield stress, though this may be subject to a size effect. If large-scale yielding is 
to be avoided, the applied load divided by minimum area of section should not 
reach the plastic flow stress. It is the purpose of the present work to trace the 
spread of plasticity from a centre of stress concentration as loads are increased, 

Relaxation methods can often be applied to a particular problem for determining 
the field of plastic strain produced by given loads (ALLEN and SouTHwELL 1950), 
However, in the present work, a prototype problem is sought which will allow a 


direct calculation of extent of viclding as a function of external load. When a very 


thin sheet containing a straight cut is loaded in a direction perpendicular to the 
cut, it may be expected that yielding will be confined to a very narrow band lying 
along the line of the cut. 


2. ANALYSIS OF THE PROBLEM 


An ideal elastic-plastic material is considered which flows after yielding at a 
constant uniaxial tensile stress Y. Uniform tensile stress 7 is applied to the 
edges of an infinite sheet in a direction perpendicular to an internal cut of total 
length 2/. Yielding must occur over some length s measured from the end of the 
cut, as shown in Fig. 1 (a). It is suggested that the sheet may be considered to deform 
elastically under the action of the external stress together with a tensile stress Y 
distributed over part of the surface of a hypothetical cut of length 2a as shown 
in Fig. 1 (b). Since internally applied forces are in static equilibrium, the distribu- 
tion of stress in the sheet must be independent of elastic constants (CokER and 
FiLon 1957, p. 518). 

The problem of a straight cut loaded over part of its edge has been examined by 
MusKHELISHVILI (1953, p. 340). His stress functions were found to assume a 


*Present address : Metallurgical Engineering Dept., Illinois Institute of Technology, Chicago 16, [linois, U.S.A. 
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simple form when account was taken of the symmetry of the present configuration. 
It is convenient to introduce variables « and 8 defined by « = a cosh x, 1 = a cos B 
(see Fig. 1). The stress o, acting at points on y = 0 was determined in the form of a 


2YB/nx. The 


series in ascending powers of « having a leading term o, 


ic. 1. Geometry of slit: (a) internal slit, (b) internal stresses acting on slit, (¢) edge slit. 


analogous expression for stress due to the external loading is ¢, = Tx. When 


these stresses are superimposed, it is necessary that the stress at the point « = 0 
(i.e. 2 = a) should not be infinite, so the coefficient of 1/x must vanish, viz. 
T — 2Y8/27 =0. This readily leads to the relation 


> 


nT 
- = 2 sin? (“ —). (1) 
a +} 

When 7'Y approaches unity, this relation gives s ‘a ~ 1 — (7 /2)(1 — T/Y). 
The last expression may be alternatively derived from stress functions given by 
WeEsTERGAARD (1939). By Saint-Venant’s principle, stresses at 2 = a should not 
depend on the exact distribution of stress over the segment l<a<liflais 
small. Hence the partial loading required may be simulated by an inward tensile 
stress Y acting over the whole segment — a < x < a together with central con- 
centrated forces of magnitude 2/Y acting outwards. 

When 7'Y is very small, equation (1) gives s/l 1-23(7 Y)*. This relation 
gives the scale of plastic deformation if yielding actually occurs, but it need not 
imply that yielding must occur for any stress, however small. 


3. Test PANELS 


The above analysis refers to an infinite sheet in a state of plane stress having a 
geometry defined by the length of slit. In practice, a sheet must have a definite 
thickness and a limited width. It was assumed that the sheet would be effectively 
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of infinite size if the total length of slit never exceeded one fifth of the sheet width. 
This point has been discussed by Frost and DuGpa.e (1958). If the sheet is to 
yield when the tensile stress at any point reaches the uniaxial yield stress, it must 
be possible for shearing to occur without constraint on planes at 45° to the plane 
of the sheet. With two exceptions indicated later, slits were made of width w 
equal to the sheet thickness (0-050 in.). 


Slits cut along 
this line 


aie ‘ 


1Oin. poraiiel — 


20 in 


Fic, 2. Test panel. 


Load was transmitted to the test panels through bolted joints as shown in Fig. 2. 
Measurements with extensometers on a panel without slits showed that stresses 
over the central section did not vary from the average value by more than 2 per 
cent. Steel produced by the Air Blown Bessemer process was selected, as this steel 
responds to strain-etching. The chemical analysis was: carbon 0-05 per cent, 
manganese 0-40 per cent, nitrogen 0-013 per cent. When cutting operations were 
completed, the panels were annealed at 900 °C, precautions being taken to avoid 


sealing. 


Tasie 1. Experimental values 


Internal slits Edge slits 
Half-length Applied Plastic zone Length Applied | Plastic zone 

of slitl | stress T length s of slit l stress T length s 
(in.) (tons in?) | (in.) (tons /in?) (in.) 
0-50 | ae 0-042 3 37 O-OST 

0-40 5 0-088 * +6 0-093 
O-O87 . } a7 O-116 
122 . 0-197 
O-185 q % 0-204 
0-470 on | O-350 
OSo4 O-15* 0-448 


*Width of slit « = 0-10 in. 
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4. ExprertmMentat Resutrs 
Tensile load was applied to each panel for 2 min. The stress T' was calculated 
from the total width of the test section (5 in.) taking no account of the presence of 
slits (Frost and Ducpa.r 1958). After being loaded, panels were aged at 250 °C 
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for a few hours and were dissected for examination. Portions including the slit 
and plastically deformed zone were polished on both sides and etched with Fry’s 
reagent (JEvons 1925). The plastic zone tapered to a fine point, and its length was 
often uncertain to the extent of 0-003 in. It was measured with a steel rule and 
magnifying glass. Average values of the four measurements for each panel are 
shown in Table 1. 

A strip was cut from each panel for a tensile test. When results for all panels 
were averaged, lower yield stresses of 12-0, 12-5 and 13-0 tons/in® were obtained 
for strain rates of 10-*, 10-5 and 10-4 per second. For plotting Fig. 3, a value of 
12-5 tons/in? was selected. Strain hardening was found to begin at a strain of 
1-5 per cent. 


~ 


5. Discussion or Resutts 

In Fig. 3 experimental values are shown in relation to the curve calculated from 
equation (1). It should be noted that an edge slit was considered to have a length 
equivalent to half the total length of an internal slit, as shown in Fig. 1. It is 
thought that the experimental points fall sufficiently near the calculated curve to 


ae) 


© Internal slits 
x Edge slits 


ratio 


Calculated curve 


<= 
= 
o 
c 
s 
3 
nN 
Y 
= 
vw 
= 
a 


0-5 
Applied stress ratio Try 


Fic, 3. Test results. 


show that the analysis for internal slits is correct and that it applies also to edge 
slits. It can be seen that all experimental points fall slightly to the right of the 
curve. However, they may be brought into agreement with the curve by an adjust- 
ment of only about 3 per cent in the yield stress Y, As the yield stress corresponds 
to an arbitrarily chosen strain rate, it may be unwise to attach any significance to 
this discrepancy. 
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SUMMARY 


A CONTINUUM theory of uniqueness for general inelastic solids (HLL 1959) is applied to the basic 
column problem for any such material. The column is long, with arbitrary section, built in at 
one end, and axially loaded in compression at the other. A critical condition for bifurcation is 
obtained, generalizing and correcting the SHANLEY tangent-modulus formula. 


1. SPECIFICATION OF THE MATERIAL 


A continuum theory of uniqueness and stability has recently been formulated 
for a broad class of inelastic solids (HLL 1959). In the present investigation the 
basic column problem is taken in illustration ; Part I is concerned with uniqueness 
and Part II with stability. 

The solids covered by the theory have the defining property that in isothermal 
straining 

Ww 


(1) 
bd€ag 

where 7** are the contravariant components of the Kirchhoff stress tensor in 
curvilinear coordinates deforming with the material element (op. cit., p. 219) ; the 
dot denotes the convected derivative ; and the * potential’ W is a symmetrized 
homogeneous function of degree two in the strain-rate components ¢€,,, with con- 
tinuous first derivatives and at least piecewise continuous second derivatives. 
Any particular element of an extended body could be described as resilient or 
inelastic, or more especially elastic, plastic or elastic/plastic, according to a classi- 
fication (op. cit., Section 1) which depends on behaviour in vanishingly small 
closed cycles of further strain. This is governed by the form of W and the manner 
in which it changes with deformation. A solid cannot be classified purely from the 
rate equations (1) for a single state; these may well be identical in essentially 
different materials. For the moment, however, it suflices to concern ourselves with 
just such a single generic instant, in an arbitrary process of distortion of an anony- 
mous solid whose behaviour is unspecified beyond (1). 


2. CRITERION OF UNIQUENESS 


The question we have to answer is whether, at this instant, bifurcation is 
possible when a part S, of the body surface is subject to prescribed velocities 


(perhaps zero) and the remainder Sy is subject to prescribed nominal traction-rates ; 
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that is, whether under these boundary conditions more than one mode of deforma- 
tion is possible. The current shape and mechanical state of the body are regarded 
as given or previously determined. 

A sufficient condition for uniqueness is expressible concisely through a related 
potential U, a function of the velocity gradients and not simply of the strain-rates, 
such that (op. cit., equation (44)) 


U={W44rv, vo’, (2) 


where v, is the velocity, a comma signifies covariant differentiation in the current 
configuration, and the summation convention is adopted. 

If the solid is ‘ linear’ at all points of the volume V. its potential W, being a 
quadratic form | 7 e 


,g the solution is certainly unique if 

[U, dVv>0 (3) 
for all continuous, once differentiable, velocity fields vanishing on S, but not 
identically zero (op. cit., p. 215). If, however, 


| U, dV >0. (4) 
any non-zero field producing the equality actually makes the functional stationary 
and is an eigensolution of the field equations: it represents a mode possible quasi- 
statically under dead loads on S, and rigid constraints on S, (op. cit., pp. 216-8)*. 
Correspondingly, there is a bifurcation under any traction-rates on S, and velocities 
on S, since the solution is non-unique to the extent of an arbitrary additive multiple 
of the eigentield. The stationary minimum property of the functional with respect 
to arbitrary variations from the eigenfield is vital to the effective use of approxi- 
mation methods ; it is a main reason for requiring the existence of a potential (1). 

When the solid is non-linear, W not being a single quadratic form, (3) is no 
longer sufficient for uniqueness. The actual condition (op. cit., equation (12)) is 
difficult to apply, however, and is replaced here by a more practicable * comparison 
theorem” involving the potential W, of a certain linear solid (op. cit., Section 4 (ii)). 
If, at each point of the body, (3) holds for U and in addition there can be chosen 
U, and W, such that U —U, W — W, is a strictly convex function of the 
strain-rates, a unique solution exists for the non-linear solid W, for any traction- 
rates on S, and velocities on S., at least when (4) holds for the linear solid in the 
given state. If W — W, is merely convex there is a unique solution for the non-linear 
solid when the strict inequality (3) holds. But if W W, is convex and only (4) 
is Satisfied, so that we have an eigenstate of W,, there may be certain boundary 
conditions under which a bifurcation occurs for the non-linear solid. In particular, 
when W coincides with the quadratic W, in a part Q of strain-rate space (Q depends 
possibly on position in the body) it may happen that for certain boundary conditions 
some of the corresponding modes for W, involve only strain-rates in Q; in that 
event these particular modes are also bifurcations for the non-linear solid W under 
the same boundary conditions. For convenience we shall refer to such a solid W, 
as the * linecrization’ of solid W. 


*Of course there are other eigensolutions in states where the functional is stationary but not one-signed ; usually 
these are not practically important and We are not concerned with them here 
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This situation is encountered in the column problem. We therefore begin with 
an analysis for a general linear solid. 


3. CURRENT STATE OF THE COLUMN 


The column is assumed to be currently straight with length / and uniform section 
of area A ; the prior distortion is not necessarily infinitesimal. The column is built 
in at one end and otherwise unconstrained ; at the other end a compressive load 
P acts in the line of centroids. The column is ‘ long’ in the sense that k/l < 1, 
where Ak? is the second moment of area about the ‘ weaker’ principal axis of 
section at a centroid. The present distribution of stress is assumed to be a uniform 
uniaxial compression of amount o — P/ A; here and later we consistently ignore 
possible local disturbances at the ends. We take the convected coordinates momen- 
tarily coincident with Cartesian axes of reference (a, 2, 23) with origin at the fixed 
end, a, along the line of centroids, and x, parallel to the weaker axis of section. 

The potential of a general linear solid is 

Wr : 4 e=Bys Exp €ys 
where the tensor of coefficients is symmetric with respect to interchange of «, B ; 
y. 8; «Band yd. In the column we suppose that the previous straining has resulted 
in a uniform orthotropic anisotropy such that the only non-zero coetlicients in the 
Cartesian coordinates have either « = 8 and y = 6, or « = y and 8 = 6. We 
suppose, moreover, that the 1, 2 directions are alike in that 
«till 2222 «i313 2323. 1133 2233, 


When inverted, the rate equations in the current Cartesian coordinates now 
take the form 


Ke,, ; AT 29 HT g9; 2G eo 


“€a9 r AT) M733, 2s, 


Kegs 733 v(Ty to), 2F ey. The J 


with a simplified notation. The only restrictions placed on the * moduli’ EF, F, G 
are that they are positive and F/G is of order unity ; £, G, however, is arbitrary. 
The * contraction ratios * A, 4, v are required to be of order unity. Further, so that 
(5) has a unique inverse and a corresponding W,, and so that this is a positive- 
definite quadratic form (and hence strictly convex — this ensures that bifurcation 
does not occur under a vanishingly small load), 


<< 263 2uv with O <p Be (6) 


In an isotropic elastic solid after infinitesimal pre-strain E is of course Young's 
modulus, F = G is the rigidity modulus, and A = » = v is Poisson’s ratio, 

It will appear that the bifurcation load of a long column depends essentially 
on E, G and v. From a uniaxial compression test along x, v could be obtained as 
the ratio €1/€33 and E as the slope 7 3/¢,, at stress o. Equivalently, 
E — (1 + 2v) o would be the ordinary * tangent modulus,’ i.e. the current slope of 
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the * true stress" = strain curve, the component of true stress being with respect 
to the fixed axes. Similarly, 2G could be found as the slope 7,3,€,3 in a simple 
shear test parallel to the 2, 2, plane under constant normal pressure o. Equiva- 
lently, the slope would be 2(G@ — e) in terms of the fixed-axes component of true 
stress. Actually, however, the distinction between the rates of change of the 
convected component of Kirchhoff stress and the corresponding fixed-axes com- 
ponent of true stress is hardly significant in the present context, since o/E is 
only of order (k/l)? at the bifurcation, while o/G is even less in the range of EG 
where it is necessary to know G accurately. 


4. BrrurcatTion: Linear Soup 


Ta the column 75 o and all other components are zero, Condition (8) 


reduces to 
OU, OU , 
o— —*) d\ 
Ms Ms 


(ty «4 


where the stress-rates must be eliminated via (5). Re-arranging this: 


. J (du, , 
Min ; F — — bt (7) 
f J My Oy 
where o, denotes the critical stress for which deflection is possible. 
In view of the stationary property a close upper bound to o, is obtainable from 
a sufliciently wide subset of the admissible velocity fields. Here we consider the 


subset 


where z =a, / and the dashes denote derivatives. This represents a detlexion 
f(z) of the line of centroids in the x,.7, plane, with bending about the weaker 
principal axis, and non-uniform shearing if f’’ + 0. To the present approxima- 
tion the built-in end condition is satisfied by {/(0) = 0 = f’ (0). Note incidentally 
that 7). 7), and 7,, corresponding to (8) all vanish identically (A being unequal to 
either — 1 or 1 2Zuv according to (6)); hence so do the 2, and x2, components 
of nominal traction-rate on the lateral surface of the column. 

These fields were used by Parson (1956) in an analysis of the stability of an 
isotropic elastic column. An extended investigation (Sewe.t. 1960) for solids of 
type (5) has yielded nothing better in a more general class of fields for which 
€13 = €¢9 Veg, and €,. = 0. 

For fields (8) 

Ke* 55 1 HG (e* 15 1 “»3) 
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"1 (1 
: (fda +y | (fade 
k\?,.. Jo 0 
| Min. , : 
i ae 
(f')* dz 
0 


* 


| \4/k\2 (42 G 
4 (3;) (7) (- 


Ak | ja? dx, diy, Ajt = | (a? + a,”)* da, day. 
y a 

Ak? is the second moment of area about the weaker axis, already defined, while 
Aj* is the fourth moment of area about the centroidal axis ; if, for example, the 
section is circular, (j 2h)* 4. Two terms have been omitted from the denominator 
in (9) since they are at most of order (& 1)? in comparison with the term retained, 
the three derivatives of f being comparable with one another. 

The y term in (9) represents the contribution of shear distortion. In a long 
column this is negligible when G/E is of order unity, owing to the factor (4/1) in 


(10). In that event a minimum value } 7? is obtained with f = 1 cos (4$7z), and 


= (iy 

a 
where E is effectively the tangent modulus, as previously remarked. This confirms 
Euler’s formula for the bifurcation load when the column is isotropic elastic and the 
pre-strain infinitesimal, as Pearson showed. We have here obtained a result 
formally similar for a wide class of linear solids with no restriction on the magnitude 
of pre-strain. 

At the other extreme the shear contribution is greatest when G > «© but E 
remains finite, as in the transition between the linearizations of the conventional 
elastic/plastic and rigid plastic solids*. Except when f’” = 0 the quotient (9) 
van be made arbitrarily large by increasing G ; consequently in the limit we must 
take f > z* to obtain the minimum value, the shear distortion itself then being 
vanishingly small. The limiting minimum value is 3, which agrees with the exact 
result of Hii (1957) for the linearizationt of an isotropic rigid plastic solid treated 
on its merits and not as a limit. The rate equations for this solid have indeed the 
form (5), but with A lLa=8, » 3, values not allowed in (6): in fact 
the equations are then only of rank one and so there is neither a unique inverse 
nor a potential of type (1). Consequently 7,,, 7, and 7, need by no means vanish 
identically for the field (8). 

As GE increases, then, the Euler-type tangent modulus formula underestimates 
the bifurcation load by a factor which rises eventually to 12/7; that is, an error 
of about 20 per cent. The discrepancy becomes appreciable when GE is of order 


*Conventional in the sense that the elastic/plastic potential is a quadratic form in the loading region of strain-rate 
space, Which implies that the * plastic part ’ of the strain-rate is alWays normal to the yield surface (compare equations 
(48) and (49), Hin. 1959) 

tThis is tacitly introduced through equations (10) and (11) of the reference, The value 3 is exact since the actual 


field happens to be contained in the class (8). 
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(//k)*, as can happen in a structural metal with a rate of hardening small compared 
with the shear modulus. 

The comparatively small range of the minimum in (9) suggests that a close 
estimate for intermediate values of G/E would be obtained from 


f(z) = 1 — cos (4mz) + }raz* (11) 


where « is disposable. With the best value, 


oO » (k\? » 
;=4=*(7) (ya): (12) 


+ 


A simple approximate formula for the best z, with a negligible error in o, (never 
more than 0-05 per cent and vanishing at the extremes), is 


12 


| 7-1) 1-632... (13) 


where y is defined in (10), 


5. BirurcaTion: NON-LINEAR SOLID 


According to the final remarks in Section 2 the result (12) is relevant to any 
non-linear solid having a potential W which is ‘ more convex’ than the potential 
W, of the linear solid (5). For a column of such non-linear material it can be 
asserted that the bifurcation load is certainly not lower than (12). 

In what follows we discuss the important special case where an even more 
precise statement can be made, namely when W is a quadratic form in a part Q 
of strain-rate space and coincides there with W, itself. This happens, for example, 
when the body is partly elastic and partly elastic /plastic: in an elastic element 
W coincides completely with W,, while in an elastic /plastic element W, is chosen 
as the quadratic which coincides with W in the ‘ loading’ part Q of strain-rate 
space*. 

Let v, be the velocity vector in the eigentield for the linear solid under dead 
loading on S,. Let v be a solution in the same state under given nominal traction- 
rates not zero everywhere on S,. Then v + py, is also a solution for arbitrary 
constant p. It may happen that there are certain traction-rates for which the field 
v involves strain-rates which lie in the part Q of strain-rate space at every point 
of the body ; if this is so then v is also a solution for the non-linear solid under 
these traction-rates. Moreover, by a continuity argument, there must in general 
be an interval of p containing p — 0 for which the fields v + pv, involve only Q 
and are consequently also solutions for the non-linear solid. It is then certain 
that bifurcations are possible for the non-linear solid, though this family of solutions 
is less extensive than for the linear solid and occurs only for certain traction-rates 
(these may or may not include dead loading). Of course, there may also be other 
types of bifurcation modes exclusive to the non-linear solid, 

For the column under increasing axial load a uniform straining associated 
with a uniaxial stress-rate is one solution for any orthotropic material. Let the 
considered linear and non-linear solids have the same tangent modulus and contrac- 


*For a proof of the overall convexity of W- Wy see Ht, (1958, Section 4, especially equation (13)). The proof is 
of the Kirchhoff stress, not its convected 


in terms of a related potential associated with the * rigid-body derivative 
derivative (cf, His, 1959, p. 222, especially equation (46) and the footnote), 


\ general theory of inelastic column failure—I 111 


tion ratio in compression ; they therefore have in common precisely the same 
uniform straining mode, which we suppose falls in Q so that it has all the properties 
ascribed to the field v. Now the exact eigenfield v, for the linear solid is not known, 
but we may perhaps regard (8) with (11) as an acceptable approximation (though 
naturally less good than the estimate of the bifurcation load itself), 

As a specific example suppose that the column material is elastic/plastic. 
Region @ is defined (very nearly) by the loading condition 


€33 < 0, (14) 


since the existing stress is a uniaxial compression. If the axial velocity at the 
centroid of the free end is arbitrarily set equal to unity (14) requires 


x 
a ae ~ 
l+p 7 J (2) PZ % 
Since f” is positive for 0 <z <1, its greatest value f” (0) is most critical. With 
this inserted the inequality must be satisfied for — a <a, <b, say, where a, b are 
the greatest distances of the perimeter from the weaker axis of section on opposite 
sides. Hence 


*) p t (15) 


a 


Thus, there is a family of modes v +- pv,, where p lies in the interval (15) for « 
defined by (13). Note that the family still exists even in the limit as « — 0 and 
p ~0, since pf +482? where 
Pd Pee B = & mpzx. 
b a 
The column can therefore begin to deflect in a range of possible ways under 
increasing axial load at the stress (12), which in this sense is critical for the non- 
linear solid W. 
We recall that this has been proved when W — W, = 0 for strain-rates satisfy- 
ing (14), while Wo— W,, is only restricted to be convex for other strain-rates and 
is otherwise unspecified. 
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SUMMARY 


GeNERAL suflicient conditions are formulated respectively for either dynamic stability or insta- 
bility of an inelastic continuum under dead loading. These indicate a criterion of stability, and 
the corresponding critical load is caleulated for a built-in column under compression, This load 
is found to lie above the bifurcation (Shanley) value, as determined in Part I, and coincides (to 
within the approximation used) with the reduced modulus (Engesser-Karman) value modified 
to allow for the effect of shear deformation. 


1. Score or INVESTIGATION 


Avr THe present time it is not known what conditions are both necessary and 


suflicient for stability when the body concerned is inelastic. It is, however, possible 
to formulate sets of sufficient conditions either for stability or instability. Such 
a set has been given by Hr (1959, Section 3) for the stability of an inelastic 
solid of any kind, whose surface is subject to rigid constraints on a part S, and to 
dead loading on the remainder S,. We present these conditions here in a slightly 
relaxed form. A position of equilibrium is stable if, in configuration space, its 
representative point O is contained within a certain sequence of closed neighbour- 
hoods, monotonically decreasing to zero at O, with the following property. On any 
geometrically-possible path from O to the boundary of a typical neighbourhood N 
the work absorbed in distortion algebraically exceeds the work of the dead loads 
by at least a positive quantity wy, which decreases monotonically to zero with N, 
This ensures that a free inertial motion started with sufficiently small kinetic 
energy w from O by an arbitrary transitory disturbance can never escape from the 
neighbourhood such that w, — w, no matter what the actual dynamic paths may 
be nor how long the motion may continue*. Moreover, when the disturbing energy 
is vanishingly small so is the neighbourhood containing the motion. 

It is to be understood that a path to the boundary may be arbitrarily devious 
or repetitive (to allow for quasi-oscillatory or cyclical actual motions); in calculating 
the energy of distortion full account must naturally be taken of the accompanying 
changes in material properties (changes due to rate of strain and temperature 
variation are assumed negligible). On a direct path of infinitesimal total length, 
however, the net work defect is of second order and depends on the rate equations 

*Disturbances such that the free motion starts from positions P near O are also permitted. w is not then the 


actual kinetic energy at P, but what would be the equivalent kinetic energy at O; that is, the total effective energy 
relative to O, with due allowance for the net work absorbed in the transition from O to P, 
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in the equilibrium state only. It has the sign of the volume integral | U dV, where 


U is the potential function of velocity gradient evaluated for the velocity field 
defining the initial direction of the path (see Part I, Section 2). Consequently, 
the above set of conditions for stability includes the requirement that 


[Uav>o (1) 


for all continuous, once differentiable, velocity fields vanishing on S, (but not 
identically zero). Additional restrictions have to be placed on the variation of the 
rate equations along arbitrary indirect paths in a sufficiently small neighbourhood 
of O, but we shall not discuss these here. 

It is known that inequality (1) holds whenever a certain condition is satisfied 
guaranteeing uniqueness of the actual velocity field under prescribed nominal 
traction-rates on S, (op. cit., especially equations (5), (12) and foot of p. 213). 
On the other hand, when the solid is non-linear (U not a single quadratic form) 
there exists the possibility that (1) may hold and nevertheless bifurcation occurs 
under certain varying (not dead) loads on S,. In Part I this was proved to happen 
for the built-in column under an increasing compressive stress o, for a wide class 
of non-linear materials. For these the bifurcation stress o, was shown to coincide 
with that marking the fundamental eigenstate of a column of linear solid whose 
potential U, is the linearization of U (a terminology introduced in Part L, Section 2). 


In this state 


U, dV > 0 for all admissible fields when o 
U — U,, was stipulated to vanish in a region Q of strain-rate space and to be 
convex in the remainder (and therefore positive) ; moreover, the eigenfield which 
produces the equality in (2) involves strain-rates outside Q in part of the column. 
It is evident that (1) is satisfied. 
Our present concern is to calculate, for this class of non-linear solids, the critical 
stress o, such that 


| U dV > 0 for all admissible fields when o < @,, 
: (3) 


and | UdV < 0 for some admissible fields when o > @,. 
* 
” 


The question as to when a field exists such that |UdV = 0 for o = @, is not 


investigated here. If it does exist it is necessarily an eigenfield representing a 
mode possible under dead loading. For, in view of the first part of (3), the first 


variation of | U dV must vanish; this characterizes an eigenstate (by the converse 


of an argument given by Hin. 1959, p. 214). 

It is not apparent, however, whether the stress (3) need be critical for stability ; 
that is, whether a state in which neither (1) nor (3) is satisfied must be unstable 
(according to some reasonable definition). For an elastic solid the classical argument 
of Kelvin shows that it is, in the dynamic sense, at least when gyroscopic forces 
are not induced by the motion and provided some viscous type of energy dissipation 
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is present, however small*. For inelastic solids it is unlikely that the question 
would admit a universal answer. Here we do not attempt a direct approach but 
instead formulate a set of conditions sufficient for instability, applying to any 
inelastic solid (linear or non-linear). Instability of a position of equilibrium is 
ensured if, in configuration space, its representation O is the point of accumulation 
of a sequence of points (typically P) contained in a bounded fixed neighbourhood 
N with the following property. Any equilibrium positions (including O) associated 
with arbitrary paths starting from any P and lying entirely within N are energetically 
unattainable in free inertial motion from momentary rest at P.t The proof is a 
refinement and generalization of Kelvin’s argument. Among arbitrary transitory 
disturbances, however small, there are always those such that the ensuing free 
motion starts from rest at some P. This motion must eventually cease permanently 
at a position of equilibrium through the viscous dissipation. But, by hypothesis, 
any statically possible positions of equilibrium in N are energetically inaccessible 
from P, in that the work absorbed in distortion on any path to them from P 
algebraically exceeds the work of the dead loads — whereas no kinetic energy is 
available at P to supply this defect. Consequently the motion must eventually 
pass outside N (perhaps only temporarily). A finite displacement is therefore 
produced by certain arbitrarily small disturbances and so in that sense the position 
O is unstable. In order that O itself should be energetically inaccessible from rest 
at any P, 


(4) 


for the velocity field leading from O along the sequence. 

For this set of suflicient conditions for instability, then, it is a pre-requisite 
that the functional should take negative values in at least some fields. On the 
other hand, for the suflicient conditions for stability it is a pre-requisite that the 
functional should always be positive. It is worthwhile, therefore, to give special 
attention to the stress characterized by (3). 


2. Current STatre or THE CoLUMN 


With the notation of Part I the rate equations in the region Q of strain-rate 
space are 


fe 


71) — Ateg — tg, 2G egy = Foy, 7 


: ‘ ef ; 
AT, ft Tq, 2G) €5) 3); 


v (7, T22), 2F e112 = thy J 
In the remainder of strain-rate space, Q’ say, we assume similar linear forms but 
with different coeflicients. The potential U for this non-linear solid is then analy- 
tically composite, being obtained by adjoining a pair of quadratic forms. 

*Viscous in the broad sense of being dependent on velocity and vanishing with it 


+The equilibrium positions are naturally in respect of the body changed in its material properties by the distortion 
on the paths from P 
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In order to make the subsequent variation problem tractable it is virtually 
unavoidable to assume the same contraction ratio v in Q and Q’ for a uniaxial 
stress-rate along 23, the axis of the column*. We therefore take in Q’ 

7 
€1) = Ty, — A’ tog — pe Tey, 2G" €s5 = te3; 


{ in Q’. 


os 7 _ SY AL . 
€o9 T22 A Ti fA T 33° 2G €31 * Ta; 


4 €33 733 — ¥ (71, + 729), 2P" e12 Tie J 


For any strain-rate in the hyper-plane surface separating Q and Q’ the relations 
(5) and (6) must predict identical stress-rates. This requires the surface to be 
€33 = 0O(E' # E), and we therefore suppose (as in Part I) that 


€s33 = 0 in Q, egg > O in &. (7) 


Moreover, it is necessary that 


14 : (8) 
1+A 1 pv wk 


Only one of the material constants in (6), say EB’, can thus be chosen independently 
of the constants in (5). It is, however, subject to the restriction 


E’>E (9) 


in order that U — U’, should be convex (as required in Part 1), where U, corres- 
ponds to (5) in both Q and Q’. In terms of E’/E equations (8) give explicity for 
rp’: 

pe [(1 (E E’)) pev 


E 
' \ | pv. (10) 
fe 4 / 4 


It will be recalled that A, «, v are restricted by inequalities (6) in Part L; it is easily 
checked that similar ones are automatically satisfied by A’, p’, v: 


oe ee Qu’ v, OCpv<l. (11) 


3. Critica Loap vor PosstsLe INSsTABILity 


The compressive stress on the column at the load characterized by (3) is 


/Pr 
, / | dv, dv . 
1b t..€,aV / {—*—* dl 
B10. ij *u / == 
/ Os, Xs 


in the class of admissible fields. This is formally analogous to (7) of Part I, but 
now we are dealing with the non-linear solid U and not its linearization U,. Rela- 
tions (5) apply only in the part of the column where ¢3, < 0, while in the remainder 
relations (6) must be taken. We seek a close upper bound to the minimum through 
the subset 

*The theory can then only be an approximation for the conventional clastic/plastic solid, where the ratios differ 


in the loading and unloading regions of strain-rate space. However, since the final formula for the critical load does 
not depend sensitively on the contraction ratio, a mean value should be adequate for practical purposes. 
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where g (0) < 0 = g’ (0), Lis the length of the column, z denotes 2, 1, and dashes 
denote derivatives with respect to z. d is the distance between the centroidal axis 
and the surface of momentarily unstretched fibres, which in (12) is plane. 

Two considerations governed the choice of these fields. First, the corresponding 
strain-rates satisfy €,, = €o9 VE gg: €yg — O, and SO 7), Fog and 7,, are identically 
zero through the column, making the x, and 7, components of nominal traction-rate 
vanish on the lateral surface. Second, in every section the portion corresponding 
to @ (or Q’) is the same: 


Q: 2, d. Q’: a, d. (13) 


This greatly eases the extremum problem. No doubt the actual surface separating 
the portions is neither plane nor parallel to the axis, but nevertheless the optimum 
value determined for d probably represents a fair approximation to the mean |.,| 
on the actual surface. 
With the field (12) the approximate critical stress is 
» (‘era 
Jo KE 


(15) 


(€,, €) are new Cartesian coordinates such that £, = 2, + d, & =a, and the 
double integrals extend over the parts of the section on either side of the chord 
£, = 0. The parameter 7 represents the effect of shear deformation and is given 
by a formula similar to that for y in Part I: 


(0S 


where Aja = | | [(E — a + & 4) [Er + + &4) de dey, 
"si 


The * weighted modulus * £ is a function of d, given by (15) ; so also is the shear 
parameter 7, given implicitly through & and j, by (16). For fixed d the extremum 
problem (14) for g(z) is precisely the same as that for f(z) in (9) of Part L If, 
therefore, the bifurcation stress is written in the form 


0, } 7 (“)¢ (y) E, 
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the critical stress corresponding to (3) is expressible as 


\2 8 
a, =} n(") Min {4 (7) B}. 


Now it was shown in Part I that ¢ only varies between 1 and 12/7? as its argument 
ranges from 0 to «© [an approximation to ¢ was obtained in (12) there]. It should 
be sufficiently accurate, therefore, to take 


k : . i 
a=) 7* (5) (7) Min h (17) 


where 7 here is to be evaluated at that value of d which makes £ least* (instead 
of at the value which makes ¢£ least). This formula is in fact exact lice. with an 
error only of order (k 1)? ] at the extremes, namely when 7 is either very small 
(G/E of order unity) or when it is very large (G/E > [2 k*), 

Special interest attaches to a material which is rigid for strain-rates in Q’. 
When E’ + «, while E remains finite, £ is least when the part £, < 0 of the 
section vanishes. EE is then equal to the ratio (second moment of area about the 
corresponding tangent parallel to the x, axis)/(second moment of area about the 
#, axis); that is, to 1 + (d?/k®) where d is the distance between the tangent and 
the axis of section. This ratio is, for example, four when the section is a rectangle 
and five when it is a circle. Further, since G + @ also, so does 7(v 4 0) and 
consequently the optimum g (z) > 2? [as did f(z) in Part I}. This makes 
@ — 12, x’, and so finally 

3(@ ks WY B. (18) 
[2 
The result previously obtained by Hix. (1957) for a cylindrical column of the 
conventional rigid plastic solid is in agreement with this general formula. 


4. CriricaL Srress ror EIGENSTATE 


We now consider the stress at which the column can first deflect under dead 
load. Even if, for certain inelastic solids, the eigenstate stress should not coincide 
with the critical stress (3), it nevertheless has importance as a * latent instability 
(ZigGLER’s terminology, 1956). For example, additional arbitrary body-force 
rates (representing, in the slender column context, small transverse disturbing 
forces steadily applied) produce an unbounded strain-rate as the eigenstate stress 
is approached. The wellknown Engesser-Karman theory was prompted by such a 
static concept of instability. 

The Engesser-Karman formula for the eigenstate stress was derived originally 
for a conventional elastic plastic solid. For the class of non-linear solids considered 


here its formal generalization is 
k\? 
1 x? (;) B (d,) (19) 
where d, is the unique value of d for which 


*This d always falls inside the section, and approaches the boundary as E’ E — . It is zero when E’ = E, and 
then (17) coincides with the approximation to the bifurcation stress obtained in Part I. 
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E | | é dé, dé, + F' | g, dé, dé, — 0. (20) 
i: ' 


,>o &, <0 


E (dy) is the so-called * reduced modulus.’ 
It is worth noting that (20) is equivalent to the condition that the rate of 
increase of the x, component of total load on any section shall vanish for fields in 


the subset (12): 


| | (aa @ €g3) dE, dé, = 0 


with 733 and €5, = — §,g” (2)/P. 


LE’ ess, & <0 
On neglecting ¢ EF and o FE’ compared with unity, and dropping the factor g’’ (z), 
(20) is obtained. 

Now it is easily shown that the reduced modulus is actually the absolute 
minimum value of the weighted modulus for any value of d in the section* ; that is, 


Min EF (d) = E (d,). (21) 


Consequently, when the shear effect is insignificant (¢ ~ 1), the Engesser- Karman 
approximation (19) to the eigenstate stress coincides with the upper bound approxi- 
mation (17) to the critical stress (3) for non-linear solids of type (5) with (6). 

However, the formula (19) is not a good approximation when the influence of 
shear deformation is significant. To see this, consider the limit when EF’, E and 
GE +» «, so that the region €, < 0 vanishes. The critical value (18) then exceeds 
the value (19), which therefore lies in the range where the functional (1) is positive, 
not only for the subset (12) but for all admissible fields (Hitt. 1957). In other 
words, there could not be an eigenstate at the stress (19) in these circumstances. 

A modification of (19) which would not have this particular defect is of course 
(17) itself with (21): 


1 x? (“)¢ E (dy) 


where the function ¢ here is to be evaluated at d = dy. The question whether this 
actually supplies a valid approximation to the eigenstate stress is left for further 
examination. 
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SUMMARY 


A move - of a crack is developed in which the surface energy in the Griffith treatment is taken to 
depend on the temperature and strain rate. It is shown that such a crack shows a transition 
from brittle to ductile behaviour as the temperature is raised. 


Ix a metal a crack may spread either in a brittle or in a ductile manner, depending 
on how readily plastic flow can occur, Little progress, however, has been made in 
relating quantitatively the type of crack propagation to the capacity of the material 
to deform plastically, and it has still to be shown how a relatively small change in 
the plastic behaviour of the material (such as may be obtained by a change in the 
operating temperature) can cause an abrupt change in the mode of crack pro- 
pagation. A detailed calculation of the plastic flow near a moving crack presents 
a problem of some difliculty, especially since strain-rate effects are likely to be impor- 
tant. It may therefore be of interest to describe a simplified model of a propagating 
erack which nevertheless shows a brittle to ductile transition; the model is a 
development of one previously proposed by GILMAN (1956). 

Morr (1948) has shown how the velocity of a moving Griffith crack may be 
determined by taking into account the kinetic energy. The condition that the sum 
of the kinetic, elastic and surface energies be conserved as the crack spreads gives 
the velocity V of the crack to be 


V =V,(1 — Ug/2 U,), (1) 


where V, is the limiting velocity of a long completely brittle crack, Ux, is elastic 
strain energy of the crack, and U’, its surface energy. In a metal a certain amount 
of plastic deformation will take place even when the fracture is of the type commonly 
regarded as brittle, and OkowAN (1949) has pointed out that this can be allowed for 
by including a term in the surface energy representing the plastic work done. 
The magnitude of this plastic work is in general large compared with the true 
surface energy, which may therefore be neglected. It will be possible to represent 
the plastic work as a surface energy in this way if the deformation is confined to a 
thin layer near the crack, that is when the material is brittle ; but in a fully ductile 
material, where plastic flow extends through a large volume, such a representation 
will not be even approximately correct. 

In order to obtain a ductile—brittle transition we must suppose that the plastic 


work done, Uy. depends on the crack velocity and on the temperature. To deduce 
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a simple expression for this dependence consider a material which, when loaded 
under a constant stress, develops after time ¢ a strain « given by 


€ = (t/r)" (2) 


where » is a constant and + depends on the stress and the temperature. When 
n = 1, we have a quasi-viscous material which deforms at a constant strain rate. 
When x is large the strain is small for times t < 7 and large for t > +; thus we 
have a material which shows delayed yield, + being the delay time. Hence equation 
(2) is sufficiently general to include a variety of important types of strain behaviour. 
At each point near a moving crack the time of loading ¢ will be inversely proportional 
to the crack velocity V, and so the strain will everywhere be proportional to V~". 
Hence we write the surface energy Uy as 


U,= AV (3) 


where the factor A will depend on the temperature. Since plastic flow will occur 
most readily at high temperatures, we assume that A will increase with rising 
temperature. 

On substituting (3) into equation (1) and writing VV, = v, we obtain 


1 (4) 

where 
0— A2U yg Vo". (5) 
The relation (4) between v and @ is shown in Fig. 1. Since, from (5) and the assumed 
behaviour of A, @ will increase with rising temperature, Fig. 1 is essentially a plot 


@ Poem ----------- 


of crack velocity against temperature (though the temperature scale will in general 
not be linear). Above some temperature 7, corresponding to @ = 0, = n® (n 4+- 1)""! 
no velocity of crack propagation can be found which satisfies the assumptions on 


which our equations are based, showing that quasi-brittle propagation of the crack 


is impossible here. This therefore represents the ductile region and so we identify 
T,, with the transition temperature. Below the transition temperature we find 
two velocities v, and v, (v, < v,) of brittle crack propagation. On the upper branch 
of the curve, v, varies between 1 and v, = n (” + 1), and so we have a high speed 
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crack, moving with a velocity which is only a little less than Vy and which decreases 
slightly as the transition temperature is approached. We may reasonably identify 


this with the experimentally observed brittle crack. The other lower speed v, of 
crack propagation which is shown in Fig. 1 is, however, not observed. To under- 
stand this we must consider the stability of the crack velocity. 

Let v denote the steady crack velocity satisfying equation (4), and suppose that 
at some instant the plastic work which is being done corresponds not to v, but to 
v + dv. (Such fluctuations may for example occur when the crack crosses a region 
which happens to be harder locally than the bulk of the material). Then on the 
right-hand side of equation (4) we must replace v by v + dv. This change in plastic 
work will produce a change Av in the crack velocity given by 

Av = nOv-*" bv. (6) 
If Av < dv, any fluctuation will be damped out and so the crack will propagate 
in a stable manner ; while if Av > dv the propagation will be unstable. Hence from 
equations (4) and (6) we find that the crack will be stable if, and only if, v > v,. 
Thus only the higher crack velocity, v,, will be stable and so will be the only one 
to be observed. 

Nevertheless the lower crack velocity v, does have a physical significance, as it 
represents the velocity at which the crack can propagate under its own momentum ; 
once the crack has reached the velocity v, it will accelerate and become a fast- 
moving brittle crack. For velocities less than v, the crack will resemble a ductile 
crack in that (i) it will tend to come to rest unless its motion is maintained by the 
external load, and (ii), by equation (3), its propagation will be accompanied by a 
large amount of plastic work. This is in accord with the observations of FeLBeck 
and Orowan (1955) who found that a crack always started to spread in a ductile 
manner before becoming brittle, and similarly reverted to ductile behaviour on 
coming to rest. 

For a crack of length ¢ the elastic energy U, (equation 1) will be proportional 
to c®, while the surface energy Uy will vary only as c. Hence the ratio U,g/U,, and 
so the value of @, will decrease as the crack grows. If this carries @ through the 
transition value @, there will be a change from ductile to brittle propagation when 
the crack reaches a certain critical size depending on the temperature. We suggest 
that this accounts for the observation of Wesse. (1956) that near the transition 
temperature fracture may occur in a tensile specimen by a ductile crack starting at 
the centre, spreading outwards to a fraction of the cross-section, and then continu- 
ing as a brittle crack, the size of the ductile region increasing with temperature. 
In general, however, this effect will be complicated by the fact that the triaxial 
nature of the stress changes as the crack spreads from the centre to the edges of 
the specimen ; this is not taken into account here. 

The neglect of effects due to the triaxial nature of the stress is, indeed, the 
greatest limitation of the present model (apart from the fact that it says nothing 
about the initiation of the crack). Though such effects are certainly of importance 
it unfortunately does not seem possible to include them without greatly complicating 
the treatment. 

In conclusion we note that although we have assumed the particular law of 
plastic flow contained in equations (2) and (3), this is by no means necessary ; 
it is quite easy to see that if equation (3) is replaced by any relation which makes 
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U., increase with rising temperature and decreasing crack velocity, very similar 
results are obtained. This suggests that the general features of brittle crack pro- 
pagation are not very sensitive to the precise mechanism of plastic flow, though the 
value of the transition temperature will depend on the details of the mechanism. 
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SUMMARY 


Series solutions are presented for the complex potentials and deflexion of a thin circular annular 
plate of constant thickness under any system of concentrated forces or concentrated couples in 
equilibrium, the edges of the annulus being free. The limiting cases when the radius of the inner 
edge tends to zero or the radius of the outer edge tends to infinity are investigated and exact 
solutions in closed forms are deduced. Worked out in detail are three particular problems ; 
namely, those of circular ring plates subjected, respectively, to two bending couples, to two 
twisting couples, both applied at the ends of a diameter of a concentric circle, and to four forces 
applied at the ends of two perpendicular diameters of a concentric circle. The method of images 
is used to obtain the deflexion of a sectorial plate bounded by two free ares of concentric circles 
and two radii when the plate is acted upon by a concentrated load at an arbitrary point and is 
simply supported along the straight edges. 


1. INTRODUCTION 


Tuk TECHNOLOGICAL importance of the study of the behaviour of normally loaded 
thin elastic slabs is sufliciently well established to require no elaboration. Thin 
perforated plates of material are structures which have considerable applications 
in engineering design and problems concerning their transverse flexure have been 
investigated both theoretically and experimentally by many authors. The influence 
of circular and elliptical holes on thin elastic plates under transverse flexure and 
transmitting constant bending moments, twisting moments, or shearing forces 
were first considered by Goopier (1936) through the use of curvilinear coordinates. 
MuskHELIsHvILI's complex variable method of solving the biharmonic equation 


was applied by FriepmManwn (1941) to the case of a circular hole in a large plate 


transmitting constant bending or twisting moments. Problems relating to a 
circular ring plate have also been treated in the same paper. Solutions for an 
infinite plate with a cut-out in the form of an ovaloid have been given by HoLcare 
(1946) who considered flexural couples distributed around all edges, cylindrical 
bending about one axis and uniform twist about one axis. The effects of a free 
hole or a rigid inclusion with the shape of an ovaloid on a large plate transmitting 
constant bending moments, twisting moments, or shearing forces have been 
discussed by Yu (1954a) with the aid of Muskne.isuvini’s complex variable 
method. Although Yu's results are exact only when the plate is infinite in size, 
they may also be applied to finite plates the sizes of which are large compared 
with the hole or the rigid inclusion. Gooprer (1936) observed that in the case of a 
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circular hole the results may be applied to finite plates without significant errot 
if the boundary does not come within a distance equal to five times the radius 
of the circle. Solutions for an infinite isotropic thin plate with free outer edge and 
an elastically restrained inner circular edge have been established (Bassa.i 1957a, b), 
when the plate is subject to various distributions of normal thrust over the area 
of a circle. When both edges are free and the infinite plate is under the same normal 
pressures and is supported at several points the appropriate solutions have also 
heen obtained (Bassatt 1957c, 1958a). The latter paper contains the solution 
for an infinite plate with a free circular hole and acted upon by any external system 
of isolated forces and couples in equilibrium. The corresponding problems for an 
elastically restrained circular plate or a circular plate with a free edge have also 
been solved in a series of papers (Bassani and Dawoup 1956; Bassai 1956, 
1957d, 1958b) ; extensive bibliographies are to be found at the ends of these papers. 

Using the solution for an infinitely large plate clamped at an inner circular edge, 
with outer edge free and loaded by a concentrated force at an arbitrary point, 
Symonps (1946) has established solutions for ring-shaped plates of free finite 
outer radius, with the force applied either at the outer edge or at any point between 
the inner clamped edge and the outer edge. The first case, in which the force is 
applied at the outer edge was solved by Retssxen (1929). In his discussion of 
Symonp'’s paper PotivKa (1947) mentioned that he had applied the methods of 
Férrt and Mice: to a ring-shaped plate clamped along its outer edge and that 
he was able to corroborate the results of his analysis by tests on models, Influence 
deflexions were measured and fair agreement with the analytical solution was 
found. The bending of circular annular plates under an isolated load has also been 
discussed by Sekiya et al. (1952) who gave an explicit solution to the problem 
only when both edges are clamped. Circular plates with central holes and loaded 
over the arbitrary eccentric circular domain have also been treated by Sekiya 
and Wapa (1956) who gave Fourier expansions of the boundary conditions and 
applied their method to two numerical examples in which the boundaries are 
clamped. In a recent paper (Bassaut and Gorcut 1960) solutions for circular 
ring plates under a concentrated load or a concentrated couple at an arbitrary 


point have been found when both edges are elastically restrained with different 


restraining parameters or one edge is elastically restrained and the other is free. 
The finite circular plate with an eccentric circular hole and bent by a concentrated 
load at any point has been studied by Kupriavrzev (1946) and Sarro (1957). 
The same problem has also been discussed by Otszak and Mroz (1956, 1957) 
through the use of the transformation of inversion. 

The bending of circular ring plates of variable thickness has been considered 
by Conway (1948, 1958), the plates being either subject to symmetrical loadings 
or to systems of couples and normal forces on the edges. The corresponding pro- 
blems for plates with constant thickness have been worked out by Wau. and Lospo 
(1930), Lanrow (1941), Trumpier (1943) and Groraian (1957). 

In this paper expressions are determined, on the basis of the classical theory of 
bending of thin elastic plates, for the complex potentials and deflexions of circular 
ring plates with free edges and subject to any system of concentrated external 
couples or forces acting at a finite number of interior points. For convenience, 
concentrated couples and concentrated forces will be discussed separately. It 
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may be seen that this does not restrict us from loading the annulus with both 
couples and forces at the same time. No special treatment (Yu 1954b) is required 
when the forces or couples are applied at points of the edges, and the solutions 
can be derived from those for interior points by a limiting process of letting the 
points of application of forces or couples tend to the boundary. Solutions corres- 
ponding to certain distributions of couples or forces are carried out in detail. In 
limiting and special cases the results obtained are found to agree with those of 


previous authors. 


2. Precimixary Resvuvrs 
It is well known that the small transverse displacement w, measured positively 
downwards, at any point z l iy — re’® of the middle plane of an isotropic 
homogeneous thin plate singularly loaded by isolated couples or forces satisfies 


the biharmonic equation 
V4 w = [(d* de?) + (d7/dy*) Pw = 16 4 w dz? DF = O (2.1) 


at all points of the plate except at the load point or points, bars being used to 
denote conjugate complex quantities. According to Muskuenisuviti, the general 
solution of (2.1) may be represented by 


rT > (2) = (2) rv (2) rv (2). (2.2) 


where ¢ (z) and x (z) are analytic functions of the complex variable z, usually called 
the complex potentials. 

With the usual assumptions (Conway 1948, p. 1) and nomenclature of smail 
detlexion plate theory, the complex combinations of the bending moments M,, 
M,, twisting moment M,, and shearing forces Q,, Q,. all per unit of are length at 
any point in the plate may conveniently be given (Lecunirzky 1938) by 


M, $D(1 + v)[¢' (2) + (2). 


M M, + 2iM,, $D (1 — v) [2 6" (2) + (2? W (z)/7*)). 


Q, — iQ, 8Dz $" (2) r, 

where ys (=) r'(z), 
D = 2Eh® 3(1 — v*) is the flexural rigidity of the plate ; FE, v and h being, respec- 
tively, Young’s modulus, Poisson’s ratio, and the half-thickness of the plate. 

LecCHNITZKY (1938) also derived the boundary condition for the plate problem 
in which the boundary moments and shear resultants are prescribed. For a free 
boundary I° of a plate his result is reduced to 

«x & (2) >’ (2) ub (2) 4 ifzon I, 

where k = (3 4+ v) (v — 1). 


x is a complex constant and £ is a real constant, both arbitrary. 


3. Crreunar Rinc Piare SuBpsecrep vo CONCENTRATED COUPLES 


We now consider the bending of a circular annular plate of constant thickness 
bounded by an outer circle I’, of radius c, and an inner circle I’, of radius c,. Both 
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boundaries of the plate are assumed to be free and the plate is acted upon by the 
system of m concentrated couples G, (s 1, m) operating at the m interior 
points z, = r, e'®s, the planes of the couples being normal to the plate and making 
angles y, with the positive direction of the x-axis. 

It was shown (Bassai 1959, p. 132) that the singular parts of the complex 
potentials #(z) and x(z) at the point of application of the concentrated couple 
G, are 

k A, log Z,. (3.1a) 


k (A, 2, — A, Z,) log Z,. (3.1b) 
where 1 (167D). (3.2) 
(3.3) 


From (2.4) and (3.1b) it follows that the singular part of the function & (z) at 


the point 2, is 


Win (2) = k[(A, 2,/Z,) — A, log Z,]. (3.4) 


The conditions of equilibrium of the plate readily give 
m 
dA, G, = 0. (3.5) 
s=1 
Guided by (3.1a) and (3.4) we now assume that the functions ¢(z) and (2) which solve 
the circular ring plate problem under consideration have the forms 


m 
o(z) =k | 2 A, G, log Z, + bo a} (3.Ga) 
Ss 


m 

~(z) =k |F6, {(A, 2,/Z,) — A, log Z,} 4 to} (3.6b) 
oe | 

where ¢p (2) and iy (2) are functions of z, regular over the annulus Cs < |z Cy We have now 

to determine these functions from the conditions that the boundaries PG 1,2) are free. 

Substituting from (3.6) in (2.5) leads to 


m 
« by (2) + 29 (2) + bo (2) 2G, (A («tog %, - log Z,) + (Ay Z,/Z,)] 
8-= 


a, + 1B; = on RU 1, 2). (3.7) 


On I, we have 2 = ¢,* and the expression on the right side of (3.7) may be expanded in the 
form 


m 5 2 2 > 

a * Y = 22, PAs (ey Ma a As] en he 

a, + tB,2 am “yy ~ 2 - 2 — (As Hs Ag 2) 
_— n=2 \C | “s n| iT 


2 n 
| : (3.8a) 


while on I, we have 22 = c,” and the same expression has the expansion 


A 


- 
s* 


“— 


m 
a + iByz + > G, >: = c4*) + A, (« log z, + log z,) 
s 


ety — Sl (SE 
a) 
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To satisfy (3.7) we now assume tentatively that 


$_ (2) =2 2 P, 2", (3.9a) 


Po (2) af (3.9b) 


where Fn and Q), (n 0, + 1, 4+ 2,...) are, in general, complex constants to be determined. 
Since a term iCz(C real) in ¢, (z) makes no contribution to the deflexion w we see that the constant 
P,, may be taken as real. Furthermore, it follows from (2.5) that a term* iCz-! (C real) in 
%o (=) does not affect the conditions of a free circular boundary. This term leads to a term 
iC log z in Xo (2) and hence contributes a multiple-valued term to w. The constant Qo must 
therefore be taken as real. 

With the values (3.9) inserted in (3.7) the left side may be written as 


x 
2Z[«P,2* +4 (c;* 2" {(n +1) P, + QnG 2}] on ae , 2). (3.10) 
x 
When the expressions (3.8a), (3.8b) are equated to (3.10) with j = 1, 2, respectively, and the 
corresponding coefficients of powers of z in the resulting identities are compared the following 
equations are immediately arrived at : 
saad 
(1 + «)c,? Py + Qg = — 2 Re 2 A, G, z,, 
s=1 
(3.11) 


m 
(1 + K«) eg? Py + Q (1 + x) eg? Re Y A, G,/z 


(3.12) 


where 


- ¢4%) 


4 


Solving the foregoing equations and making use of the equilibrium conditions (3.5) lead to 


m ’ q 
> Ae 2r2 
Re 5 (1 s ) 


2) C2 


2 s=1 4% 
. 3,83 1G 
c c ’ 
1 2 ~ 2 8 
Q, —— 8 Re _ | 1 
° 2 


s=1 8 


*Equation (2.3b) shows that this term contributes a constant value to M,9 over any circle r = constant and 
Lenve the conditons M, = 0, Q, — (0M,9/rd@) = 0 for a free circular boundary are not affected by such a term. 
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(mn? — 1)t, (Vo e,> 


2620 


n 


where 


(3.17) 


The constants P_, in (3.9) and Q, in (3.9b) are left arbitrary and since they have similar con- 
tributions to w it follows that one of them may be taken as zero, These terms together with a 
constant term in x, (z) contribute the linear expression dx + By + C to the deflexion w at 
any point of the plate ; 4, B and C being real constants that can be determined by knowing the 


deflexions at three given points of the plate. 
To compute the moments and shears at any point of the annulus we substitute (3.9) into 


(3.6) and then apply (2.3). The results are 


G, | ( r 

: A A 
* 2 s s 5 
Z| fr Z, 


l)(« 


DS inin nNrpP (n 
i n 


« 


1 Re / ; © 
SY fey Sni(n 4 1) P, 2" |- 


ess 
27r im | s<1 1 


From (2.2), (2.4), (3.6) and (3.9) we find that the deflexion at any point is furnished by 


uk 2k | 2 (A, Z, + AZ.) Glog R, Py r+ Q,logr Re (r? P,z-—Q,2 1) 
sl 


~d ‘ 1 . ! 
Re 3 (2 P, + -@,)2" 4 ( P,, : Ae + By + C]> (3.19) 
n-2 n 


where 2. Z,. A, B and C are real constants. 

We are now in a position to examine two limiting cases. 

(a). Finite cireular plate (without a concentric hole) having a free edge and subject to 
any system of concentrated couples in equilibrium. Let us now determine the limiting form of 
the foregoing solution as the radius c, of the inner circular boundary /, tends to zero, The 
following expressions for the coefficients in (3.9) are easily obtained ; 
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m 
2G, (A, a, + “4, s)> 


s” omk 


(3.20a) 


(3.20b) 


Q » O(n 


When these values are inserted in (3.9) it is found that the regular function 9 (z) and gp (2) 
can be put in the closed forms 


1 m 
by (2) 2 G, | A, log (1 
K g=] 
. (3.21) 
'¢ 
by (z=) = - 2G, | x A, log (1 
Kg=1 
Substituting from (3.21) in (3.6) and integrating the resulting expression for ~% (z) we find that 
the values obtained for ¢(z) and x (z) agree with those derived through the application of 
MUSKHELISHVILI's con plex variable method (BassaLi 1958b, p. 274). 
(b). Infinite plate with a free circular hole. Letting Cy tend to @ in equations (3.14)(3.17) 


yields 


(3.22a) 


A z, \'-* 
s “— 
=. oF —~ (n i ae * 
n 1 (<5) 


m 
«) c,* Re Z A, G, z 
s=l1 
2,: (3.22b) 


9 


; A, z,* 
') ~—-| (n = 1,2,...). 
Co* 


Introducing these expressions in (3.9) and summing the infinite series obtained we get the closed 
formulae 
m 


$y (2) ' 3a 
ali teak” 


bo (2) 


When equations (3.23) are combined with (3.6) and the second equation is integrated it is found 
that the results are in agreement with equations (49), p. 116 of Bassai (1958a). 

Special problems dealing with the transverse flexure of a finite circular plate, an infinite 
plate containing a free circular hole or a half-plane subjected to two bending or twisting couples 
have been worked out in detail (BAssALI 1958a, b). Two particular problems concerning the 
bending of a circular annulus by concentrated couples at interior or boundary points will now be 


discussed. 
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# Crircutar ANNuLUsS UNberR Two Benvpinc CovupLes 


In the first problem the annulus of outer radius c, and inner radius c, is subjected to two 
equal and opposite concentrated bending couples each of magnitude G and acting at the ends 
(+ ¢,0) of a diameter of a concentric circle. Here we have 


A, =A, =1, 3, =c; A=—A=- 2=-6. (4.1) 


Substituting these values in (3.13) and introducing for convenience the dimensionless quantities 


we find that 
* « . 2 
U,’ = 26 (5 


» M 
BG 8,2" 2 ¢l-n, 
1 n 


for n 2, 4, 6,... and they all vanish for odd values of n. Applying (4.1) to (3.14) and (3.15), 


introducing (4.3) in (3.16) and using the notations (4.2) we find that the expression (3.19) for the 
deflexion at any point z = re’ of the annulus may be written in the form 


4nD , ‘) ' z¢+ec : ‘) ' \z c} ‘ . , B.1 
———=—= 8) = 4 oy 4 y —_ 4 om j ’ 
cG - | c . 2c | c "s 2c ol? ems p 


= T,, [ A, (p?*" cosn@ — 1) 4 B,, (p* "cosn@ —1) 
a 
C, (p" cos n@ 1) + D,, (p " cosn@ 1 )), 
where p r/c, the detlexion is taken as zero at the points (+ c, 0) and 
T,,) = (n® + «® — 1)(8-? — 8)? — x2 (8-" — 8")? (n = 2, 4,6,... 
°° 


5 . 
awgtgle. 
1 C) 1 


(4.5b) 


+ (8 — 1) {(m — 1) (8® — 8,7) + 8,7 — « 8,2}, 
a §,™-5 


5 2-2n 5 
n—tl1 : 


§2") | re | + 


+ (1 — 8) {(m + 1) (8, — 8-*) + 


1 — «8h 


(n® — 1) (8-2 
n—l1 


« b,-* 5,"| a ie . 
n—1 | ~ «(5,2 — 8,7") {(m + 1) (8,-? — 1) 4 


nn 


§,-2"-2 
fits — §*) i s-_1 +4 —_ | Ge 1a — 8%) 
nu - 
1 xb, 2%, on) " " . : 
—? « (3, 2 b, 2”) f(n 1) (3, 2 es «3, " 2). 
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Letting 5, (= ec ¢,) or 5, (= ¢/¢y) tend to unity in the foregoing expressions yields the solution 
corresponding to a circular ring plate subjected to two bending couples at the ends of a diameter 
of the outer or inner edge. It can now be shown that the logarithmic terms in (4.4) may be ex- 
panded in the forms 


a 2 
| 1 4 log 
c 2 


p™ cos n O(p <1), (4.6a) 


2 p= 
+ —-—] p-" cos n 8 (p > 1). (4.6b) 

” ‘i i 

Substituting from (4.6a) in (4.4) and making use of (4.5) we find after some algebraic manipulation 

that, in the case of an annulus under two bending couples at the points (+ ¢,, 0) of the outer 


edge, the deflexion at any point is furnished by 
8? log | 


2 n @ ‘ = 
1) (8% — 1) + «(1 — 8-2) — g-2n)| en cos n @ 
n—1 ;— 
E "cosn@ —1 
1) (82 — 1) 4+ «(82 1) 4 1 2 gen) p-" cos n 


n+] | n 


«x 
|} ——— (§ 2n 5 2)| (2 cos n@ 1) 
n+ | 
K 
—— (8-2 — 8")! (p?" eos nO — 1)]; (4.7) 
n 1 | 
where p = r/e, and 
1 VY, (4.8) 
the deflexion being taken as zero at (4 *;, 0). Allowing 8 (= €y/C,) to tend to zero in (4.7) 
yields the solution 


1 1 — p"*2cosn 0 
+ p - (1 + —"_| (p" cosn@ — 1) 4 c (4.9) 
K2,4,...[% n ! n+1 


for a circular plate subjected to two bending couples at the ends of a diameter, a problem which 
has been considered in detail by Yu (1954b). 

Applying (4.6b) to (4.4) and setting 5, = 1, 6, = 6 it is found that the deflected form of a 
circular plate with a concentric hole of radius c, bent by the two couples (G, = G, A, = 1) and 
(G, = G, Ag = — 1) at the points (¢g, 0) and (— ¢y, 0) is 

1 {1 — p? | 


tL §-2 log 4 
2_1|14« 7 


2 n ow s 0 = 1 
i Kt + nya §-?) 4 x (8°" 1) + —— (82" be a} p cos n@ ¥ 
ie n 
2 
t - —1a— 8-2) ~~ §-2”) re ———— (§-2" 


53-2)! p"cosn@ —1 
n-+1 | n 


I, — + se (FP = g2n)| (p2+” cosn @ — 1) + 
| n-+1 | 
4 q ~ + ~ ae .. 52)| (p?-" cosn@ — »}: (4.10) 


| n—tl1 | 


where p = 1/Cy, 6 = ¢y/c, and the deflexion is zero at (+ ¢,, 0). 
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5. Creevnar Annetos Unper Two Twisting CoupLes 


In the second problem the annulus is subjected to two equal and opposite concentrated 
c. 0). In this case we have 


twisting couples each of magnitude G and operating at the points ( 
(5.1) 


Intriucing these values inte (3.13) gives 
. 1 
2G (6, = 1 et a 
! 7) 


Qinds . . ‘ 
2G | t—%&} 

" 1 . 

for n = 2. 4, and zero otherwise, When the values (5.1) are applied to (3.14) and (3.15) 


it is seen that 
(5.5) 


Py We P, 1 0. 


Substituting from (5.2) in (5.16) and inserting the resulting expressions together with (5.5) in 


(3.19) we find that the equation of the deflexion surface is 


teD : 
v7 - u o J » " . ‘ D,) p n\ sin Nn 0. 


. o 
uM log 


1) itn 1) (4,? 


5*) {in 1) (4,? 


«5, 2) 


6, ™) fin — 1) 


The logarithmic term appe has the Fourier expansions 
" 2 
sin n O(p 1). 

! 


log ; 


sinn Olp 1). (5.6b) 
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Inserting (5.6a) in (5.4) and collecting terms lead to the following solution for a circular ring 
plate bent by two twisting couples applied at the ends of a diameter of the outer edge 
(8, = 1, 6g = 8"): 


D . 
— w * 5 T,, sin n@ ic 1) (8? 1) « (8-2 


G 


I, ad ‘ 5 2n) 
| 


Ad 8-0 the solution (5.7) tends to 


roD 1 7 1 « p> d 
um és p”™ 1 — sinvw 0 (p r Cy). (5.8) 
eG Ko 4 n\n 1 7) 1 


The infinite series entering in (4.9) and (5.8) can be easily summed and the results obtained for 
these particular problems agree with those of Yu (1954b). 

A solution similar to (5.7) can be established for the case of a circular plate with a central 
hole when the plate is bent by two twisting couples acting at the ends of a diameter of the hole. 
This follows immediately by introducing (5.6b) in (5.4) and then putting 6, = 1, 6, é. 

Equation (5.7) represents the deflected form of a plate with the shape of a quadrant of a 
circular ring bounded by the circular ares 4, B, of radius c,, A, By or radius cy (c¢, > cy) and 
the radial edges A, A,, B, B, ; the plate is simply supported along the straight edges, free along 
the circular edges and is under the action of an external isolated couple G at A, whose axis 


is along A, A). 


6 Crreevntar Rixnc PiLatre Supssecrep To CONCENTRATED Forces 


We now consider the transverse flexure of a circular annulus having free edges when it is 
acted upon by any general system of concentrated forces in equilibrium. Let F, (s 
m) be the magnitudes of m concentrated forces acting at the m interior points z, 
direction normal to the plane of the plate. The conditions of equilibrium of the plate 


m 
2 F, =0, , , (6.1) 
s~=l1 
The singular parts of the complex potentials ¢(z) and x (z) near the concentrated force F, 
are given (Bassais 1057) by 
dsin (2) ~ hk FZ, log Z,. (6.2a) 


Xsin (2) KP 2. Z, log Z,. (6.2a) 


and hence 
Wein (2) kF. 2, log Z,. (6.2¢) 


where k and Z, are defined by (3.2) and (3.3), respectively. These forms of the singular parts 
corresponding to a concentrated force at an interior point are believed to have been used first 
by Lurie (1940). We now assume that 


m 
$(z) = k[2 FP, Z, log Z, + $y (2)]. (6.3a) 
sel 


m 
b(z) = k[— 2 F, 2, log Z, + dy (2)). (6.3b) 
se~l 
where ¢, (z) and ¢, (z) are functions of z regular all over the annulus c, =| <¢,. When the 
functions (6.3) are applied to (2.5) it is found that the boundary conditions along I, and I, 


may be written as 
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™ — 

x by (2) + 2 bp (2) + by + iB; ZS PF, Z,(« log Z, + log Z,) on Pi =1,2). (6.4) 
=} 


Taking the functions ¢, (z) and ¢, (2) in the forms (3.9) and expanding the expression on the 
right side of (6.4) in terms of positive and negative powers of = we find that the boundary con- 
ditions (6.4) together with the equilibrium conditions (6.1) yield the identities 


n = 2 


gs | « (2/3,) 


_ oe + log 2,) + _ = ) on T (6.5b) 
: ’ s : 2 | n(n 1) :. ' Ie? | 2 ’ 


Equating the coeflicients of the same powers of z on both sides of each of the foregoing identities 
we get the equations 


m 
(1 4 we? Py +@ = — 2 F,7,3, 
sl 
m 
(1 Ke? P, 4 Qo = —/(}] + ces? Z F, log ry 
s=l 


together with the same equations (3.12) where in this case 


n 1 
» (3 - oy 
7 FP, (2, ad | } 


KC, ~ ° 
, nl n) 


m 
P P, [r,? —(1 4 Kye, log r,] : 
=1 


and the constants P,, P_,. Q,, Q_, (nm = 2,3,...) are determined by (3.16), (3.17) in which 
U’,, U,". V,', V,," are defined by (6.7). Here also the constants P_, and Q, are left arbitrary 
and together with a constant term in x, (z) they contribute the linear expression Ar + By + C 
to w. 

From (6.3), (3.9), (2.3) and (2.2) we obtain after some straightforward computations the follow- 
ing formulae for the moments, shears and deflexion at any point of the annulus : 
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(r? — 7,2)? — 7,2 R,2) 7 


x) log R, + oR? 
8 


+ Re 2 {(n tlj(«Fn+1)P, 4 mn Qr3s) 


= 


Lin(n +1) Pr? + (n —1)Q,} at q (6.10) 


Re Yn(n + 1) P, =| , 


te 


J n(n +1) P, =| $ 
m 
2 F, R2 log R, + Pat? + Qylogr + Re (r? Pyz —Q_, 24) 
1 


. ! I | : 
Re E r? Fe t n Q, 4 | rp 4 om Q, ~ "| + da 7 By + C}. (6.11) 
ne=2 


Closed expressions for the functions ¢(z) and » (z) corresponding to the two limiting cases 
Cy > 0 or ¢, > © can now be derived. 


(a) Letting C9 tend to zero in equations (6.8), (6.9), (3.16), (3.17) and (6.7) we get 


1 = y | z, "(= > (6. 12a) 
» s e,* n 1 


KC)" 5 


= O(n i ee | 


ef 2. (hf ite I ne? 
— 2 F — —— «= | = — 4 
@n S ont “ (<5) e,* n n(l—n) a 


Q = O(n = 0, x =r * 


(6.12b) 


With these values inserted in (3.9) the functions ¢, (z) and $ (2) are found as 


m | r2z 


1 z 4 - 
by (2) SF : -s. log (1 “s 


ksaa “(+ we? 
1 m a K2)¢ 2 
ty (=) Sr! A 


Ken. * | * 
which agree with the results obtained by setting Py = 0 in equations (2.34) and (2.35), p. 735 
of Bassa. (1957d). The same problem has also been considered by FrimpMANN (1951). 
(b) Results pertaining to an infinite plate with a free circular hole and bent by any system of 


isolated normal forces at interior or boundary points can also be deduced by allowing c, to tend 
to «. This leads to 
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m > 
vy 


«) c,” ~_ Fr. log Ves 


: (6.14b) 


and hence 


1 m 
$y (2) EF, Z, log (1 


by (=) - K*)e,* 


, | 
— «(I k) Cy” log r.'- 
a eo 


The expressions (6.15) are in agreement with those found after putting Py — 0 in equations 
(2.28) and (2.29), p. 748 of Bassai (1957c) when it is remarked that only the real parts of the 
' and log { in the expansions of Y,(C) and X, (f) (¢ z/Cg) should be taken. 

The foregoing results will now be applied to the transverse flexure of a circular annulus under 
two special distributions of normal forces in equilibrium. 


coeflicients of 


Circutar ANNULUS UnNpber Four Forces ar true Enps or Two 
PERPENDICULAR DIAMETERS OF A CONCENTRIC CIRCLE 


Let us consider the case of a circular annular plate of outer radius c, and inner radius Cy 
when the plate is acted upon by the four forces 


Py F at 2, 
Fy F at = 


5 


Substituting these values into (6.7) yields 


for » 2, 6, 10,... and zero otherwise. From (7.1), (6.8) and (6.9) it follows that 
Py = QW P, Q 0. (7.3) 


Introducing (7.2) in (3.16) and inserting the resulting expressions together with (7.1) and (7.3) 
in (6.11) lead to 


‘ e nl o " 
7 D,, p ] cos n@ 
c|* log |= ic|* log |z — ic + te\* log 


where p =r ¢, T,, is given by (4.5a), the deflexion is taken as zero along @ + mw 4 and 
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A, + 


U 


1 8,2 « Bamee 
= (3? — 3 || = 1 , d | 
Nn 


5,2" es - 
nin 4 1)| 


+ (1 ~ 3 {5,21 


5.2 2 
B, = «(8-2 — 8%) ( — | ) 
t ‘ 


(n+1)(1 ~ 3) {6 


by 5 2n | 2n 2n } $ 
‘= (1 — xd, | — «(6,” — 6, abe 


n n+1 


1 2 ij §,-2n-2 
a |< — ae |" = 3) 2| ~(n — 1)(1 - 52) | 6,-* +4 
n | 


§,-2 
—— (x, 2n 1) 
n 


' * $2 ; 2n-—2 
« (3, 2n _ 8, 2n) | 1 by Su om a | | d 
a 


It can be seen that (7.4) represents the deflexion of a plate having the form of the quadrant of a 
circular ring bounded by the two radial edges @ | w/4 when the plate is free along the circular 
edges, simply supported along the straight edges and is singularly loaded by an isolated force F 
on the axis of symmetry @ = 0. The expression involving the logarithmic terms in (7.4) has 
the expansions 


p? 
a cos n @ for p <1, (7.Ga) 


. 1 
p2 — |——_ -—- —— cos n @ for p > 1. (7.6b) 
2,6,10,... n” nn 1 n-+i1 
Replacing the logarithmic terms in (7.4) by (7.6a) and then putting 6, = 1, 6, = 6-! we obtain 
after simplification the following solution for a circular ring plate under four concentrated forces 
at the ends of two perpendicular diameter of the outer edge : 


1 
Te connd | in «1988 — 1) + «(8% = 1) 


n” 


i iene 8") + « (8®" — 1) 


- 
—— (s-? 52»)! p=" (o 1 — v). (7.7) 
n—t1 | 


Letting 6 tend to zero in (7.7) and substituting for o and « from (4.8) and (2.6), respectively, 
we obtain the solution 


2Fc,? , nl K 2 r 
ah p ae be (1 eS ee a nO p= "), 
(3 + vy) rDe2 6 10...." |” n 1 n+] Cy 


which agrees with Yu's results for the same problem (Yu 1954b). 


138 W. A. Bassai 


A solution similar to (7.7) can be found when the four forces are applied at the ends of two 
perpendicular diameters of the inner edge. This follows by substituting (7.6b) for the logarithmic 
terms in (7.4) and then setting by =1, 8, = 6. 


8 Secror or A Circutar Rinc Simpty Suprportrep ALONG THE 
RapiaL Epces, Free ALonc THe Crrcutar Epces ann Loapep 
BY AN Iso.arep Force 
We now apply the general solution established in Section 6 to the special distribution of forces 


defined by : 
Fo =(—1/ F at z, = ces (s = 0, 1,3 : » (8.1) 


s 


where m is an integer greater than 1 and 
0, = 8s a/m 4 Og (s = 0,2 
0, = (8 + 1) r/m — Oy(s8 = 1,3,..., 208 — 1). 


Inserting (8.1) in (6.7) yields 


_ 2 Qn 
as 


n(l +n) 


n’ 


2 

¢ ° 
a Cc Pail iW . 
l1—n ” 


where 


It can be shown that 


H,, = mF (2," — =," 2zimF c" sinn @, if n is a multiple of m, 


(8.4b) 


IL, = 0 otherwise. 


When the values (8.1) are substituted in (6.8) and (6.9) it is seen that 
Py = = Py =@, =0. (8.5) 
Introducing (8.3), (8.4) in (3.12) and substituting the resulting expressions together with (8.1) 


and (8.5) in (6.11) it follows that the equation of the deflexion surface is 


é T,, (A, p?*" + B, pp?” + C, p™ + D,, p-™) sin n 0, sin n 0 
m, 2m, 3m, ... 


2m—1 ; , 
+ £(- 1y R? log R, (p - ‘). 
J c 
j=0 


where T,, is defined by (4.5a) and 
2;| = {r? + r? —2r r cos (0 - 0;)}}, 
5? an 2 3,2 25 2n 
A = (1 — 8) (32 14+) (2 a tis le i | 
n » a 7 a 
x? (8? §2") 
n(n + 1) 
5,” by wah 5,” by ") ; 


n—1 


B, = (1 - s4)(1 


2 (32 5 2) 


n(n — 1) 


Bending of a singularly loaded thin circular annulus with free boundaries 
x (8, a 5,~* 8,7")| 
n— Il | 


a «x 
_ gen 5. i sa ) 
s n— 1 


“” 


x (8,7? 3, 2n _ 5, 23, 2n)| 


n-+1 


= *( a) (2, 2n 


n 
Using (8.7) it can be proved that the logarithmic terms in (8.6) have the expansions 
2m—1 


p” 1 p> 
2 (—1)) R? log R; = 2mc? - | ——_ — | sin n Ao snn@ (p 1), (8.9a) 
j-0 m, 2m,3m,... % \n — 1 n+ 1 


2m—1 p n p> 1 
2(— iy R* log R; 2me? 2 — J — — sinn@,sinn@ (p >1). (8.9b) 


j=0 m, 2m,3m,... % \" 1 mn 


+ 


The solution furnished by (8.6)-(8.8) is appropriate to the case of a plate with the shape of the 
sector of the circular ring bounded by the radial edges 0 = 0 and @ = a/m (m an integer > 1) 
when the plate is simply supported along these edges, free along the circular edges and is sub- 
jected to the concentrated force F at the point z = ¢ 8°, With the expansions (8.9) inserted 
in (8.6) it is easily checked that the obtained expression gives the appropriate solution correspond- 
ing to integral or non-integral values of m > 1. This follows from the fact that, whatever is 
the value of m > 1, this expression satisfies the biharmonic equation except at the load point 
and also satisfies the required boundary conditions along the radial and circular edges. 

Problems relating to singularly loaded sectorial plates subjected to various boundary condi- 
tions along the straight and circular edges have been worked out by many investigators (NOWACKI 
and Mossakowski 1953, Wornowsky-—Kreicer 1953, Sexrya and Sarro 1954, HoLMyANskI 
1955, Bassai and Gorcui 1960). 
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SUMMARY 


Tue rarer deals with the plastic flexure and torsion of prismatic beams loaded by terminal bend- 
ing and twisting moments which, acting together, cause full plastic flow. The material is assumed 
to behave according to the Tresca-Lévy-Mises hypotheses, and in nonhardening and rigid plastic. 

The results were obtained by numerical solution of the second order non-linear differential 
equation derived by HANpELMAN for a Lévy-Mises material, and the beam sections investigated 
were circular, square and triangular. The relationships obtained were found to give points lying 
virtually on a single interaction curve plotted with non-dimensional coordinates. The results 
are consistent with the two cases considered by Srreie, who first reported a numerical solution 
for a square section. 

The interaction curve obtained is compared with the lower bound curve given by Hii. and 
SIEBEL. 


1. INTRODUCTION 


A srraicur prismatic solid beam of length L, with at least one axis of symmetry, 
is loaded from a stress-free state by terminal bending moment M about the axis 
of symmetry Oy and a terminal twisting moment 7. The axis Ov is chosen arbitrarily 
in this instance to pass through the centroid of area of cross-section. Oz is parallel 
to the generators of the cylinder, and z = 0, z = L are the end cross-sections. 
The material of the beam is assumed to be rigid—plastic and nonhardening. In 
consequence, no deformation takes place for any combination of M and T which 
cannot cause the yield of the whole cross-section. At this critical combination, 
plastic deformation starts and continues indefinitely without any further change 
in M or T (if changes in geometry were disregarded). 

The differential equation was originally derived by HanpeLMAN (1944). A 
similar equation was obtained by Hit (1948) using his method of maximum 
plastic work. A solution of the differential equation has been attempted by STEELE 
(1954) who considered a square cross-section and obtained two critical combina- 
tions of M and T. 

Approximate solutions in the form of lower and upper bound curves have been 
proposed by Hin. and Srese. (1953), Steere (1954) and Gaypon and Nutra. 
(1957). 

In the present paper HANDELMAN’s equation is solved numerically, on lines 
similar to those adopted by Sree e but for a larger number of values of the para- 
meter 8 «, ratio of rate of twist to rate of curvature, and for several cross sections 
circular, square and triangular. The curve obtained is compared with the lower 
bound of Hit. and Steses which appears to be the best simple approximation to 
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the true curve. It is noted that the curve is the same for a Tresca or a Mises 
material (with identical yield function and plastic potential). 

As far as the author is aware, the true curve, even for one cross-sectional 
shape, has not yet been published. 


2. HANDELMAN’sS EQUATION 


On the lines adopted by Hii (1948) we may write the expressions for the 


velocities as follows: 


+ y*) — Bar, (1) 
Us x zy + d(a, y. B). 
The stress function é(”, y) is chosen such that the only stresses different from 
vero are 
AD 
‘Y 
o.. Aky/(l — 4,2 — 4,%). 


h k by. 


where A = 4/3 in von Mises’ yield criterion and A = 2 in Tresea’s ; k is the yield 
stress in pure shear, The radical in (2) is chosen to have the same sigi as y. Since 
the longitudinal surface of the beam is free from loading the boundary condition 
on the stress function is 6 = constant on the section contour — 0 say. The rate 
of work of external forces per unit length of beam is 


Ww — || (o., Uy + Oy, Ug + On U,) dr dy, (3) 


where the integration is carried out over the end faces. Substituting from (1) and 
(2) into (3) and simplifying, we have 


Ww x , 

ZA | | {(2B¢ + dy 4/1 — 6,2 — 4,2)} de dy. (4) 
Hit’s principle of maximum plastic work requires that the actual distribution 
of ¢ is the one that makes W a maximum. Applying the Euler-Lagrange formula 
of the calculus of variations to (4) gives 


d ¢ d 26 
we Yey pe 0, where jp B. 


ae [/(1 — 4,2 — 6,7) * w l/l — 42 — 4%)] | u ™ 


Equation (5) together with the boundary condition ¢, — 0 is solved below for 
several cross-sections. If o,, and o,, vanish identically the problem is one of 
pure plastic bending : 


d = 0, 


¥ 9, da dy Ak Ag, 
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If, on the other hand, o,, vanishes identically the problem is one of pure plastic 
torsion : 


M = 0, L$? =1, 
7 = 7, | (© Oy — Y %z,) dv dy = 2k [| da dy = 2kB,. 


In (6) and (7) Ag and By are functions of the cross-sectional dimensions of the 
beam. 

When both M and T are non-zero a point on the interaction curve may be 
represented by (m, t), where 


m—~ M M, - [fe (1 — ¢,? - ,*) dx dy/ Ag. 


‘-7/T, | | $ dx dy/ Bo. 


3. NwtuMERICAL SOLUTION 


Before solving (5) numerically it is essential to write it in a non-dimensional 
form. The non-dimensional form is identical to (5). Consequently, (5) is here- 
after considered to be non-dimensional. 

It is observed that the parameter p is the same using either the yield function 
and flow rule of von Mises or those of Tresca and the corresponding flow rule 
provided 8 x used in the two cases is in the ratio 1: \/(2/3). It is evident that 
(m, t) of (8) or the interaction curve is the same in each case. The solution which 
follows is performed for A = 4/3. 


Fic. 1. Square mesh. Fic. 2. Relaxation pattern. 


(a) Nature of the stress-function 


The function ¢ (a, y) must be symmetrical about an axis of symmetry of the 
cross section. In the neutral plane, y = 0, the direct stress o,, vanishes. Equation 
(5) cannot then apply. The normal gradient then has the same value, unity, as in 
pure torsion. In the numerical solution which follows the ¢-surface is assumed, 
in the manner of STrELE (1954), to be smooth on the neutral axis. Equation (5) 
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Fic. 8. Circle, 8 /a 
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(0-9184, 0-4503). 
(0-9835, 0-2449). 
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(O-8917, 05139). 
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is assumed to apply but no mesh points are chosen to lie on the neutral axis. By 
repeating a solution using a finer mesh for a square section STEELE showed in the 
same paper that any error in (m, t) due to these assumptions is less than one half 
of one per cent, although errors in 4, o,,, ¢,, and o,, may be larger. 


(b) Finite difference method 
In solving (5) numerically the relaxation method (GrEEN and SourHweELt 1944, 
SourHWELL 1946) was adopted. With a three-point formula of differentiation the 


equation may be written, with the notation of Fig. 1, 


§ 24; (x; + %) — $b0 2 (4; + 40) 
4 1 


(d¢ WY )o (do = 4) 2a, (dd oY) 4 4d, - 3 ¢ 4) 2a, 
x= y/V/ (1. — 27 — ¢,?). 


where ¢, = 0 on the boundary; thus ¢, 0. The second and third of (9) are 
typical gradients for evaluating x; the third applies at a boundary point such 
as A. The correct solution of the finite difference equation is the distribution of ¢ 
which makes R, the residual, vanish at all internal points. The corresponding 
relaxation pattern is shown in Fig. 2. In most of the solutions the first of (9) was 


multiplied by 10,000 2a so that the second and third reduce to subtraction and 


decimal multiplication. 
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Fic. 11. Triangle, 8/« = }. Fic. 12. The interaction curve and the 
(m, t) (0°9627, 0-3571). lower bound curve. Points [) obtained 
by STEELE. 


In solving the problem for the square section each side of the square was divided 
into nine, ora = }. Solutions were obtained for 8/« = 4, 2, 1, 4, }. For the circle, 
whose boundary cut the mesh irregularly, each diameter was divided into nine, 
or a=}. A solution was obtained for 8/x = 1. For the right-angled isosceles 
triangle of unit height the neutral axis was chosen to bisect the right angle. Solu- 


tions were obtained for 8 « — 1, 4, for the case in which the diagonal was divided 
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into eleven, or a = #,. A solution with a finer mesh, a = #, was carried out for 
B/a = }. 

In each case R x 10,000 was reduced below + 10. At some isolated points, 
however, the residuals were higher owing to the fact that a change in ¢ x 10,000 
of + 1 at such points produced a residual of opposite sign, not necessarily small 


in magnitude. The solutions are shown in Figs, 3-11. 
The integrals for m and ¢ in equation (8) were obtained by the application of 
Simpson's 4-rule in two dimensions, The resulting interaction curve is shown 


in Fig. 12. 


CONCLUSION 


The interaction curve obtained in this paper for the cross-sections considered 
shows a unique characteristic in that the curve seems to be virtually independent 
of the shape of the cross-section of the beam. This resembles the insensitivity 
of the interaction curve for combined bending and axial force as noted by Onar 
and Pracer (1952). 

The interaction curve cuts the lower bound curve of Hitt and Sierer at 
M M, = 0 and at T T, — 0 as shown in Fig. 12, and the difference between 
the two curves, measured along a radius vector, has a maximum less than 6 per 


cent, 
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BOOK REVIEWS 


C, E. Pearson: Theoretical Elasticity. (Harvard Monographs in Applied Science, No. 6.) 
Harvard University Press, 1959. 218 pp., $6. 


Tuts book is excellent for those already acquainted with elasticity theory but is a rather difficult 
introduction to the subject. It provides a concise account of the present state of the general 
theory and touches upon most of its aspects, with the obvious exception of Saint-Venant’s Principle. 
The author has made a valuable contribution to the literature of the field and the many suggestions 
scattered throughout the book will repay close reading by the active worker. 

A welcome feature is the inclusion of a clear exposition of the mathematical elements required 
in treating the subject. The first chapters discuss vector and tensor analysis and the rotation 
of axes, and the later chapter on General Solutions starts with an introduction to potential theory. 
The remainder of the book is devoted to elasticity theory with the emphasis on results in the 
linear case. However, the chapter on Deformation fully treats non-linear strain, while the final 
chapter is concerned with non-linear stress-strain relations. 

General solutions of the basic equations for a homogeneous body composed of isotropic or 
anisotropic material are discussed. All the classical methods are mentioned, such as those of Betti 
and Maxwell-Morera. Variational principles and approximation methods are treated: besides 
those of virtual displacement, virtual stress, and Rayleigh-Ritz, that based on the hypercircle 
technique is also described. The account of the latter is clear and comprehensive, unifying many 
of the conclusions spread through the literature and so is particularly useful. A chapter devoted 
almost entirely to elementary thermodynamics establishes the * linked’ thermoelastic equations. 
Another considers simple forms of elastic wave motion. 

There are few misprints and the lay-out and printing of the book are good. One minor regret 
is that insufficient references are provided to original sources. 

R. J. Kops 


Proceedings of the 3rd U.S. National Congress of Applied Mechanics (1958) American 
Society of Mechanical Engineers, New York. 864 pp., $20. 


Tuts volume contains the complete text of papers presented at the Congress. There are four 
general lectures, three of which are concerned with solids: * Linear Thermodynamics’ by 
M. A. Biot, * Theories of Creep Buckling * by N. J. Hoff, and * Rotationally Symmetric Problems 
in Elastic Shells’ by E. Reissner. This preponderance of solid over fluid mechanics at the Congress 
is to be seen also in the papers themselves. Almost all aspects of the subject are massively re- 
presented, an especial feature being the close blend of theory and experiment in many contributions. 
Interesting new trends and significant advances are reported over the whole range. This was 
beyond doubt a quite outstanding Congress. 

R. Hi. 


Mechanical Properties of Non-metallic Brittle Materials. Edited by W. H. Watton. 
Butterworths, London ; Inter-Science, New York, 1958. 492 pp., 90s. 


Tuts is the proceedings of a conference organized by the Mining Research Establishment of the 
National Coal Board in consultation with the Building Research Station, held in London in April, 
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1958. There are twenty-seven papers, with discussions, arranged in four sections: Strength in 
Compression, Tension, Bending and Shear; Elasticity and Creep ; Dynamic Loading, Impact 
and Fragmentation ; Action of Tools. Among the materials referred to are coal, carbon and 
graphite, rocks, ceramics, gypsum, concrete, brick and glass. The standard of the contributions 
is high and the book is very well illustrated and nicely produced. 

R. Hin. 


W. Peacer: Introduction to Plasticity. Addison-Wesley, Reading, Mass., 1959. 148 pp.. 
$9.50. 


Tuts is a revised version of the author's Probleme der Plastizitdtstheorie (Birkhiiuser, Basel, 1955), 
reviewed in this Journal (1956 4, 206). The principal changes are the addition of numerous 
practice problems and more recent references. The textual changes are comparatively slight. 
Chapters I and IT are changed only in details. In Chapter III the section on the influence of 
distortion in connexion with limit design has been amplified, and a new section added on the 
optimum weight design of plates and redundent frames. In Chapter [IV some additional examples 
of large plastic flow are included. 

This edition in English is a welcome addition to the existing introductory texts. It has been 
well produced, but the price of so short a book is likely to be considered high in this country. 


R. tins. 


Progress in Metal Physics. Vol. 7. Edited by B. Cuatmers and R. Kine. Pergamon 
Press, London, 1958. 408 pp. 110s. 


For THose familiar with previous volumes in this series it will be sufficient assurance to say that 
in Volume 7 the happy choice of authors and high standard of production characteristic of the 
series is well maintained. Each of the five review articles which comprise this volume is written 
by an expert directly engaged in the particular field; the presentation is such, however, that 
they all make their appeal both to fellow specialists and to those whose acquaintance with metal 
physics has not specifically included the subject of review. 

H. M. Rosensere of the Clarendon Laboratory presents the results of many recent studies 
of the physical and mechanical properties of metals at low temperature and illustrates well the 
particular advantages of low temperature work in formulating the electronic structure of metals 
and the mechanism of plastic flow. A rather similar approach is taken by J. N. Hossrerrer 
of Bell Telephone Laboratories who, in an article entitled * Equilibrium, Diffusion and Imper- 
fections in Semi-conductors,’ seeks not merely to catalogue information in this field, but to bring 
out the wider significance of observations made on semi-conductors which contribute to the 
solution of problems in metal physics. Again, in a comprehensive review of the stored energy 
of cold work, A. L. Trrcnener and M. B. Bever after summarizing the many measurements 
made of this quantity discuss how these have contributed to our understanding of such complex 
processes as deformation and annealing. 

If a distinction between * metal physics ° and * physical metallurgy * could be made then the 
remaining two articles would probably fall into the latter class. In an excellent contribution 
on martensitic transformations L. KAurMAN and M. Conen of M.I.T. present the modern view 


of the kinetics and thermodynamics of this intriguing mode of phase change. This is a subject in 


which there has been intense activity in recent years and a comprehensive account from a school 
which has played a leading role in the work is to be weleomed. Finally, the * Physical Metallurgy 
of Titanium Alloys * is reviewed by R. L. Jarrer of Battelle Memorial Institute. Without disputing 
the obvious merit of this article, the value to metal physics of what is commercially vital, but 
largely empirical information on certain alloys, must be very limited. 
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An exacting test of the value of a review series of this kind is the useful life of each volume. 
Judged on this basis the verdict is wholly satisfying for in the reviewer's experience even the first 
issue published a decade ago still does useful service, a quite remarkable achievement considering 
the rapidity of advancement of this branch of science. There is no reason to believe that this 
latest volume will have any less lasting merit and the only regret is that its price may exclude 
it from the personal library of many who would profit by its possession. 

S. G. GLOVER 


P. B. Morice: Linear Structural Analysis. Thames and Hudson, London, 1959, xii 
170 pp., 35s. 


Tue sus-rirLe to this book is * An Introduction to the Influence Coeflicient Method applied to 
Statically Indeterminate Structures.” This well expresses the limitations as well as the scope of 
the book. 

The procedure followed is first to introduce suflicient cuts (or * releases *) into the structure 
to render it statically determinate. The influence coeflicients then calculated are the flexibility 
coellicients relating the discontinuities at the cuts to the redundant forces which must be intro- 
duced to restore continuity after the external loads have been applied to the released structure. 
These flexibility coeflicients are derived from the energy relations by the principle of least work, 
and the author enters in some detail into the numerical procedures involved. The equations 
establishing the continuity of the structure are then assembled, and this concludes that part of 
the treatise really concerned with the theory of structures. The remainder of the book describes 
how matrix methods may be used to solve these linear equations. There is a chapter summarizing 
some of the elementary properties of matrices, and another illustrating the numerical procedure 
for inverting a symmetrical matrix by triangular resolution. Matrix solutions are then discussed 
in relation to the derivation of the final stresses in the structure, the choice of release systems, 
the effect of choice of release system on the form of the flexibility matrix, and numerical solution 
by electronic digital computer. 

The main defect of the book is that the treatment is too limited to give a balanced view of the 
general principles of linear structural analysis and the application of matrix methods. The use of 
the least work relations to set up the initial equations is by no means always the best procedure. 
The influence coeflicient method is not ideally suited to machine computation, since the operator 
is required to carry out many processes which, using stiffness methods, are effectively carried out 
by the machine itself. On the other hand, the limited scope of the book does mean that a complete 
method of structural analysis and computation is expounded within a small compass, providing a 
useful introduction to matrix methods. Provided its limitations are recognized, the book can be 
thoroughly recommended both to advanced students and research workers in structures, and to 
practising structural engineers. 

M. R. Horne 


Non-Homogeneity in Elasticity and Plasticity. Edited by W. Otszak. (Proceedings of 
1.U.T.A.M. Symposium, Warsaw, 1958). Pergamon Press, London, 1959, 528 pp., £5. 


Firry-FIVE papers submitted to the Symposium are reproduced here in full, the languages being 
English and French. The papers are mostly grouped under five headings: Elasticity, Plasticity, 
Rheology, Wave Propagation, Statistical and Micro Non-homogeneity. The main theme is the 
formulation of field equations and methods of solution in the mechanics of homogeneous anisotropic 


continua or non-homogeneous isotropic continua, principally elastic, rigid / plastic, elastic /plastic, 


and visco-elastic solids. 


150 Book Revirws 


The standard and interest of the contributions varies enormously. Among the most valuable 
are articles by Ouszak and Ursanowskt!, reviewing mainly Polish work on plastic solids; HasHin, 
on the effective moduli of a two-phase, clastic medium ; Bror, on stability in visco-eclastic layered 
media ; and SHERMAN, on an integral equation technique for solving plane strain problems in 
inhomogeneous elastic media. 

Much recent work in Poland in solid mechanics has been concerned with the title subject of 
this Symposium. Unfortunately, certain Polish writers have tended to claim new results consisting 


merely of automatic * generalizations ’ of existing theorems due to Western writers, under the 


erroneous impression that these had previously been proved only for isotropic homogeneous 
materials (often despite explicit contrary statements in the original proofs). This regrettable 
tendency appears also in the contribution by Ots¢ak and Perzyna on variational methods. 
They give, in essentially the original form, the systematic method of Hive (this Journal, 1956, 
5, pp. 66-74) and associated so-called * convexity inequalities,’ stating these to have been originally 
formulated only for isotropic materials ; in fact, no such restriction was made. Moreover, OLSZAK 
and Prer*yna claim to have generalized the original formalism to apply to materials such that 
the stress-rate is derivable from a potential function of strain-rate ; in fact, this also appears in 
H111.’s paper (p. 69, especially equations (11) and (12)), together with examples for a conventional 
elastic plastic solid and visco-elastic solids of Maxwell and Voigt types. The initial choice of 
stress and strain-rate as the related variables in the formal analysis was, of course, purely arbitrary, 
as the original paper made abundantly clear (or so one would think). 


R. Hina 


Proceedings of the Fourth Midwestern Conference on Solid Mechanics. Texas, 1959 
(University of Texas), 530 pp., $12.50. 


A CONSIDERABLE part of this volume is devoted to work on shells and plates but other topics which 
receive attention are dislocation theory, wave propagation and thermoelastic problems. The 
paper by DonNeELL gives a summary of shell theory (including plates and beams as special cases) 
using the Kirchhoff-Love theory in which transverse shear strains and transverse normal strains 
are neglected. In dealing with compressor blade vibrations Lane and Siursky formulate the 
shell theory in curvilinear coordinates appropriate to the blade middle surface and by using an 
energy method obtain an eigenvalue problem ; the resulting equations are programmed for com- 
puting. Deflections of thin conical shells under asymmetrical loading are considered by THurs?ToN 
and Scuiie. In the former paper the equations of motion are derived by an energy method using 
Langhaar’s theory and are solved numerically for particular loadings; in the latter paper 
Novozilov’s equations for a thin shell of revolution are used and a series solution assumed. Work 
on thermal effects includes an analysis of curved plates by Cuen and Foss who consider large 
deflections and derive approximate solutions of particular problems by using Reissner’s variational 
method ; these solutions are compared with results obtained in other ways. ANG and WiILLIAMs 
examine the wave patterns due to the propagation of a plane dislocation in an infinite medium. 
From a solution of the elastic wave equations by transform methods, it emerges that for subsonic 
velocities two cylindrical waves are propagated from the origin, while in the transonic and 
supersonic cases there are, in addition, one and two shock waves respectively. 


J. KEK. ApKINS 
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1959, xiv + 416 pp., $11.00. 


K. Swaincer: Analysis of Deformation, Vol. 4. Waves and Vibrations. Chapman & Hall, 
1959, 370 pp., 75s. 
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PLASTIC INTERACTION CURVES FOR ANNULAR 
PLATES IN TENSION AND BENDING* 


By P. G. Hopcr, Jr. and R. SANKARANARAYANANT 
Illinois Institute of Technology, Chicago 


(Received 5th March, 1960) 


SUMMARY 


AN ANNULAR plate made of a perfectly plastic material is subjected to a uniform normal load 
over its surface and a constant tensile load around its outer edge. Close bounds on the interac- 
tion curve are found for all values of the inner radius under various support conditions at the 
inner edge. 


1. INTRODUCTION 


THERE are many practical applications where it is necessary to have an aperture 
or cut-out in a thin-skinned structure. In general such a cut-out will weaken the 
structure ; obviously it is desirable to knew the amount of this weakening. 


nw jy 
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Fic. 1. Definition of problem. (a) Loaded plate, showing dimensions. (b) Plate element, 
showing stress resultants and velocities. 


As a relatively simple problem of this type, we consider a circular plate with 
concentric cut-out as shown in Fig. la. The plate is subjected to a uniform 


*This investigation was sponsored by the Office of Naval Research. 
+Now at the Polytechnic Institute of Brooklyn. 
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normal pressure P and to a uniform tension 7 around its circumference. The 
outer edge of the plate is simply supported. 

The support conditions at the inner edge of the plate may be designed in 
several different ways. Basically, the cut-out may be directly connected to the 
frame structure with the plate attached to a gasket as shown in Fig. 2a, or the 


p 
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Fic. 2. Basic cut-out designs. (a) Pressure over cut-out supported by frame. (b) Pressure 
over cut-out supported by plate. 
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Fic. 3. Details of cut-out support. (a) Free to bend or expand. (b) Free to bend but not 
expand. (c) Free to expand but not bend. (d) Constrained against bending or expanding. 


plate may be required to support the cut-out plug as shown in Fig. 2b*. Further, 
the method of attachment of the plate to the gasket or cut-out plug may indepen- 
dently restrain or permit slope changes or radial displacements as shown in Fig. 3. 
All eight of these possibilities will be considered in the following. 

We are interested in the maximum load-carrying capacity of the plate acted 
upon by both normal and edge loads. As a measure of this capacity, we will take 
the yield-point load. This load is precisely defined for any given ratio of P/T 
as that magnitude for which an ideal rigid /plastic structure can undergo a small 
quasi-static deformation while remaining in equilibrium. It should be noted that 

*A further possibility, that the cut-out is supported by the frame with the plate attached directly to the cut-out, 


will not be considered. We note, however, that such a design strengthens rather than weakens the plate, at least 
against bending. 
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the real plate may undergo elastic and elastic/plastic deformations for loads less 
than the yield point load. These deformations, as well as deformations at the 
yield point load, will change the plate geometry which will again affect the carrying 
capacity. However, despite these deviations from reality, the yield-point load 
should provide a meaningful estimate to the true carrying capacity. 

The mathematical problem to be considered, then involves a plate of uniform 
thickness whose material is rigid /plastic and satisfies the Tresca yield condition 
of maximum shearing stress with its associated plastic potential flow law. In the 
next Section we state the basic equations of this problem in terms of appropriate 
generalized stresses. We also briefly review the theorems of limit analysis which 
will be used extensively in the treatment of the problem. 

Sections 3 and 4 are concerned with the detailed analysis of one of the eight 
possible boundary value problems described above. In particular, Section 3 
gives the elementary solutions for pure bending and for pure tension. Section 4 
is then concerned with the establishment of close bounds for the interaction curve 
of combined bending and tension. 

The other possible support conditions are all considered in Section 5 and general 
formulas are obtained for the interaction curve bounds, The results are summarized 
in tabular form and typical cases are shown graphically. 


2. Bastc Equations 


The plastic problem is conveniently expressed in terms of a four-dimensional 
reduced stress vector 
Q = (Ny, N,, Me, M,) (1) 


and reduced strain-rate vector 
q (Ag, Ay, Kos Ky) (2) 


Here the subscripts @ and r refer to the tangential and radial directions, respec- 
tively, and dimensionless quantities are defined by 


r= R/A, b = B/A, h=H/A, 
w — W/H, n=N/N, m=M/M, s = S/Ny 
N,=20,H, M, =o H?, t=T/N,, p = PA®/6M,, 
=A, « = HK/2. (3) 


In (3) a, denotes the yield stress of the material ; plate dimensions, stress resultants, 
and velocities are all defined in Fig. 1 ; A and K are the extensions and curvatures, 
respectively, of the middle surface of the plate. 

In terms of these variables the equilibrium equations are 


(rn,)’ — ng = 0, (4a) 
(rs)’ — 3phr = 0, (4b) 


(rm,)’ — m, = — (2/h) rs, (4c) 


where primes denote differentiation with respect to r. In terms of velocities the 
strain-rate vector is 
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q ) , h? w’ 2r, — h? w"’/2). (5) 
Since both moments and forces are present, the problem must be treated as a 
special case of a rotationally symmetric shell. The expression for the yield surface 
in terms of Q was first derived by Onat and PraGer (1954): it consists of several 
different curved surfaces in four-dimensional stress space. Since we will not need 
the entire surface, we list only the portions relevant to the present problem. These 
are the cylindrical surfaces 

(6a) 
(6b) 
(6c) 

the intersection of the yield surface with the plane m, = m, = 0, 

r 


max [ |r|. n,|. |My — 0 ] as (7a) 


and the intersection with n, = n, = 0, 


max | |r), |\m,|. mo m,|] 1. (7b) 


For part of the analysis we will also use an approximate yield surface first proposed 
by Hopar (1960) : 


max [ |r|. |m,|. |g — m+ |rmy|. |m,|, |g — m,|] = 1. (8) 


The plastic potential flow rule states that the vector q is directed along the 
outward normal to the vield surface. Thus, corresponding to (6) we have 


q fy (24. O, 1, 0). (9a) 
q fg (0, 2n,. O, 1), (9b) 
q fig (0, 2n,, 0, 1), (9c) 


where the »; are arbitrary non-negative sealers. The flow rules for any of the linear 
surfaces in (7) or (8) are obvious ; they will be written as required. 
The outer edge of the plate is simply supported and hence 


B. (10a) 


Boundary conditions at the inner edge depend upon the method of support. For 
the totally unsupported cut-out, 


m= Hn 8 r=hb. (10b) 


’ 


Loundary conditions for all possible support conditions are listed in Table 1. 

A complete solution for the nonlinear problem defined above appears to be 
impractical. However, we may obtain reasonable bounds on the interaction curve 
by considering the upper and lower bound theorems of limit analysis [see, for 
example, Honcr (1959)]. In terms of the present problem, the upper bound 
theorem may be developed as follows : 

Let v* and w* be any velocity field which satisfies the velocity boundary con- 
ditions. Compute the strain-rate vector q* from (5) and compute a stress field 
Q* from the flow law. Define the dimensionlesss internal rate of dissipation of 
energy by 
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1 
d; [ Q* . q* rdr. (lla) 
Jb 
Next, let ¢* and pt be the applied loads and compute the dimensionless external 
energy rate 

1 

d, = 8p* me | w* rdr +- bhs (b) w* (b) + t* v* (1). (11b) 

b 
The upper bound theorem of limit analysis then states that the locus of points 
t+, p* obtained from the relation d; = d, is everywhere on or outside of the true 
interaction curve, i.e., it is an outer bound. 

The lower bound theorem states that any load point t-, p~, for which there 
exists a stress state in internal and external equilibrium which nowhere violates 
the yield condition, is on or within the true interaction curve. 

There are two useful corollaries to the lower bound theorem. The first of these 
states that, if a yield surface A is wholly within a yield surface B, then the interac- 
tion curve corresponding to A is an inner bound or the interaction curve for B. 
It has been shown by Hopce (1960) that the approximate yield surface (8) cireum- 
scribes the actual yield surface, but if the surface (8) is multiplied by 
$ (4/5 — 1) = 0-618 the resulting surface inscribes the actual one. Therefore, 
the interaction curve for the approximate surface can be used to obtain both 
inner and outer bounds for the true interaction curve. 

The second corollary makes use of the fact that the yield surface is always 
convex to prove that the interaction curve must also be convex. Indeed, if Q, 
and Q, are the stress solutions corresponding to loads t,, p, and t,, p, on or within 
the interaction curve, then the stress solution A Q, + (1 — A) Q, is in equilibrium 
with the loads At, — (1 — A)t,, Ap, — (1 — A) p, and nowhere violates the yield 
condition for all 0 > A > 1. Therefore, the straight line joining any two points of 
the interaction curve is on or within the interaction curve. 


3. ELEMENTARY SOLUTIONS 


We consider in detail the cut-out supported as in Figs. 2a and 3a under the 
action of tension or bending separately. Although similar problems have been 
treated earlier by Hopce and PraGcer (1951) and Hopkins and PraGer (1953), 
we reconsider them here for the light they will throw on the more general problem. 

If p = 0 there will obviously be no bending moments so that the problem is 
reduced to one in two stress dimensions n, and n,. The yield curve of (7a), the 
equilibrium equation (4a) and the boundary conditions on n, from (10) suffice to 
determine the stress solution 


Nn, = I, - =i,=1 — 65, (12a) 


The flow rule for n, 


hence (12b) 


is the corresponding velocity solution. 
If t = 0, then the problem is one of bending only. The yield curve of (7b), 
the equilibrium equations (4b and c) and the boundary conditions on m, and s 
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from (10) now determine 
m,=1, + Bpb? — pr? — (1 + B3pb? — p)r, (18a) 
h 2)?)-!, 
Since m, = 1, the flow rule is 
Gq, = (— A* w'’/2r, 


hence we Bil . 0. (13b) 


t. Bounps ror tHe INTERACTION CURVE 


We begin by constructing the complete interaction curve for the approximate 
yield condition (8). This consists of the rectangle ABC in Fig. 4. To show this for 
a point D on AB, let A = AD, AB. Consider a stress field where ng, n,, and ¢ 
are given by (12a), m,, m, and p are given by A times the appropriate equation 


o 
, 
p= (i+b-2b") 
B 


-! 


E A 


Fic 4. Discussion of bounds for interaction curve. 


(13a), v is given by (12b), and w = 0. Evidently the above defined solution is in 
equilibrium with the load point D and satisfies the yield condition (8) with its 
associated flow rule. Therefore it is both an outer and inner bound on the interac- 
tion curve ; hence it is part of the interaction curve. A similar argument holds 
for side BC of the rectangle. 

Since ABC is the actual interaction curve for the approximate yield condition, 
it is an outer bound on the true interaction curve. Further, the rectangle EFG, 
obtained by multiplying 4 BC by 0-618 is a lower bound on the actual interaction 
curve. 

The points A and C represent complete solutions for the actual yield surface ; 
therefore, they must be on the actual interaction curve. Since the interaction curve 
must be convex, it follows that an improved lower bound is given by the broken 
line AFC in Fig. 4. Therefore the actual interaction curve must pass through A 
and C and lie in the region ABCF A. 
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To obtain an improved outer bound, we consider the velocity field defined by 
(12b) and (13b) and apply the upper bound theorem. Evidently (9a) is the appro- 
priate part of the yield surface to use, and it follows from (5) that 


q = (Bh? /r) (8, 0, 4, 0) = py, (2n,, 0, 1, 0) (14) 
where 
B = C/Bh’. (15) 
Equation (14) can be used to eliminate p, and determine n,; m, is then given 
| My " 8 g 


by (6a). Substituting these results into (11), we find 


d,° = (Bh?,2) (fp? + 1) (1 — Bb), (16a) 


d,° = (Bh®/2) [(1 — b)? (1 + 2b) p + 2 pt]. (16b) 


Equating the two equations (16) we obtain an outer bound curve in terms of 
the parameter B: 
p = (1 — b)-*(1 + 2b)" [(1 — b) Be — 2t B + (1 — d)]. (17) 


Obviously the * best’ outer bound curve will be obtained if 8 is chosen so as to 
minimize p subject to a given ¢. Thus, setting dp,/dB = 0, we find 8 = t/(1 — b) 
and (17) becomes 


(1 — bP (1 + 2b) p+@/(1 —b) = 1—b. (18) 


This curve is a parabola through A with vertex at C which passes very slightly 
above F in Fig. 4. Therefore, the actual interaction curve must lie within the 
shaded region in Fig. 4. 

Final outer and inner bounds for two specific values of b are shown in Figs. 


5a, b. 


5. Furtuer EXamp.Les 


The remaining support conditions may be systematically handled by the same methods used 
in Sections 3 and 4. The boundary conditions at the inner edge for each case are listed in the third, 
fourth, and fifth columns of Table 1. 

Considering first the case of pure tension, we see that equations (12) are directly applicable 
to cases 2, 5 and 6 in Table 1. For the remaining cases the velocity solution (12b) will not satisfy 
the boundary condition v (b) = 0 from Table 1. However, due to the idealization of a perfectly 
plastic material, it is permissible to have a positive radial velocity discontinuity at r = b, provided 
only that ,(b) = 1. With this boundary condition, the complete solution for cases 3, 4, 7 and 
8 is 

Ng =n 1, ¢=1, oC, (19) 


r 
For pure bending, equations (13) apply for case 3. Cases 2 and 4 are handled in the same 
manner, the results being 
m=1, m=1—pr—(l1—p)/r, p=(1 +64)". (20) 


The remaining cases can be satisfied only by a discontinuity of slope at r = 6. Such a dis- 
continuity requires m,(b) = 1. The stress distribution for cases 5 and 7 is still given by the first 
two equations (13) but the load is now defined by 


p = (1 — 8b? + 20%)-1. (21) 


Similarly, the stresses for cases 6 and 8 are given by the first two equations (20) but the load 


is given by 
p=(1 — 8). (22) 
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The appropriate ones of equations (12, 13, 19-22) can now be used to bound the interaction 
curve to a domain similar to ABCF A in Fig. 4. Values of fy and pp which fully define this domain 
are summarized in Table 1. 

Better upper bounds are obtained by modifying the energy expressions to fit the various 
boundary conditions. The internal energy is still given by (16a) for case 2, but in all other cases 
the energy dissipated in the discontinuity at r = 6 must be accounted for. In cases 3 and 4, 
A is discontinuous and w’ is continuous, at r = 6. If we regard the region from r = b- tor = b 
as having small but finite thickness, the component v’ of q will be very much larger than the other 
components, hence we may write 

q (0, v', O, 0). 


It follows from (9) that this velocity field must be associated with the intersection of the cylindrical 
surfaces (6b) and (6c), hence the radial stresses at r = b are n, = 1, m, = 0. Therefore, the 
internal energy rate is 
*p* “pt 
d;’ n,A,rdr=b v dr =b [v], = Bh? bB, (23a) 


J wb 


where the symbol [ |, denotes the discontinuity of the bracketed quantity at r = b. 
In the remaining cases w’ is discontinuous and v may or may not be discontinuous, hence 


q ee h? w’’/2). 
Evidently (6b) is the applicable yield surface, and the flow rule (9b) yields 
q = »(0, 2n,, 0, 1). 
Eliminating » from the two above equations, we obtain 
n, = v'/(— h?w”) (1 /h?) [v],/[z’]p. 
Finally, we may use the above expression for n, and (6b) to write the internal energy rate as 


"hr 


(n, A, + m, «,) rdr = b {n, [v], — (h?/2) m, [w’],} 


wb 
ob [v]y? + ht [w’),? 
2 ; h? [w' |, 


In particular, then, the energy dissipated at the discontinuity is given by 


di” = 4 Bh2b 


for cases 5 and 6, whereas for cases 7 and 8 
di’ = § Bh? b(B? + 1). (23¢) 


Since the internal energy over the interior of the plate is still d;° as given by (16a) the total 
energy for the various cases is obtained by adding (16a) to the appropriate equation (23). 

The external energy for cases 3, 5 and 7 is still given by (16b). For the remaining cases the 
shear energy at r = b 

d,* = § Bh [3pb? (1 — b)] (24) 
must be added to (16b). 

The procedure now is similar to that used in Section 4. The internal and external energies 
appropriate for the given boundary conditions are equated and solved for p in terms of ¢ and f. 
Then B is determined to minimize p for a given t. In most cases the minimum is a relative one 
determined from dp/d8 = 0. However, if t < 6 in cases 3 or 4, the minimum is restricted by 
the requirement that 8 be non-negative and hence occurs for 8 = 0. 

The resulting formulas are listed in the last column of Table 1 and typical results are shown 
graphically in Fig. 5. In most cases, the curve gives the best outer bound, but in cases 5 and 6 
the line ¢ = f) is a better outer bound over part of the range. 
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Fic. 5. Typical interaction curves. (a) Case 1, b = 0-1. (b) Case 1, b = 0-5. (c) Case 2, 
b = 0-1. (d) Case 2, b = 0-5. (e) Case 3, b = 0-1. (f) Case 3, b = 0-5. (g) Case 4, b = 0-1. 
(h) Case 4, b = 0-5. (i) Case 5, b = 0-1. (j) Case 5,b = 0-5. (k) Case 6, b = 0-1. (1) Case 6, 
b = 0-5. (m) Case 7, b = 0-1. (n) Case 7, b = 0-5. (0) Case 8, b = 0-1. (p) Case 8, b = 0-5. 
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It is evident from Fig. 5 that the bounds are reasonably close together except for large 6 
in cases 5 and 6. Reference to Table 1 and Fig. 3 shows that the support conditions in this case 
appear to be rather artificial and not too likely to occur in practice. Therefore, for all cases of 
practical interest we may conclude that Table 1 and Fig. 5 give satisfactory bounds on the plastic 


interaction curve. 
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KFFECT OF BOUNDARIES ON WAVES IN A 
THERMOELASTIC SOLID: REFLEXION OF 
PLANE WAVES FROM A PLANE BOUNDARY?+ 


By H. Deresiewicz 
Columbia University, New York 


(Received 14th March, 1960) 


SUMMARY 


INVESTIGATED are some of the phenomena resulting from the incidence of plane thermoelastic 
waves on a plane, traction-free, thermally radiating boundary. 


1. INTRODUCTION 


In view of the interest manifested in recent years in the effects of finite thermal 
conductivity on wave propagation in an elastic medium, it appears desirable to 
examine the influence of boundaries on such motion, It has been shown previously 
(Derestewicz 1957) that, in a medium of indefinite extent, the field equations of 
linear thermo-elasticity predict the existence of two plane dilatational waves, one 
predominantly elastic, the other predominantly thermal (referred to in the sequel 


as E and T waves, respectively). These disturbances are dissipative as well as 


dispersive, the amplitude of each undergoing a spatial attenuation for a given 
fixed frequency. In addition, the equations predict a purely elastic plane shear 
wave, of constant velocity and amplitude. 

The present paper contains an investigation of the reflexion of such waves from 
a plane, traction-free, thermally radiating surface. It is found that an obliquely 
incident dilatational wave of either kind generates reflected waves of all three kinds, 
each of which (shear wave included) being dissipative and dispersive, the amplitudes 
diminishing with displacement normal as well as parallel to the boundary. An 
obliquely incident shear wave also gives rise to reflected waves of all three kinds, 
of which the shear wave, however, remains elastic, and the amplitude attenuation 
of the reflected E and T waves takes place only for displacement normal to the 
boundary. 

An incident E wave gives rise to a reflected SV wave having a smaller phase 
velocity but a larger angle of reflexion than it would have in a non-conducting 
elastic medium ; an incident SV wave generates a reflected E wave whose phase 
velocity and angle of reflexion are each smaller than in the corresponding elastic 
case. The T wave generated by either the incident E or the SV wave is reflected 
at an angle to the normal and with a phase velocity which are extremely small 
(for physically realizable frequencies and material properties). 


+The support of the present work by (United States) National Science Foundation grant NSF-G 10242 to Columbia 
University is gratefully acknowledged. 
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The effect of thermal conductivity on the amplitude of the reflected K and SV 
waves is found to be greater for an incident SV wave than for an incident E wave ; 
the effect on the amplitude of the reflected T wave is of the same order of magnitude 
in each case, It is found, also, that a normally incident E wave generates only the 
two reflected dilatational waves, whose amplitude ratios (to the incident amplitude) 
curiously enough are independent, for frequencies well into the megacycle range, 
of the thermal radiation at the boundary. 

It must of course be kept in mind that, quantitatively, the effects discussed 
herein are quite small. Nevertheless, they assume importance in certain applica- 
tions in ultrasonics: for example, in the design of high-frequency oscillators. 
The aim there is to evolve oscillators with ever larger mechanical admittance. 
However, it does not appear to be generally known that there is a limitation 
imposed by the laws of thermoelasticity on the maximum realizable value of the 
admittance, and that this limitation becomes practically important in the megacycle 
frequency range. In addition, since the phenomena under discussion are directly 
consequent upon the laws of thermodynamics, they have inherent theoretical 
interest. 

Finally, it is evident that the problem of refraction of waves from one medium 
into a contiguous one across a plane boundary, with attendant reflexion at this 
boundary, may be handled analogously to the problem dealt with herein. 


2. SoLuTion Or THE Fre_tp EQUATIONS 


A general solution of the field equations of linear isotropic elasticity for the 
displacement, u, and the (small) deviation, 7’, of the temperature from equilibrium 
has been exhibited recently (DEREstewicz 1958) in the form 


2 
u = (2’grad ¢; + curl H) e”, 
jel 


oa 
T (pez, B) 2 (5; + p® eg") d; e”, 
j=l 


(V? + 82)¢,;=0, j = 1,2, 
(V2 + 8%,) H = 0, 


For a harmonic time variation (i.c., p = iw), the parameters 4, (k = 1, 2, 3) 
which are associated, respectively, with E, T, and shear motion, are given by 


(a - +3) # [0 +3) - Fa +) 


The material constants entering into the solution are p, the density ; ¢7?=(A +2,)/p, 
the phase velocity of isothermal dilatational waves (i.e., corresponding to a medium 
with infinite thermal conductivity) ; A and », Lamé’s constants ; 8 = &(3A + 2y), 
where & is the coefficient of thermal expansion. Further, « = 8? T)/pc, ¢7* 

c,2/cz? — 1, where 7, is the equilibrium temperature, c,, the specific heat at constant 
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volume per unit volume, and ¢,, the phase velocity of adiabatic dilatational waves 
(corresponding to a medium having zero thermal conductivity). Finally, 
Q = a* w c7*, where a? is the thermal diffusivity, is the (dimensionless) product of 
the frequency of the motion and the relaxation time due to thermal currents, 

It should be noted that the solution represented by (1), (2) and (3) is complete 
(STERNBERG 1960). 


3. Incipent E Wave 


We introduce a set of rectangular coordinates with origin at a point on the 
(horizontal) plane boundary, such that the zy plane coincides with this boundary 
and the z axis is normal to it and directed into the solid. Then, for waves of plane 
strain in the (vertical) 2z plane, a solution of (2) appropriate to an incident E wave 


is 
¢', = ¢,¢'" = A, expi (at — 5, Ww,’ - Pr), 
where 
w, = isina — Kkeos« (5) 
is the unit normal to the wave front and r = vi + 2k is the position vector with 
respect to the origin. 

In view of the situation which exists in the purely elastic case, we may expect 
that the presence of a traction-free boundary will cause the appearance of reflected 
body waves of all three kinds. Accordingly we introduce the following solutions 
of (2): 
reflected E wave 

¢, = A, expt(@,t — 3, wy” - 1), 
reflected T wave 
bs A, exp i(w,t — 6, w,"’ - Pr), 
reflected SV wave 
H (0, H’’, 0), 
where 
HH” A, “eXp t (asf 03 w,  .T). 
The resultant displacement has components 
u, i (3, sin x d," + 8, 1, d," + 8,4, 6," — 5, n, H"’) 
u, = 0 


u i (5, cos « d,° — 3, n, d,° — by My by — 4, ls H’’) 


where (/,. 0, n,) are the components of the unit vectors w,’’. 
Of the traction conditions on z = 0, 7,, = 0 is satisfied identically, The other 


boundary conditions require that 
w, We ®s = w, (8) 


i.e., that each of the reflected waves have the same frequency as the incident wave, 


and 
5,1, = 8,1, = 8,4, = 4, sin «. (9) 
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It is apparent from (9) that 


l,=sina, ny = cosa; (10) 


thus, the angle of reflexion of the E wave is equal to its angle of incidence. 


We note that, for materials within the scope of our theory, 2 < 1 for frequencies as high as 
the megacycle range*. Accordingly, the expressions (3) for 5, and 5, may be approximated by 
expanding in powers of 2 and retaining only the first few terms : 


+ hy ¢* — i {?/2), 
[a + (7/2) —i(a — /2)), 
2¢ 
(4 Be) /8e, | 
(12) 
2 = « Q/(1 + &). } 


On proceding to the remaining relations in (9), we find, with the aid of (11) and the last of (3), 


= 1 sin a = SES (1 + @ — ky th) + i(k —  — kyo), 
4 - 
2 ” 
4 cin? 2 aint 
n, = (1 —1,2)§=1 4 = * (sin? a — 8«) — if tnd 
, 8< Ze 


= (4 — Te — 4e* — 2e*)/8e, = and 


5 sin a =qsina(l + ky {4 — i (7/2) 


4s 
= (1 — P,)3 

A? 
“(1 — 3%) 


=i — a% : («, A? 


where 
q=,/c, A =qsin«. (15) 
Inserting (10), (13) and (14) in (6a, b, c), and again taking account of (11) and the last (3), 
we find 
~ 


: ” , iw : 

$,” = A,” e~ +41") exp (v,") t — asin « — zcos «)], 

. 1 vy. 3 | 
1 


¢,° = A,’e +%9*) exp ao (vy") ¢ —a#sin 8B — zcos 8)}, (16) 
Us J 


iw ‘ 
~ (vg) ¢ — asin y — cos y)|- 
v,) | 


H”’ = A,” +3") exp 


In (16), 
6=— 2sina (17) 
2c 
s 
is the spatial attenuation factor parallel to the boundary (which, by virtue of the boundary 
conditions, is the same for each of the waves), and 
Representative values are given by Derestewicz (1957) and Cuapwick 


*In addition, « <1, although «» 2. 
and SNEDDON (1958). 
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rv? 
C* cos a, 
y 7 P 
° 4 {1 — (sin® « ji? Ze], 


"/ ; 
. 2c, q ( 1 2 J 


are the respective spatial attenuation factors normal to the boundary. Furthermore, 
v,) =e. (1 —k, 4), 


v,")) “2 (1 —_ 
] 


» (1) 
Us = 


are the respective phase velocities, and «, 8, y, 
; ¢ € 
sin 8 | 1 
n 
(20) 


sin y 1 + q sin x, 
y (: , 3 | 


are the angles of reflection of the E, T and SV waves, respectively. 

It is seen that the dissipation is quite small in the EK and SV waves, varying as exp (— Q), 
and very large in the T wave, varying as exp (— Q-). The phase velocity of the reflected shear 
wave is smaller than its corresponding value in the purely elastic case (i.e., for « 0). Its angle 
of reflexion is greater than the corresponding angle in a perfectly non-conducting medium but 


(since q = ¢9/€, = Cy er (I «)!) smaller than in a perfectly conducting medium. The phase 


velocity and the angle of reflexion of the T wave, each proportional to Q}, are very small. 
The amplitude ratios are obtained from the boundary conditions in the usual manner. Thus, 


on = 0, the conditions 
a 
+ 
oly 
Tez a 33 


d 


: =) 4] 0, 


reduce to the system of algebraic equations 
(8,? sin 2x) z,") t (28,” I, my) 24" 5,” (n,* 


ya” (28,7 1,2 


| 25,7 sin® x 
9 


(5" — <) is, cos a - h) 2," : (5.° - _ (18, cos x — h) 2, 
7" Cc; = 2 


o w* 
| 1 ” —,} (a3, cos @ 
Ce 
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where 
2,0) = A,”/Ay’, (k = 1,2, 3) 
and /,, n, are given by (13), and l,, ng, by (14). 
Solution of (21) yields, to terms of O({*), the amplitude ratios of the reflected potentials* 
ems 


—B oe ) 
A+ B" + e,¢ T if, ¢ ), 
2f?/n 


2B [(€ 4 sec a — B) + i(€ Asee « + B)), 


2(1 — A?) sin 2a 
t €5 3 + if. “ " 
A+B 2 + 20") 
where 

2A (1 — A*)isin2a, B=(1 — 2A7)*/@, ¢€ = 


2 £ A(nq Asec a + B}) — B®? cosa 
A? B ‘ 


nq COS a 


2B (E" + Beosa 4 24° 3q7} AB} 


. nq COS « A? — B 1 — A? " A? B? 


1 n € Asec « + (€ + cos a) q-! Bi 
7 COS A+B 


—}4étan ‘| 


I n A — (€ — cos 1 Bi 
as é(- f j tan «| : —— es | 
7 COS @ € 


A+B 


2A? l 3 — 2A? 4A? 
27 A Bi. 
-2A2 A+ B/2(1 — A?) q J 


At normal incidence (i.e., for « = 0) A 0. B 
So = (€ — £/« —1 + 9)/n, So that (23) reduce to 
2,{1) = — 1 — (2¢2/n) (1 — i), 
zg't) = (2f2/m)(1 — i), 24") = 0. 


It is worthy of note that for normal incidence the amplitude ratios, to terms of o (£), are indepen- 
dent of the thermal radiation constant on the boundary, h. 

The procedure leading to (23) is valid for angles of incidence, «, such that {sec « < 1, or 
a < are sin(1 — {?)). In the range are sin (1 — (*)} < a < 42, ie., near grazing incidence, (23) 
must be replaced by one of two sets of expressions depending on whether or not the boundary 
is thermally insulated. Thus, for h # 0, as « —> $2, 


z+-—-1, 2, z,')) > — 2ig? {/(1 — 29°), (26) 
while, for h = 0, as « > $72, 
4nq? (1 — q?)3 
2,0) > 1-ili4 ng” ( f) , 
1 — 2q* | 
zg) + 2(1 — i) f?/m, 24{) + — 4ig? (2/(1 — 29%), 


q being given by the first of (15). Of course, as in the case of the classical elastic solution, the 
case of grazing incidence (x = } 7) must be handled separately. This will not be done here. 


* The amplitude ratios of the corresponding displacements are obtained by multiplying the values given in (23) 
by 6,/6,, k = 1,2, 3. 


H. Derestewicz 


4. Incipenrt SV Wave 


In accordance with the procedure employed in the preceding section, we choose 
a solution of (2) appropriate to an incident SV wave (whose wave front is inclined 
at an angle y to the boundary), 


H' = C’, exp i (wt — 8,xsin y + 432 cos y), (28) 


and attempt to satisfy the conditions on z = 0 by introducing reflected E, T and 
SV waves given, respectively, by 


rh. Cc,” exp i (wt — 5, d,”’ -r), 
d,’ = C,"’ expi(wt — 6, d," - r), 
H" = C,'' expi(wt — 8, d," - r), 


where the d,"’ denote unit vectors having components (A,, 0, »,). Once again 
we find, as in (9), 
3 Ag = 5, sin y (30) 
from which it follows that 
Ay = sin y, vs = COs y. (31) 


Thus, the angle of reflexion of the SV wave equals its angle of incidence. 
We find, further, that 


(82) 


where 


(33) 
For 0 < A < (1 — )}, 


"y a (3 


/ | 272 
~ . Ars P L 3 4 . A ¢ | 


2e 8(1 — A? A ‘2(1 — A%)| 


and, in this range of values of the angle of incidence, 
A = CC." g*s% oup - (v,) x sin zcos «a)] : 
?) = l i I - 73) 1 ‘ x 2 COS @ : 
1 


the attenuation factor (normal to the boundary) is 
r2 
6 


the phase velocity, 


where k, = [1 — 3«/4 - «-) A®)/26(1 — A®)*, and the angle of reflexion, «, such that 
sina = A[l — kg (1 — A) S). (38) 


Thus, the velocity and the angle of reflexion are smaller than in the isothermal case. 

It can also be shown that the SV wave undergoes total reflexion whenever it is incident at 
an angle greater than a critical one, y,,, whose value is bracketed by 
are sin © | 1 - e) : < Yer, < are sin “2 
c, € CT 
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Finally, (30) yields 
Ag = (204/n) [(1 + 02/2) + i(1 — 7/2), 
ZS 1 + 2A? (A? — «) (4/2 — 23 A? 07/c, 


‘2 
from which we find, in turn, 


‘” , ver iw 
$= C," e~72* exp ns 


(v,"*’ t — asin B — zcos £)], (41) 
Vy 


4A? —-¢ ,, 
=. z( } ‘2), (42) 
cs 22 2e 


vy") = (2c, f/n) [1 + (24? — «) f?/2«], (43) 
sin 8 = (2£A/n) [1 + (2A? — «) . (44) 


It appears from (35) and (41) that attenuation of reflected E and T waves, generated by an 
incident SV wave, depends only on displacement normal, but not parallel, to the boundary. 
In addition, the reflected SV wave is undamped. This differs markedly from the behaviour of 
the reflected waves generated by an incident E wave, as is evident from (16). 

The conditions on the boundary reduce to the set of equations governing the amplitude ratios 
o- (3) ‘er ‘7 
~k - c k Cc 3° 

(25, v, sin y) 2°) + (28, vg sin y) 2,9) — (5, cos 2y) 2,°’ = 8, cos 2y, 
(cos 2y z,%) + (cos 2y) z,‘*? + (sin 2y) z,9) = sin 2y, 


(— 43, vy + h) (8? — w*®/eq*) z,) + (— 18, v2 4 h) (8,2 — w®/eq*) z,) = 0. 


At normal incidence, only the SV wave is reflected. 
For an arbitrary angle of incidence 0 < y < are sin [q (il — £4], the amplitude ratios* in (45) 
may be written 


2, = D-) [(« —t)—ile+a, t)] q7' sin 2y cos 2y, 
2,9) > — D-[¢ —i(1 A®)}] nf? q-* sin 2y cos 2y, 


= — D"{[e(E — FP) — ((E — a, F)) —ife(E — F) + C(a, E — a, F)}}, 


D =[«(E + F) —((E +4, F)) —ife(E + FPF) + C(a,E +4, F)), 
(2q)"1 cos? 2y, F = (1 — A?) sin y sin 2y, 
« — e€(1 — A*)-4, a, = 1 — nf, 
€[n — «(1 — A*)-4] 


and ¢ is given in (24). 
For a thermally impervious boundary (i.e., 4 = 0) (46) reduce to 


iE ) 
E+F!’ 


— A®*) sin2ycos2y 
q(E + F) 9 


in Pa cog Qy / 
- (3) ~~ Sin Sy Cos “7 


" - qg(Bb + F) 


(1 — 4), 


aes. E — at 2 a) 
 / 84F ' BFP 


4 


*The amplitude ratios of the corresponding displacements are obtained from the values in (46) by multiplying 
by 4,/85,k = 1,2, 3. 
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SUMMARY 


AN ELECTRICAL analogue for solving the biharmonic equation was used to determine the elastic 
stresses near a hole or crack in a flat rectangular plate subjected to uniaxial tension. 

Problems concerning both simply and multiply connected regions were solved by the method 
and, where a comparison between the experimental results and existing analytical solutions was 
possible, the agreement was good. 

The advantages and limitations of the method are discussed and the desirability of extending 
the method for the determination of the stresses after plastic yielding has occurred, is emphasized. 


1. INTRODUCTION 


THE DETERMINATION of the stresses in the region of a hole or crack in a stressed 


plate is of great engineering importance, particularly in components liable to fatigue, 
but unfortunately theoretical solutions are difficult to obtain and, indeed, very few 
solutions exist. Experimental methods such as photo-elasticity, strain gauge 
investigations and brittle lacquer techniques, have been used in an attempt to 
obtain reliable results but, although a hole can be made easily, a fine crack is 
diflicult to manufacture. However, the principal difficulty lies in the inability to 
measure strains over a short length and at sufficient stations in the proximity of 


the crack or hole. 
For this reason it was decided to attempt a solution to the problem by using 
an electrical analogue method, a technique which had already yielded satisfactory 


solutions to other elastic problems. 


2. OvuTLINE oF PROBLEM 

(i) General 

The cases investigated all concerned the plane stress problem of a flat rectangular 
plate subjected to uniaxial tension, and having either a central hole or a central 
crack disposed perpendicularly to the direction of applied stress, or external 
cracks centrally disposed in the same direction. The problems are summarized 
in Fig. 1. It will be seen that the problems considered concern either simply or 
multiply connected regions. 

Patmer and Repsuaw (1955) have established an electrical analogue for the 
solution of the biharmonic equation and, for their analogy to be used in the present 
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instance, the problem has to be expressed in terms of the Airy stress function and 
the boundary conditions formulated accordingly. When the boundary conditions 
have been represented on the electrical analogue network the measurement of 
the electrical potentials at various nodes supplies the Airy stress function at those 
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Fic. 1. (i) External cracks. (ii) Circular holes. (iii) Internal cracks. (a) Loading conditions. 
(b) Airy stress functions. 


points. Subsequent double differentiation yields the stresses but, additionally, 
the sum of these stresses can be measured directly from the network. 

For a simply connected region the boundary conditions may be expressed 
directly in terms of the Airy stress function, but for a multiply connected region 
an additional boundary condition is required. 


An electrical analogue solution for the stresses near a crack or hole in a flat plate 


(ii) Determination of Airy stress function 


The stresses on any boundary, see Fig. 2, can be expressed in terms of X and Y 
the components of the surface stresses and the direction cosines | and m : 


X=lo,+mr,, Y=mo, +I 7,,. (1) 


l=cosae 
m-=sing 


Fic, 2. The stresses on any boundary. 


Yo 


’ nl . » 
oy? g = . (2) 


" 


equations (1) can be written in terms of the Airy stress function ¢ and, on inte- 


gration, 


Al + Bm + al + Bm. (3) 


Hence 


4 [cae | Am) ds L ga + By + y (4) 
0 


A= - I, Yds, B- | xa. 
0 0 
a, 8 and y are constants of integration which for a simply connected region can be 
chosen arbitrarily. Therefore, when strains are specified on the boundary they 
can be represented by the Airy stress function and its normal gradient. 

In the problems considered, not only were the normal and shearing stresses 
known on the loaded boundaries, y = + » (Fig. 1), but the transverse stress was 
assumed to be zero. Hence, instead of having to specify ¢ and d¢/dn on these 
boundaries, V2.4 and ¢ can be used, which is more convenient for the electrical 
analogue. 

If the body is multiply connected the constants are of importance and must 
be chosen to ensure that the rotations and displacements are continuous. On one 
boundary, usually the external boundary, the constants are chosen arbitrarily 
but their values on the internal boundaries are restricted by the continuity condi- 


tion. 
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Micue.. (1899) first presented these conditions in terms of the Airy stress 
function ; he deduced the equations for each internal boundary which must be 
satisfied to ensure single valuedness on the boundary. These are the rotation 
condition 


> an (V2.4) ds = 0 (5) 


and displacement conditions 


| rwad) — 9 102 bl de — 
> jy sa ) —2 5, (V8 4)} de = 0, 


(6) 


‘) {Fr (V2.4) +a2— (V? 6) ds = 0. 
Jil 


d 
ds on 
For a multiply connected region the constants must be chosen so that these con- 
ditions are satisfied. 

Twofold symmetry occurred in all the problems described in this paper and 
therefore x and 8 become zero, also the displacement conditions (6) are automatically 
satisfied. 

There remains, however, the determination of y and for this two alternative 
methods exist: either a superposition method, described by Pracer (1946), or 
an iterative method due to SourHwe.. (1948). During the experiments both 
methods were tried, SournHwe...’s method being finally used as the superposition 
method entailed the summing of two solutions, with the attendant inaccuracies. 

Using SourHWwe.u’s method, various values of y were tried until the one giving 
the correct solution of (5) was found; the nature of the electrical analogue is 
such that this presented no difficulty. 


(iii) Boundary conditions for cracks and holes 


The boundary conditions for cracks and holes require special mention. For 
a hole the normal stress and the shearing stress are both zero. When substituted 
in (3) and (4) this yields 6 = y and )¢/dn = 0. A fine line internal crack may be 
considered as an ellipse whose minor axis is virtually zero, and again the normal 
and shearing stresses are zero, giving the same boundary conditions as for a hole. 
For the external crack a somewhat similar boundary condition applies (see Section 4) 


3. EvecrricaL ANALOGY 
(i) Description of electrical analogue 


The electrical analogue in effect provides a solution to the biharmonic equation 
when expressed in finite difference form. The principle of the analogy has been 
previously described (PALMER and Repsuaw 1955) and the electrical analogue 
used in the present instance is a very enlarged version of the prototype apparatus. 

The electrical resistance network is described diagrammatically in Fig. 3. 
The lower network consists of a square grid built with resistors of uniform resistance 
value, a similar network forms the middle network and the upper network com- 
prises a similar grid but without resistors. Corresponding nodes of the upper 
and lower nets are connected to the intermediate net through resistors whose 
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resistance value is large compared with that of the net resistors. The fineness of 
the net permits an optimum mesh separation of 2g x ss and, by taking advantage 
of double symmetry, the whole net was used to represent one quarter of the plate. 
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Fic. 3. Resistance network. 


On the network an axis of symmetry is automatically ensured by doubling the 
resistance value of the boundary resistors. In the analogy a potential v on the 
lower net represents the Airy stress function and the potential V on the middle 
net represents the sum of the direct stresses (o, + ¢,). 


(ii) Satisfaction of boundary conditions 


The satisfaction of a double boundary condition is required ; for the loaded 
edge a potential, representing a uniform stress, is applied to the middle net and 
the Airy stress function, as calculated by the method described in Section 2 (ii), 
is applied directly to the lower net, again in the form of a potential. 

For the free edge x +. a the Airy stress function ¢ and its normal gradient 
d¢/ dn are specified, and this is analogous to setting the lower net boundary potential 
to v and its normal derivative to dv/dn. To achieve this, boundary potentials V 
are set on the middle net and adjusted until v and dv/dn are brought to the assigned 
values on the lower net. This involves a type of electrical iteration process but 
with a little care and experience the desired conditions can rapidly be achieved. 

For a hole or a crack the conditions are again that v and dv/ dn are specified. 
A description of the technique for setting up the boundary conditions on the 
electrical analogue is to form the subject of a separate paper. 
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4. EXPERIMENTAL INVESTIGATION 


Three plane stress problems were investigated, with a rectangular plate of 


length breadth ratio 3/2. The problems selected were as follows: 
(i) Two external cracks ; i.e. a simply connected region. 


(ii) A central circular hole; i.e. a multiply connected region to which an 
analytical solution exists for a finite width of plate. 


(iii) An internal crack ; i.e. a multiply connected region problem similar to 
that of the circular hole but presenting greater experimental difficulty. 
No known analytical solution exist, but an analytical solution for an 
internal crack in an infinite plate is available. 


(i) Eternal crack 


The problem considered was that of a flat rectangular plate of length, breadth 
ratio 3/2 and having two symmetrically disposed cracks each , of the plate 
width. The geometry, boundary and loading conditions of the problem are 
illustrated in Fig. 1. The half-length of the plate was represented by 48 mesh 
intervals, and therefore the half-width and each crack length by 32 and 12 units, 
respectively. 

Using the concept of the slender ellipse, described in Section 2 (iii), the Airy 
stress function can be calculated to be ¢ = Pa(a — x), where P is the applied 
stress and d¢/dy = 0. 

The electrically analogous condition was applied to the electrical analogue, 
and the potentials at nodes on the middle and lower nets were measured as necessary. 
From the electrical measurements direct and shearing stresses were calculated in 
the manner described in the Appendix. The stress components ¢,, o, and r,, 
are shown in Fig. 4. No known theoretical or experimental results were available 
for comparison. 

It should be noted that the stress at the end of the crack should be infinite, 
since an infinitely fine crack has been represented on the analogue, but, owing to 
the finite mesh used, the recorded stress at the end of the crack represents the 
average value of the stress over the area represented by the discrete interval. 

As a check on the experiment the average longitudinal stress across a number 
of sections was calculated from the experimental results and expressed as a per- 
centage of the applied stress. The agreement was good, an error of about 5 per cent 
in the section containing the crack being reduced in subsequent experiments to 
less than 2 per cent. 


(ii) Circular hole 


A rectangular plate of the same size as that used in the last experiment was 
selected, but in place of the external cracks the plate was perforated with a centrally 
placed circular hole whose diameter was 7, the breadth of the plate. As it was 
not possible to represent the curved boundary of the hole on the square network 
mesh, the boundary was considered to coincide with the nearest node. This tech- 
nique has previously been found to be satisfactory and the result of the present 


experiment confirms this statement. 
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y Michell’s integral 
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Fic. 5. Michell’s integral: circular hole. 


Fic. 6. Cireular hole: direct stresses. 
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The loading conditions on the external boundary in terms of the Airy stress 
function are identical to those obtaining in the last problem. As shown in Section 
2 (iii) the internal boundary conditions require y to be constant and its normal 
derivative to be zero. The correct value of the function satisfies (5). 

The iterative process necessary for setting up the internal boundary condition 
consists in choosing a probable value for the function, setting the condition in the 
electrical analogue, and measuring the potentials on the middle net in close 
proximity to the hole in order to evaluate the line integral in (5). Since V2.4 
represents the middle net potential the line integral is simply the sum of the normal 
slope of the middle net potentials around the hole. It will thus be seen that only 
a few measurements need be taken, the rest of the board being left unscanned. 
The process has to be repeated for several values of the function until (5) it identi- 
rally satisfied ; the iterative results are shown in Fig. 5. The experimental process 
was rapid and the correct value for y was obtained after about five trials, each 
trial taking less than one hour. The correct value for y was then set on the network 
and the field scanned completely. The direct stresses o, and o, were then calculated 
in the manner described in the Appendix, the results being shown in Fig. 6. 

The tangential stress on the circumference of the hole, as determined by the 


=~ 


experiment, has been compared in Fig. 7 with the analytical result obtained by 
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Fic. 7. (a) Tangential stress on circumference of circle. (b) Stress variation on cross section. 


How .anp (1930) for a plate of finite width and infinite length, containing a circular 
hole. On the same Figure a comparison between the experimental and theoretical 
stress variation on the central cross section is given. It will be noted that the 
agreement in both cases is very good. It is interesting to observe that from a 
collection of photo-elastic results compiled by Hrywoop (1952) the maximum 
tangential stress on the hole is given as 3-04, which lies between the present electrical 
analogue result of 3-00 and HowLann’s value of 3-14. 


(iii) Internal crack 
With the same plate size as in the last two experiments an internal crack 
lying along the horizontal axis of symmetry was considered. Cracks varying in 


to & x the width of the plate were considered. 


length from 


1 
4 
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The loading conditions on the external boundary were the same as for the 
previous experiments, but the method of interpreting the internal boundary 
loading condition varied from that for the circular hole. The difficulty lies in the 
fact that the integral condition (5), which has to be applied to the internal boundary, 
cannot be used satisfactorily because the infinite stress which should arise at the 
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Fic. 8. Transverse stress for trial values of y. All values are expressed as fractions of the 
applied stress. 
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Fic. 9. (a) Variation of y with width of crack. (b) Maximum stress. (c) Centre of unloaded 


edge. 


end of the crack cannot be represented in the analogue because of the finite mesh 
of the network. An alternative condition was sought and it was decided to use the 
condition that the transverse stress at the centre of the crack is a compressive 
stress numerically equal to the applied tensile stress. This assumption would 
appear to be justified if the crack is considered to be an ellipse with an infinitely 
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small minor axis, in which case it is well known theoretically that this stress condi- 
tion is applicable. Apart from this, the iteration process for setting up the internal 
boundary condition was identical to that used for the circular hole. The manner 
in which the transverse stress varies with y is shown in Fig. 8; it should be noted 
that the correct value of y occurs when the transverse stress is unity. 

Six crack widths were investigated by this method. For each experiment the 
value of y, the maximum stress at the end of the crack, and the stress at the free 
unloaded edge on the centre of the plate normal to the direction of the applied 


stress, were determined and are plotted in Fig. 9. 

During the experiments it was found that a crack exceeding § of the plate 
width could not be set up on the electrical analogue because the stress at the end 
of the crack was very large, and could not be represented by an equivalent electrical 


potential, 


Fic. 11. Internal crack: principal stresses. —-— Sum of principal stresses from analogue ; 
Sum of principal stresses for infinite plate. Applied stress — 100. 


It will be appreciated that the stress at the end of the crack should, for every 
crack length, be infinite but owing to the mesh size, as explained previously, finite 
stresses were obtained. Possibly the network may be considered to be acting 
analogously to a metallic plate which will experience plastic yielding at the edge 
of the crack. 

A detailed analysis of the stresses for a crack width of 7g « the plate width 
are shown in Fig. 10. It is of interest to note that the average direct stress at the 
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section containing the crack, as found from the experiment, was 98-5 per cent of 
the applied stress. Fig. 11 gives a comparison between the analogue results for a 
finite plate and the theoretical results for an infinite plate (Frost and DuGpaALe 
1958)*. For the purpose of making a comparison the sum of the principal stresses 
have been presented in Fig. 11. It will be observed that a reasonable agreement is 
obtained in the region of the crack but, as would be anticipated, appreciable 
differences occur in the vicinity of the external boundary. The results of a photo- 
elastic experiment made at the University of Washington (CHENG et. al. 1959) 
on a rectangular plate with a central crack, but of different proportions to the 
plate considered here, showed the same trend in the distribution of the principal 
stresses at points remote from the crack. The agreement in the region of the crack 
was poor since the crack was formed by making a saw cut, the thickness of the 
cut being sy of the width of the crack as comparea with the infinitely thin crack 
assumed for the electrical analogue. The mesh length used for the electrical analogue 
was ,, that used in the photo-elastic experiment. 


5. CONCLUSIONS 


Within the limitations imposed by the size of the network the results obtained 
from the electrical analogue appear to be reasonable, and good agreement with the 
few analytical results available was obtained. In the case of a crack, the major 
limitations in the method lies in the inability to represent the infinite stress at the 
end of the crack, whereas for a circular hole this limitation does not apply and 
excellent results were obtained. It is probable that a closer approximation to the 
true results for a crack could be obtained if a graded mesh were constructed or if, in a 
future experiment, the results obtained for a portion of the field were reset to a 
finer mesh (PALMER and RepsHaw 1957). No attempt was made to introduce 
plastic yielding in the neighbourhood of the crack although, as mentioned in 
Section 4 (iii), this may be inherent in the electrical analogy. 

It is considered that an investigation into the possibility of introducing plasticity 
into the analogy is very desirable in view of the importance of plastic yielding in 
problems of crack propagation. 
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APPENDIX 
Calculation of Direct and Shearing Stresses from the Stress Function 


Values of the stress function are obtained directly from the electrical analogue and these 
values have to be doubly differentiated to give the stresses. Numerous finite difference formulae 
exist for this purpose but it has been found that the following five point formula, written below, 
gives better results when applied to analogue readings than the more usual formulae, although 
the truncation error is actually greater. The purpose of the formula is to make the errors in the 
electrical readings of the same order as the truncation errors 


h2 #¢ Lye ” ” 
. | -s] 7 (2b4, — $3 — 2b9 — o + 24g) 
da? Jo 


where the suflices denote the nodes of the networks as defined in Fig. Al. 


= 
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In the neighbourhood of boundaries the above formula cannot be used but since the middle 
net potentials equal )°¢/da2 + »* ¢/dy* and since )? ¢/dy* can still be calculated by the corres- 
ponding formula, )* ¢/dv® may be obtained by subtraction. For the computation of the shearing 
stress the conventional formula 


o{ ¢ 
ne (— - b(¢; — T dz — dy) 
de oy/o 
was used. 
On occasions, recourse to graphically smoothing of the differentials was found to be necessary. 
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TRAVELLING CRACKS IN ELASTIC MATERIALS 
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SUMMARY 


Tue solution for the stress field around the tip of a crack subjected to longitudinal shear (anti- 
plane strain) and travelling with a constant velocity in an elastic medium, as given by Bitpy 
and BuLLouGuH (1954), has been extended to a configuration analogous to the tensile case studied 
by Craces (1960). As in the case of tensile cracks, the applied stress required for constant velocity 
is lower for higher crack velocity and there is a critical velocity approximately 0-6 times that of 
the shear wave velocity above which the crack will branch. Similar stress levels are found using 
two different fracture criteria: the Griffith energy criterion and the criterion of critical shear 
strain averaged over a critical area. 


1. INTRODUCTION 


Since the analysis of stress and strain around cracks subjected to longitudinal 
shear (anti-plane strain) is much easier than that around cracks subjected to 
tension, one may be tempted to extend the results of an analysis of the shear 
case to the tensile case by analogy. A comparison of the results when both modes 
of loading can be analysed, is helpful in determining the validity or the limitations 
of such an analogy. Two configurations of the travelling crack subjected to tension 
have been studied by Yorré (1951) and CraceGs (1960), and in this paper these 
results will be compared with those for the corresponding configurations subjected 
to shear. In addition, the analysis for longitudinal shear will be used to compare 
the energy criterion for fracture due to Grirrirn (1920) with the criterion of 
critical average strain in a local area, as used by NeuBer (1937) and McCuinrock 
(1958). While the two criteria turn out to be similar in the elastic case, the criterion 
of a limiting value of the local average shear strain seems more appropriate for 


use when plastic deformation is present and the strain history becomes important. 


Because of mathematical difficulties associated with the growing crack, it is 
convenient to study configurations in which the length of the crack or stressed 
region remains constant even though such configurations are physically rather 
implausible. The configuration of Fig. 1, in which the crack reseals itself spon- 
taneously, is analogous to one considered by Yorré (1951). In the configurations 
of Figs. 2 and 3 it is supposed that the crack length / is maintained constant by 


*This research was supported by the United States Air Force, through the AF Office of Scientific Research and 
Development Command under Contract No. AF 18 (600)-957. Reproduction is permitted for any purpose of the 
United States government. 
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removing material at the face a distance | behind the tip of the crack at the rate 
at which the crack is progressing. The stress fields of Figs. 1 and 2 are identical 
since there can be no shear stress on the plane X = — / in Fig. 1, while the only 
difference between the fields of Figs. 2 and 3 is a constant shear stress, 7, The 


T% 


fo) 


Fic. 1. Travelling crack under external Fic. 2. Crack from eroding face under 
stress. external stress. 


Y 


Fic. 3. Crack from eroding face under Fic. 4. Internal stress following tip of 
internal stress. infinite crack. 


stress distribution in these cases has been given by Bitsy and BuLLouGu (1954). 
The configuration of Fig. 4 is analogous to that studied by Craces (1960). The 
crack is semi-infinite, the shear stress 7, being applied over a length | behind the 
tip. In all cases the crack is supposed to be moving to the right with a constant 
velocity V in an elastic medium of density p and modulus of rigidity p. 


2. Srress Disrrisurions 
(a) For the configurations of Figs. 1, 2 and 3 
The local distribution of stress around the tip of the crack can be found from 
Bitsy and BuLLoucH (1954) in terms of the applied shear stress 7, the crack 


dimension I, a constant factor m which in this case turns out to be 1/\/2 and a 
factor 8 defined by 


B = V1 —( V, ¢,)*, (1) 


Travelling cracks in elastic materials under longitudinal shear 189 


where ¢, is the shear wave velocity given by ¢, = 4/(u/p). The resulting expression 
is 
— [v (X27) + ¥? + (X/)]! 
26) | (x P*) + Yt ~~ 


x m./(3 [va (x27p) + ¥? — (x, wap 
2p (X?/p#) + Y? 


(b) For the configuration of Fig. 4 

The solution to this is found by transforming the dynamic problem into a 
static problem, which is solved with the aid of a conformal mapping. 

In terms of coordinates moving with the crack at constant velocity, the equili- 
brium equation relates the shear stress gradients to the acceleration of the warping 
displacement, w : 

Sn 2 
oTxXZ WT yz -_— = pV? d w (3) 
oX oY Q oX? 
Expressing the stresses in terms of strains, and the strains in terms of displacements 
and making the substitution 


Xx = 
“fl - — (p V2/p)]} B 


reduces (3) to Laplace’s equation 


(4) 


)2 w 
—— =0, (5) 


subject to the boundary condition dJw/dy = 7)/p along —1/B<a< 0. 
Thus the dynamic problem has been reduced to one of statics. It is most 
easily solved in terms of the stress function, ¢, defined through 


(6) 


For equilibrium ¢ must satisfy Laplace’s equation. The boundary conditions are 
—I/p<r< 0, ¢ = —7,(a + 1/8), 
—o<a< —l/B, d (7) 
at oO, 


With the loaded length taken as unity for simplicity, the given region is mapped 
into a unit cirele in the plane w = u + iv by the transformation 


= 4(2= ) (8) 


w—l 
In the notation of Fig. 5, the boundary conditions are 


—@0 on the are ADC, 


—7; (1 — } cot? (%/2)] on the are 
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The tip of the crack has been mapped into the point B. In the vicinity of B, 
which is non-singular, the first order approximation to the solution of Laplace's 
equation will be a plane whose equation can be found by letting u =— 1 + « 
and v = 0. Evaluation of the Poisson integral formula gives 


é (e) n(1 “), 


and ¢ is locally independent of v. 


Fic. 5. Notation for transformed problem. 


Transforming back to the ay plane and using polar coordinates r and 


@ gives 


~-* whe and 8 = 02, (11) 


where 5 is the angle made by the total shear stress + with the y-axis, the sense 
being positive in a counter-clockwise direction. 

Since the stress distribution given by (11) is identical to that for the finite crack 
in the static case (BiLey and BuLLoucn) with the exception that the value of the 
constant m is different, the dynamic state of stress around the tip of the infinite 
crack will also be given by (2) with a value of m = 2/7. Equation (2) indicates 
that the shear stress on the plane Y = 0, directly ahead of the moving crack, 
is unaffected by the crack velocity but that the shear stresses elsewhere are increased 
as a result of increasing crack velocities. 


Brancuine VeELociry 


Following Yorr®é (1951) it will be assumed that a crack will fork whenever the 
maximum shear stress is attained on two radial planes on either side of the plane 
of the crack rather than on the plane of the crack itself. When (2) is transformed to 
give the shear stress on a radial plane, rz, (in terms of polar coordinates R, 0) 
the relation plotted in Fig. 6 is obtained. For velocities greater than 0-57 c, where 
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c, denotes the shear wave velocity, the crack will tend to fork. This is similar to the 
value of 0-6 obtained by Yorré (1951) and also to the values of 0-612 to 0-667 
(as Poisson’s ratio varies from } to 4) given by Craccs (1960) for the infinite 
erack with internal pressure following its tip. 
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Fic. 6. Distribution of radial shear stress. 


4. AppLiep Stress ror Crack PROPAGATION 


The applied stress required to maintain a constant velocity of the crack can be 
estimated from either the Griffith energy criterion or the criterion of a critical 
average strain over a certain region. 


Griffith energy criterion 
In order to apply the criterion the energy flowing into the region around the 
tip of the crack per unit increase in crack length per unit height in the Z-direction 
will be equated to twice the surface energy, x We have 
fw 
c 
22 = | r—.. ds (12) 
XxX 
where the integral is taken around the boundary of an area enclosing the tip of 
the crack. Choosing, for the sake of convenience, the shape of the region around the 
crack tip to be a square with the tip of the crack as its centre and using (2), we get 


ap. me 


(1/8%) log{ B[1 + 4/1 + (1/B*)]} + (1/8) tan? (1 By eae 


2 
Ir, 


Criterion of local average shear strain 


According to this criterion [ NEUBER (1937) and McC.inrock (1958) ], fracture 
will occur when the average shear strain over a distance related to the structure 
of the material along the line directly ahead of the tip of the crack reaches some 


192 F. A. McCuwrock and 8S. P. SukHatme 


critical value yy. In an elastic material this structural distance is taken to be an 
atomic or molecular spacing, a. Applying this criterion to (2) we get 


le 


a constant. (14) 
m 
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Average Sheor Strain Criterion 
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Fic. 7. Variation of applied shear stress with crack velocity. 


Comparison between the two criteria 


The two criteria can be compared if a relation between y, and « is obtained on 


physical grounds. Continuing with a linear stress-strain relation, the energy per 
unit area between two crystallographic planes a distance a apart is apy//2. 
Equating this to twice the surface energy since two surfaces are formed, solving 
for yy, and substituting in (14) yields 


lr? —_—. (15) 
m? 


In the static case the Griflith criterion (13) reduces to 


pas 


lr? = 0-60 (16) 


m 
Thus the two criteria give similar results. Some of the difference is no doubt 
due to the non-linear stress-strain relation at high strain. 

In the dynamic case the energy criterion indicates a decrease in applied stress 
with increasing crack velocity, while the local average shear-strain criterion indicates 
no effect of velocity provided the average is taken along the line directly in front 
of the crack (Fig. 7). If, however, the average is taken over a region around the tip, 
the increase in stress at the sides of the crack will again result in a decrease in 
required applied stress with increasing crack velocity. The physical explanation 
for this decrease from the energy point of view seems to be that, if the applied 
stress were constant, the displacements would be greater at higher crack velocity 
so that energy would be fed in at a higher rate per unit crack growth. From the 
strain point of view the decrease in required applied stress is due to the higher 
local stresses and strains at either side of the tip of the crack. 
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5. CONCLUSION 


For shear cracks the dependence of applied stress on crack velocity and the 
tendency of forking to occur above a given velocity are shown to be similar to 
what has previously been found for tensile cracks. Thus, in more difficult problems, 
such as the growing crack rather than the travelling crack, or the elastic—plastic 
case, there is reason to hope that a simpler shear analysis will provide some 
insight into the more difficult but more practical problem of tension. With the 
aid of the shear analysis two fracture criteria, the Griffith energy criterion and 
the local average shear strain criterion, are shown to yield similar results. 


REFERENCES 

Biipy, B. A. and 

Butvovues, R. 1954 Phil. Mag. 45, 631. 
Craces, J. W. 1960 J. Mech. Phys. Solids 8, 66. 
Grirrira, A, A. 1920 Phil. Trans. Roy. Soc. A 221, 163. 
McCuintock, F. A. 1958 J. Appl. Mech. 25, 582. 
NeusBer, H. 1937 Kerbspannungslehre (Springer, 2nd Ed. 1958). 
Yorr#, E. H. 1951 Phil. Mag. 42, 739. 


J. Mech. Phys. Solids, 1960, Vol. 8, pp. 194 to 206. Pergamon Press Ltd., London. Printed in Great Britain 


SOME KINETIC CONSIDERATIONS OF THE GRIFFITH 
CRITERION FOR FRACTURE—I 


EQUATIONS OF MOTION AT CONSTANT FORCE 


By J. P. Berry 


General Electric Research Laboratory, New York 
(Received 10th May, 1960) 


SUMMARY 


Tue mpiications of the Grirrirn criterion for fracture in tension and cleavage have been inves- 
tigated in the region where the crack is moving. An anomaly in behaviour is shown to arise if 
the Griffith criterion is assumed, a priori, to define the critical condition for the beginning of 
crack growth. The equations of motion have therefore been derived initially without reference 
to the criterion for fracture, and the effect of approaching the Griffith condition determined by 
adjustment of a dimensionless parameter. It is concluded that the details of the motion of a 
crack are determined by the stress condition existing at the point of fracture, and that the observed 
critical stress is (infinitesimally) greater than that given by the Griffith criterion and is probably 
determined by the size of the defect in the sample and the rate of straining. 


1. INTRODUCTION 


Since its formulation in 1921, the Griffith criterion for fracture (GrirritH 1921, 
1924) has found extensive use in the interpretation of the ultimate properties 
of materials. Though in its original form it referred specificially to fracture under 
a tensile stress, it has also been applied to other types of stress systems, notably 
cleavage (BeNBow and Rors_er 1957 ; GILMAN 1959). In most studies, the criterion 
has usually been used to define the critical condition for fracture, and less attention 
seems to have been paid to the behaviour of the moving crack. Some of the treat- 
ments of this phase of the fracture process which have been published appear to 
be in error (GILMAN 1959; Roperts and WELLS 1954). 

Under the usual conditions for the determination of the ultimate properties 
of a material, the sample, which is presumed to contain an adventitious crack, 
is subjected to forces of increasing magnitude until a critical point is reached, at 
which the crack spontaneously increases in size, and fracture ensues. In the 
present treatment, up to the critical point, the system is considered to possess 
only potential energy, and the increase in potential energy above the ground 
state will, of course, be equal to the work done on the system. Beyond the critical 
point, the system will possess both potential and kinetic energy. At any stage 
the potential energy and the work done on the system can be expressed in terms of 
the parameters of the system, and by a simple energy balance the kinetic energy 
can be taken as the difference between the work done on the system and the increase 
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in potential energy. From the expression for the kinetic energy, equations for 
the velocity (v,) and acceleration (a,) of the crack, as a function of its length, 
van be derived. Integration of the velocity equation gives the length—time 
relation for the crack. If the Griffith criterion is assumed, a priori, to define 
the critical condition for fracture, this last operation gives an integration constant 
which is infinite when the appropriate boundary conditions are inserted. To 
determine the reason for this result, the equations of motion have been derived 
initially without reference to the criterion for fracture, and the effect of approaching 
the critical condition corresponding to the Griffith criterion determined by adjust- 
ment of a dimensionless parameter. This general approach can be applied to both 
the tensile and cleavage types of experiment, as is demonstrated below. 


2. Fracture IN TENSION 


Following Grirritu the sample is taken as a sheet of unit thickness containing 
a crack of length 2c. Since only surface and strain energies are to be considered, 
the potential energy ground state is Hy = Sy) + 4yc9, where S, represents the 
surface energy in the absence of the crack, and y is the specific surface energy, 
i.e. the energy required to create unit area of surface as the crack increases in 
length. As shown by Grirriru, when subjected to a stress o, the strain energy of the 
sheet is increased because of the presence of the crack by an amount zo? ¢,?, E, 
where E is the Young’s modulus. Thus the total strain energy of the sheet is 


Ao? 


2b 


27€ 9") (1) 


where A is the (infinite) area of the sheet. It is clear from the form of the strain 
energy expression that the effective elastic modulus of a sheet containing a crack 
of length 2c, is AE/(A +- 27e,°). 


At the point of incipient fracture the potential energy is 


H 1 Sy t 4 Yo 


¢ (A + 2m¢,2). 


E 


o. 
” 


The work done on the sample at this stage is 
2n0,2). 3) 


The crack can now increase in length while the applied stress remains constant. 
At any subsequent stage, therefore, the total energy is 


Oe. | 2 K 1 
tye + ——(A + 2ae?) 4 
ye oR mC") (4) 


where 2c is any arbitrary crack length (greater than 2c,), and K is the kinetic 
energy. Since the modulus of the sample has decreased, the constant stress has 
moved through a distance given by the change of strain. The total work done is 
therefore 

W, = W, + Aa, (« — €,) 
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where ¢ is the strain corresponding to the crack length 2c, and ¢, is the critical 
strain at the point of incipient fracture. Then 


2 2 
Ao, 70, 


W, = —— 
. 2E E 


(2c? — c,?). (5) 


Writing the energy balance as H, = H, + W,, we obtain 


2 
770. 
' ¢ . , 
kK —— (c* — 9") — 4y (c — ep). (6) 
E 
The quantity 4 y/o,’ defines a length which may be taken as some multiple of 
the original crack length 2c). Thus 


where 7 is a numerical factor. Then 


, mo? c? / Co ; _ a & 
hk 7 (1 2) [1 (n | 


Morr (1948) has demonstrated that on dimensional grounds, the kinetic energy 
of the system must have the form 


kpo? cv 


2k 


K (8) 


where é is a numerical constant, p is the density of the material, and v, is the velocity 
of the crack. Inserting (8) in (7) and solving for v, yields 


cA ( -% : 1% (9) 


k p c 
It is shown below that n < 2, and hence when ¢ is large ( < ¢g) the velocity of the 


crack will tend to a limiting maximum value 


ie =) E ) 
“i (FZ | p 
This expression is the same as that deduced by Roperts and WELLS (1954) from 


the Griffith criterion. Also, of course, v, = 0 when ¢ = ¢. 
From (9) we obtain, by differentiation 


where a, is the acceleration of the crack, and when v, = 0 (¢ = ¢9) 


_ wE(2—n) 
kp & 
Hence n < 2. 
From (6) the equation of motion of the crack is 
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Clearly (9) is a partial solution of the equation of motion, and (9) itself can be 
integrated to give the relation between the length of the crack and time in a general 
form : 


ae = («x —1)'[a —(m —1)]'+ nln{(« — 1)! + [a —(m —1)]*} 


0 
—"in(2—n); ‘ (12) 


2 


— 2Qr\! 4 c 
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The above equations have been derived without reference to a particular 


criterion for fracture, which merely serves to define the value of n. 


8. CRITERION FOR TENSILE FRACTURE 


In considering the fracture process from the standpoint of the kinetic energy, 
as given by (6), the half-length of the crack cy becomes critical for a particular 
value of stress o, in that the kinetic energy becomes positive, and increases for all 
values of c greater than cy. The terms of the kinetic energy equation may be 
rearranged thus: 

K = 70,7 CF a 70, Co° 
er “ ( E 


— 409): (6a) 


Since K = 0 when ¢ = ¢ 9, and since ¢ > ¢y, the value of ¢, is given by the inter- 
section of the abscissa and the ascending part of the plot of (70, c?/ E — 4yc) 
versus c. According to the Griffith criterion, this point of intersection is the 
minimum in the curve, and corresponds to n = 2 (Fig. 1). 


Fic. 1. Griffith condition for fracture in tension. 


Assuming the Griffith criterion for fracture, the equations of motion can now be 
written explicitly : 


(9a) 


. Berry 


P C9 
G,". = | I 
a 


and a, 0 when 2¢, 0 (¢ Ce) ; 


“*). (11a) 


A dilliculty arises when the appropriate value of ” is inserted into (12), since the 
integration constant then becomes infinite. The physical interpretation of this 
effect arises from the fact that the point defined by the Griflith criterion represents 


0 


Fic. 2. Theoretical crack velocity-crack length relations at constant tensile stress 


Fic. 3. Theoretical crack length—time relations at constant tensile stress. 


an (unstable) equilibrium, and that the sample must be subjected to a stress in- 
finitesimally greater than the critical Griflith value before the crack begins to 
increase in length. Thus for the Griflith criterion, since n = 2, both v, and a, 


are zero when ¢ = ¢g. Since, in practice, the stress on the sample is continuously 
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increased until the sample breaks, the observed ultimate stress o, will be greater 
than that defined by the Griflith criterion o,, and it is clear that the value of » 
must then be less than two. The actual value is determined by the magnitude 
of o, since 

tKy 


7ly 


20," 


2 
NO, =Oy- 


Hence 


As shown above, the detailed behaviour of the moving crack depends on n, 
and hence on the discrepancy between o, and o,. This is exemplified in Figs. 2 
and 3. 

It has been demonstrated that the effective modulus of a sheet containing a 
crack of length 2c, is AE,/(A + 22c,?), and since the Griffith criterion is defined 


by o,? = 2Ey,/ meg, the relation between stress and strain for this condition is 


8Ey* 


4 A 70," 


(13) 


This equation gives the locus of the Griffith condition for fracture and the form 
of the relation is illustrated in Fig. 4. The significance of the locus is that the 


‘9 


Fic. 4. Locus of the Griffith condition in tension. 


Griffith criterion for fracture is satisfied at the point where the stress-strain curve 
for the sample intersects the locus, and for normal samples the point of intersection 
will be in the region where the slope of the locus is positive. It is plausible, therefore, 
that the discrepancy between o, and a, will be related to the angle @ between the 
two curves at this point. This angle is a monotonic function of the length 2c, 
of the crack in the sample, and, on this basis, it would be predicted that the value 
of n will approach the ideal value of two as the length of the crack increases to the 
point where @ = $m. As indicated in Fig. 3 and equation (10) this prediction 
implies that an initially small crack in a sample should have a high initial accelera- 
tion, and vice versa. Such a dependence of the mode of crack propagation on 
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initial size has been noted in Plexiglas. It would also be expected that the rate of 
stressing or straining would have an influence on n and hence on the behaviour of 
the moving crack. 


0 Cc 


Fic. 5. Distribution of energy in a tensile fracture process. 


A further interesting property of the locus of the Griflith condition is illustrated 
in Fig. 5. In the type of experiment already considered, a sample containing a 
crack of length 2c, is extended to fracture, and the ultimate stress maintained 
constant as the crack increases in length. The stress-strain curve of the original 
sample is given in Fig. 5 by OA. At the point A the crack begins to increase in 


length, and at an arbitrary later stage the condition of the system is represented 
by the point B in the Figure. Clearly, the work performed on the system is given 
by the area OABC. The line OB is the stress-strain curve for the sample at the 
arbitrary later stage, when the crack length is 2c, and hence the strain energy U 
of the system, is represented by the area OBC. It can be shown that the part of 
the work expended as surface energy is the area OAD bounded by the lines OA, 
OB, and the locus, and that the remaining area ADB is the kinetic energy of 
the system. Fig. 5 thus gives a graphical representation of equation (6). 


4. Fracrure in CLEAVAGE 


The analysis of the mechanical system by which a cleavage type of fracture is 
induced has been discussed by Osrermoy (1930), by Benspow and Roeser (1957), 
and by Giiman (1959). Only the last author considered the behaviour of the 
moving crack, though the treatment given is, in parts, incorrect. The system to 
be discussed is identical to that of GiLMaN, with the exception that the origin of 
the coordinate system is taken as the point at which the forces are applied, rather 
than the tip of the crack in the sample (Fig. 6). The system is symmetrical about 
the midline, and each half may be treated by simple cantilever beam theory. 

Adopting an approach analogous to that used above for tensile fracture, the 
potential energy ground state is 


Hy = So + yiveg 
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where w is the width of the sample, and c, the original length of the crack. 
As the applied force is increased to its critical value f, the beam will be deflected 
and at the point of incipient failure the potential energy will be 


(14) 


where E is Young’s modulus and J the moment of inertia of cross-section of the 


beam, i.e. one half of the sample. The last term in the expression is obtained from 


Fic. 6. Mechanical system for fracture in cleavage. 


beam theory. (Provided that cy > 3d, the shear strain energy is less than 10 per 
cent of the bending strain energy and can be neglected.) The work done on the 
sample to this stage is 


P3243 
W, I “0, 
6k] 


The conditions imposed by this type of cleavage process are that the applied forces 
are maintained at the constant value f, as the crack increases in length. At any 
subsequent stage therefore the total energy of the system is 


fee 


6EI 


yue (15) 
Since the point of application of the constant force f, moves as the crack increases 
in length, work is performed continuously on the system. This work is f. (6 — 6,). 
where 6, and 6 are the deflexions of the end of the sample at the point of incipient 
failure and at the arbitrary later stage when the crack length is c. Also from 
beam theory 


ee 


3ET SET 
Thus the total work performed on the system is 
203 
w, 42% 4 (8-8 
. —_— 
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SE (8 — 63) — yo (e — &) (16) 
6EI 
On dimensional grounds the quantity 6E/ywe f2 defines a (length)®. Let 
6El ye {2 = ne. where n is a numerical factor. Then 
2¢3 7 
f« 


" " € 
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The form of the kinetic energy term. 

Consider an element of the beam of length dx lying between x and (a + dz) 
from the extremity of the beam (Fig. 6). The vertical displacement at this point is 
y f (c — r)* (2¢ ' x). 

6EI 

When the crack is moving with a velocity v, = de dt, the corresponding velocity 
in the y-direction is 

dy f 

— = —_¢(c — 2) U,. 

at kl 
The mass of the moving element is (pwd) dr, where p, w, d are the density, width, 
and thickness, respectively, of the beam. Hence the kinetic energy of the element is 


pwd + )'az. 


A 
- 


Thus the kinetic energy of the beam is 


, » \2 “ec 
K pwd Je ®e) c | (c —arpP dr 
2 El J 0 


pwd (fe Ve\* 5. 
6 EI 


Since J = wd? 12, and the velocity of the longitudinal sound wave is v, = (E. p)!, 


29f 2 Ay2 
afer ¢ a (18) 
Eld v2 


Introducing equation (18) in (17) and solving for v,: 


ay? 


€o 4% _(@_ I. ‘ 
a (! “) + (n 1) (19) 


Since, as shown below, » <3 this equation indicates that as ¢ becomes large 
(» 9) the velocity of the crack does not tend to a limiting maximum value, as in 
the case of tensile fracture, but tends to zero, since under the present conditions the 
relation between velocity and length of the crack becomes hyperbolic : 


Also, by differentiation of (19), 
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c.3 
—5(n—1) ° 2 
>(n ) 3 (20) 


and, when c¢ 


and hence n = 
The equation of motion of the crack is 


(21) 


Equation (19) is again a partial solution of the equation of motion, but a general 
solution to the velocity equation has not been found. 

As in the case of tensile fracture, the above equations are not related to a 
specific fracture criterion. 


5. Criverton For CLEAVAGE FRACTURE 
The kinetic energy formula may be written in a form analogous to (6a) : 


fie f2 ¢,3 
Je _ Je aa ’ 
———— — YU ——_ — yee (16a) 
6kI1 6EI 
With regard to the value of the critical length ec, corresponding to the constant 
force f., the considerations discussed above for tensile fracture can be applied to 
the present case. Thus c¢, is given by the intersection of the abscissa and the aseend- 
ing part of the plot of (f,2 c*/6EI — ywe) versus c. The Griffith criterion defines 
this point as the minimum in the curve and here n = 3 (Fig. 7). However,, the 
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Fic. 7. Griffith condition for fracture in cleavage. 


criterion adopted by G1iLMAN is not, in fact, the Griffith criterion, but corresponds 
to the condition n = 1. Assuming the Griffith criterion, the equations describing 
the motion of the crack can be written explicitly : 


v,d , 2c,\! 
2 (1 4 “), (19a) 


2 Vv ‘Be c 


» 2 42 5p 2 ’ 
A (1 a FP 1). (20a) 
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Thus, when ¢ = ¢y(v, = 0), a 


The equation of motion is 


v,? (: ‘ }. (21a) 


8&3 ce 
Kquation (19a) can be integrated for this special case. The result is 


kt = } 3 In [ x! + (a + 2)'] 


3 1, |B)! or const. (22a) 


n 
(2 — 1)3 
Us d 


24/ Be," 


When the boundary conditions, {= 0 when ¢ = ¢, (v, = 0), are introduced, the 
integration constant becomes infinite. This is analogous to the corresponding 
situation for tensile fracture, and the same conclusions may be drawn from the 
result. Thus, in order to make the crack increase in length, the applied force must 
be (infinitesimally) greater than that corresponding to the Griffith criterion (/,). 
It would be possible, of course, to carry out a numerical integration of equation 
(19) for selected values of n ~ 3. This has not been done, but it is probable that 
the resulting curves would closely resemble these of Fig. 3. The obvious corres- 
pondence between Figs. 2 and 8 is a further indication of the similarity between the 
two cases when the Griflith criterion is applied to determine the condition for 
failure. 
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Fic. 8. ‘Theoretical crack velocity—crack length relations at constant force in cleavage. 


If the criterion used by Gilman is considered, the corresponding equations are 


oy, (19b) 


1); (20b) 
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to give 


kt = * (a2 i 4 sIn[a + (a (22b) 
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Apart from the difference in the numerical coellicients, which arise from the 
change in the kinetic energy term, these equations are identical to those derived by 
GILMAN (1959) or Surrs (1959). 

The force-deflexion relation for a sample in cleavage is f = 3E/6,c,°, and the 
Griffith criterion for fracture gives f, = (2EIyw)!/cy. Hence the equation for the 
locus of the Griffith condition in this case is 


(2yw): (EI)! 
Bf, 


The form of the curve is shown in Fig. 9, and, as discussed for the corresponding 
locus in tension, it provides a useful graphical interpretation of the kinetic energy 


, 


Fic. 9. Locus of the Griffith condition in cleavage. 


equation (17). The angle between the force—deflexion line and the locus is again 
a monotonic function of cy, but in cleavage this angle does not take on such small 
values as in tension experiments since the slope of the locus is always negative 
and since, in general, cy is large. Consequently the discrepancy between the observed 
critical force and that predicted by the Griffith criterion would not be expected 
to be as great in cleavage as in tension. Thus, in experiments in which the Griffith 
criterion is under investigation, cleavage experiments are preferable to those in 
tension in that a closer approach to ideal behaviour can probably be realized. 
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EQUATIONS OF MOTION AT CONSTANT DEFORMATION 
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SUMMARY 


THe EQUATIONS of motion of cracks in tensile and cleavage samples have been derived, assuming 
that the deformation of the sample is maintained constant after the critical condition for fracture 
has been attained. It is shown that the behaviour of cracks in tensile samples depends on their 
initial size and that large cracks are, in one sense, more stable than small cracks. The behaviour 
of cracks of all sizes in cleavage samples is shown to resemble that of large cracks in tensile samples. 


1. INTRODUCTION 


Ir nas been shown (Berry 1960) that, if a sheet sample containing a crack is 
subjected to tensile forces, the theoretical value of the ultimate stress given by the 
Griffith criterion (o,) represents a lower, limiting value. Under such conditions 
the crack will not in fact increase in size, since both the initial velocity and the 
initial acceleration are zero. Consequently, in order to cause the crack to grow, 
the applied stress must be increased to a higher value (¢,), so that the initial 
acceleration is finite. The discrepancy between o, and o, would be expected to 
depend on the size of the crack and the rate of stressing. From the equations already 
developed, it appears that if the stress is maintained constant at the maximum 
value o,, the behaviour of the moving crack depends critically on the discrepancy 
between o, and oy. 

Using the same approach, it is of interest to consider the motion of the crack 
if, after achieving the critical stress o,, the sample is maintained at the correspond- 
ing critical strain ¢, while the crack grows. The analogous problem in cleavage 
will also be discussed. Consideration of these problems is facilitated by reference 
to the energy distribution diagrams, based on the locus of the Griffith condition, 
as previously described. 


2. Fracrure iN TENSION 


The stress-strain relation for a sheet sample containing a central crack of length 
2Cy Is 
AEe 
+- 2mcg*) 


(1) 


- 
‘ 
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where A is the area of the sheet (assumed large) and E is the Young’s modulus 
of the material. 
The equation for the locus of the Griffith condition is 


8Ey? 


A 7a," 


where ¢, is the strain corresponding to the Griffith critical stress o, and y is the 
specific surface energy of the material. The form of the locus is illustrated in Fig. 1. 


UNSTABLE 
REGION 


/ STABLE 
/ REGION 


/ 


STRAIN 7 


Fic. 1. Griffith locus for fracture in tension. 


The attainment of the Griflith condition is given by the point of intersection of the 
stress-strain relation and the Griffith locus, which therefore defines regions of 
stability and instability of the crack in the sample. Both the predicted ultimate 
stress and the effective elastic modulus of the sample decrease continuously with 
increasing initial crack length, but the ultimate strain passes through a minimum 
for a particular value of the initial crack length, given by ¢,? = 4/67. Thus, 
the minimum in the ultimate strain is determined by the size of the initial crack 
relative to the dimensions of the sample. As will be shown below, two different 
types of behaviour are to be expected under conditions of constant strain, depending 
on the relative size of the initial crack. For a sample containing a small crack, 
the point at which the Griffith criterion is satisfied lies on that part of the Griffith 
locus where the slope is positive. If the initial crack is large, the slope of the locus 
is negative when the Griffith criterion is satisfied. The change from positive to 
negative slope occurs at the condition for the minimum ultimate strain, i.e. when 
Co? = A/6n. Consequently, in discussing the behaviour of the system at constant 
strain, it is convenient to characterize the relation between the initial crack size 
and sample dimension by a dimensionless parameter m where m = A/ me,*. 

The effective elastic modulus of a sample containing a small crack (m > 6) 
is relatively high, as indicated by the line OA (Fig. 2). The critical condition is 
satisfied at the point A, and the crack can then increase in length. If the strain 
is maintained constant at the critical value, the modulus decreases and the stress 
therefore also decreases as the crack grows. Thus, at any arbitrary later stage, 
the condition of the system can be represented by the point B, and the line OB 
is the stress-strain relation for the sample containing the larger crack. It is clear 
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that, since the point B lies in the region of instability, the crack in the sample 
must continue to increase in length, the kinetic energy being represented by the 
area AEB. When the stress on the sample has decreased to the value indicated by 
point C, the relation between the crack length and the stress again satisfies the 
Griflith criterion. However, the system still possesses a large amout of kinetic 


[ 
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Fic. 2. Behaviour of a small crack in a tensile sample. 


energy indicated by the area AEC, and consequently the crack continues to advance. 
As it does so, the surface energy increases at the expense of the strain energy and the 
kinetic energy. Eventually the kinetic energy will be reduced to zero and the crack 
will stop. If the point F represents this final condition the system now possesses 
only strain energy, given by the area OFG, and surface energy (OAECD). The 
total energy must be equal to the work performed on the system, i.e. the area OAG, 
and hence the area CFD is equal to the area AEC, Clearly the crack is now sub- 
critical in length with respect to the final value of the stress. 

The Griffith condition relating the applied stress to the size of a crack in the 
sample is satisfied twice during the course of the experiment, first in the vicinity 
of the point A, and second at the point C. As already discussed (Berry 1960) 
the attainment of the Griffith condition in a sample containing a crack, subjected 
to a tensile stress, is indicated by a minimum in the relation between the kinetic 
energy and crack length. From the above considerations, the kinetic energy is 
a maximum at the point C where the Griffith condition is again satisfied. Thus in 
both instances the same differential condition is fulfilled (dK ‘de = 0), but in the 
first case this defines a minimum, and in the second it defines a maximum. 

The effective elastic modulus of a sample containing a large crack (m > 6) 
is relatively low (Fig. 3), and the slope of the locus is negative at the point at 
which the Griffith criterion is satisfied. If the strain is held constant at the critical 
value (A), it is evident from Fig. 3 that the crack will increase in size. By the same 
line of argument as used above, when the Griffith criterion is again satisfied at the 
point B, the kinetic energy is a maximum, and is represented by the area ADB. 
The crack continues to grow until the system achieves the condition represented 
by the point C, i.e. until the area BCE is equal to the area ADB. In this case the 
amount by which the final crack size differs from that corresponding to the equili- 
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brium Griffith value will depend on the amount by which the Griflith stress (¢,) 
is exceeded, i.e. on the distance DA. This fact marks the essential difference in 
behaviour between small and large initial cracks in samples subjected to this type 
of experiment. A small crack will increase in size by an amount which depends 


STRESS 
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Fic. 3. Behaviour of a large crack in a tensile sample. 


primarily on its initial size. A large crack will increase in size only by an amount 


depending on the discrepancy between o, and o,. Subject to the conditions of 
constant strain therefore, large cracks are, in this sense, more stable than small 


cracks. 


8. Eavuations or Morion 


The equations of motion which characterize the behaviour described above 
can be derived using the approach developed for the constant stress case. The 
kinetic energy of the system at constant strain in tension is 

A* Ke? 1 1 
K = - ty (c — ¢) (3) 
. | . 2 Y 0 
2 A + 2m, A + 2m 


where 2c is any arbitrary crack length (greater than 2c,). Making the substitutions 
A = mnc,? and « = ¢/¢y, equation (3) reduces to 
K (x? 1)(m + 2) 


4, n(m + 227) 


(a — 1). (4) 


The parameter n in this equation corresponds to that defined for the constant 
stress case and the same conditions govern its value. Thus 


thy by A + 2c,” 2 


na,” rk 4 le, 
2a 2 
and = 
Equation (4) gives the dependence of the kinetic energy on the size of the initial 
crack (m), and the discrepancy between o, and a, or ¢«, and ¢, (n), as discussed in 
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Fic. 4. Theoretical kinetic energy—crack length relations at constant tensile strain for 
different initial crack lengths. 
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m= 30 FOR ALL 
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Fic. 5. Theoretical kinetic energy—crack length relations at constant tensile strain for a 
small crack. 
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Fic. 6. Theoretical kinetic energy—crack length relations at constant tensile strain for a 
large crack. 
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qualitative terms above. This dependence is illustrated in Figs. 4, 5 and 6, Although, 
in drawing these Figures, the parameters n and m have been varied independently, 
some degree of interdependence would be expected, for the reasons already put 
forward. Thus, low values of n should be associated with large values of m, and vice 
versa. 

Adopting analogous reasoning to that used by Morr (1948) for the constant 
stress condition, the kinetic energy of the system at constant strain can be shown 
to be of the form 
k’ pe? v,? A? «2 


= (5) 


K : . 
2 (A + 2ne?? 
where k’ is a numerical constant, which would not be expected to be the same as 
that in the constant stress condition, p is the density of the material, and v, is the 
velocity of the crack. Equating the two expressions for the kinetic energy 
[equations (3) and (5)] and making the appropriate substitutions for n, m and « 
gives 

22 E (m + 222)? [(m 2) (x 1) 


: ; , 
Kp (m+ 2? (m + 222) ie (6) 


and when x = 1, v, = 0. The crack velocity—crack length relation again depends 
on both » and m, and the curves of Fig. 7 correspond to those of Fig. 4. 


Fic. 7. Theoretical crack velocity-crack length relations at constant tensile strain for 
different initial crack lengths. 


Differentiating equation (6) yields 
vn «6O«éE 1 


- _ 2(m + 2)(m + 22! 
ke’ pe, a8 (m \ ) 


a2 | 


n(m + 2a2){m (2 — x) + 222 (3x 
where a, is the acceleration of the crack, and when « 
wk 


“yrs (2 = . 
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As might be expected, the form of the equation for the initial acceleration is the 
same as in the constant stress case, and this imposes the same limits on the value 
of n, Le. n <2. The Griffith criterion is defined by the condition that n = 2, 
and thus, as before, under these conditions the initial acceleration is zero. 

The generalized equation of motion is 


& en soe 
uy (mM + 2x?) k'p ap Zo 


(8) 


v,2 (m —_ 2a?) 2r7E 1 n (” “he ey | 
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In considering the practical application of the above discussion it is clear that a 
restriction must be imposed on the value of m, the parameter that characterizes 
the relative size of the initial crack, if quantitative agreement with the theory 
is to be expected. This limitation is due to the method of calculating the elastic 
strain energy of the sheet sample containing a crack, in which it is assumed that 
the crack length is small compared to the dimensions of the sample. However, 
because of the stress concentration which occurs in the vicinity of the tip of the 
crack, most of the elastic energy is stored in a comparatively small volume, and 
serious deviation from theoretical behaviour may not obtrude until the ratio 
of the crack length to sample width is of considerable magnitude. For a square 
sample, when m = 6, this ratio is 0-46, and it is possible, therefore, that the quanti- 
tative description of the behaviour of * large ’ cracks according to the above theory 
is not to be expected. However, the qualitative behaviour of large cracks in 
samples of poly (methyl methacrylate) is in accord with the predictions of the theory. 


4. FRAcTURE IN CLEAVAGE 


The type of sample which will be considered is that described previously 
(Berry 1960). The force-deflexion (f-5) relation for such a sample containing 
a crack of length cy is 


(9) 
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Fic. 8. Griffith locus for fracture in cleavage. 


where E is Young’s modulus and J is the moment of inertia of cross-section of one 
half of the sample. 
The equation of the locus of the Griflith condition in cleavage is 
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The form of the locus is illustrated in Fig. 8. It is clear that the Griffith locus in 
tension differs from that in cleavage in that in the latter case the slope of the 
locus is negative for all values of f,. Thus, the considerations discussed for large 
cracks in tensile samples will apply to cracks of all sizes in cleavage. Hence, the 
increase in crack size at constant deflexion in cleavage will depend only on the 
amount by which the Griflith condition has been exceeded. 


(10) 


5. Eevuations or Motion 


By the procedure already outlined, the kinetic energy of a cleavage sample 
at constant deflection is 
BEIB2 | 1 l 
——- = yw (c — Co) (11) 
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where ¢ is any arbitrary crack length (greater than ¢,). 

In discussing the behaviour of the crack in a cleavage sample subjected to 
constant force, use was made of the parameter n, which was defined by the relation 
ne,? = 6El yw f.2. It can also be defined in terms of the constant deflection 6, 
by n = 2ywest/8E152. As in the tensile case, n is a measure of the discrepancy 
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Fic. 9. Theoretical kinetic energy—crack length relations at constant deflexion in cleavage. 


between the critical force according to the Griffith criterion (f,), and that corres- 
ponding to the conditions under which the crack begins to increase in length 
(f.). The relation between these quantities is n = 3f,2/f2 = 35,7/82. After 
making the appropriate substitutions for n and «(= c¢/c,), equation (11) reduces 


to 
x —! i 4 =~ (12) 
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The form of this relation is shown in Fig. 9. 
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It has been stated that the kinetic behaviour of cracks of all sizes in cleavage 
samples should resemble that of long cracks in tensile samples. This is indicated 
by the fact that the equation for the kinetic energy does not contain any term 
relating to the initial length of the crack, and by the close similarity between the 
curves of Fig. 9 and those of Fig. 6, which refer to the behaviour of initially large 
cracks in tensile samples. 

Using methods analogous to those already described (BEKry 1960), the kinetic 
energy of the system at constant deflexion in cleavage is 
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and hence 
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As before, when , = 0. The crack length—crack velocity relations are 
illustrated in Fig. 
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Fic. 10. Theoretical crack velocity—crack length relations at constant deflexion in cleavage. 


By differentiation of (14), we obtain 


The equation for the initial acceleration has the same form as that for the corres- 
ponding case at constant force, and leads to the same limiting condition, that 
n <8. Also, as before, the Griffith criterion is defined by the condition that n = 3, 
which implies that the initial acceleration is zero for this case. 

The generalized equation of motion for a crack in a cleavage sample at constant 
deflexion is 
v,! fv? 
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In contrast to the case for tensile samples, deviations from the theoretical form 
of the strain energy function in cleavage will arise when the initial crack is short. 
Thus a much wider range of experimental conditions, for which the theory would 
be expected to be valid, is available for testing the derived equations of motion. 


In both types of experiment, tension and cleavage, the crack velocity—crack 


length relations are complex functions which have resisted integration, It is to 
be expected that the corresponding crack length—time relations would lead to the 
anomalies discussed earlier if the Griflith criterion is assumed to define the condi- 
tion for the beginning of crack growth. This is indicated by the fact that for 
both types of experiment under these conditions, both the initial velocity and the 
initial acceleration of the crack are zero. 
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BOOK REVIEWS 


S. H. Cranpate, and N. CC, Dani: An Introduction to the Mechanics of Solids. 
McGraw-Hill, New York, 1959, 444 pp., $8.50. 


Tuts book has been prepared for use as a text in the first course in applied mechanics in the 
Mechanical Engineering Department at the Massachusetts Institute of Technology. It assumes 
elementary Newtonian mechanics, and is intended to provide an introduction both to the rigorous 
theory of elasticity and plasticity, and to engineering design courses. 

A feature of the book is the “ more than usual care’ taken to explain the precise process 
of solving equilibrium problems in applied mechanics. Starting from the practical engineering 
situation, this procedure begins by idealization, i.e. by * distilling * a representative and analysable 
model, The role of the free-body diagram is fully illustrated. The principles for analysing the 
model are then distinguished by three steps: (1) study of forces and equilibrium requirements ; 
(2) study of deformations and geometric compatibility ; (3) application of force-deformation 
relations. These points are persistently emphasized in the worked examples throughout the 
book. The diligent student can expect to acquire not only a sound technique, but also an explicit 
awareness of the role of the principles involved in applying mechanics. Many problems are 
provided at the end of each chapter. 

Chapter I illustrates the above scheme in rigid-body statics, and Chapter II treats some simple 
cases of (mostly uniaxial) deformation. The next three chapters serve to amplify the above 
three steps in turn. Thus Chapter III, “ Forces and moments transmitted by slender members,” 
is chiefly concerned with the calculation of shear forces and bending moments in beams in statically 
determinate situations ; Chapter IV gives a specification of stress and of strain, and Chapter V 
considers mechanical laws relating them. In Chapter V the generalized Hooke’s law is derived 
from the elastic tensile test observations. ‘Twenty-four pages are then devoted to a discussion of 
plastic yielding and hardening, and the Hencky and Lévy—Mises equations. This topic requires 
a level of sophistication rather above that of the rest of the book. Some complete engineering 
problems requiring a simultaneous consideration of all three steps are treated in the remaining 
four chapters, entitled “ Torsion,” “* Stresses due to bending,” “* Deflections due to bending,” 
and “ Stability of equilibrium: buckling.” In each of these the treatment is carried far enough 
for inelastic topics (e.g. the hinge mechanism of plastic collapse) to be briefly remarked on. 

The many diagrams are a model of clarity. 


M. J. SEWELL 


L. D. Lanpau and E. M. Lirsurrz: Theory of Elasticity. Translated from Russian by 
J. B. Sykes and W. H. Rem. Pergamon Press, London, 1959, 134 pp., 40s. 


Ts book, written primarily for physicists, gives a concise account of a number of important 
topics in classical elasticity. The theory of elasticity and thermoelasticity for isotropic bodies 
is developed in Chapter 1 and applied to a number of elementary problems including simple 
extension and simple deformations of cylinders and spheres, some of which are given as worked 
examples. The chapter also deals with the Boussinesq solution of the elastic problem for a half- 
space, and includes a treatment of the Hertz contact problem and a brief mention of plane strain. 
A discussion of the crystal classes, although more comprehensive than in many texts, is incomplete 
and omits several possible forms for the strain energy. 

The largest section of the book (Chapter 2), deals with deformations of plates, shells and rods, 
the equations of equilibrium being derived from energy considerations. There is also a brief 
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treatment of plane stress and the flexure and torsion problems and an elementary account of 


the stability problem for struts. 

Chapters 3 and 4 give an elementary treatment of elastic wave motion, including vibrations 
of rods and plates, and the effects of viscosity in solids. The latter effect is taken into account 
by assuming linear relations between stress and strain and their time rates of variation. 

The book forms a useful introduction to the subject but no indication is given of the funda- 
mental difficulties inherent in a number of problems e.g. the theory of thermoelasticity, the 
description of viscoelastic properties, and the approximations used in plate and shell theory. 


J. EK. ADKINS 


Fracture: Edited by B. L. Avernacn, D. K. Fetseck, G. T. Haun and D. A. Tuomas. The 
Technology Press, Massachusetts Institute of Technology and John Wiley and Sons, New 
York ; Chapman & Hall Ltd., London, 1959. pp. xvii + 646, £7. 


Tuts book records the proceedings of the International Conference on the Atomic Mechanisms 
of Fracture, neld at Swampscott, Massachusetts in the spring of 1959. The twenty-seven papers 
presented at the Conference, which are printed in full with discussions, were concerned almost 
exclusively with the fine scale mechanisms of fracture in metals, ceramics and polymers. A 
valuable feature of the publication is the presentation of summarized reports of general discussions 
on the current status of knowledge in this field. 

The classical work of Griffith on the fracture of glass fibres, published about forty years 
ago, provided the key to our understanding of the differences between the theoretical and real 
strengths of brittle solids. It remains the basis of many present-day ideas on fracture. Yet less 
then twenty years ago the fracture behaviour of metals was commonly discussed in terms of an 
unexplained and uncertain material constant, the critical stress for fracture. Elucidation of 
the role of plastic deformation in the fracture of engineering materials awaited developments 
in dislocation theory. Thus the work described in this book is largely the product of the last 
decade. It has been a period of remarkable progress. 

In the first paper Corrre.. gives a lucid review of recent ideas on the brittle and ductile 
fracture behaviours of metals, and on the mechanisms of crack formation in creep and fatigue. 
Eight papers are devoted to cleavage fracture in body centred cubic metals, and a similar number 
to fracture in non-metals including ionic crystals, glasses and polymers. ANDERSON discusses 
modern views on the Griffith criterion for glass fracture and GrLMAN gives a useful review on 
cleavage in a much wider context. Ten papers deal principally with fatigue, ductile fracture and 
intercrystalline failure at elevated temperatures. In fatigue much interest is focussed on the 
possible mechanisms whereby cracks are formed from the broad slip bands, often associated 
with “ intrusions,” which are observed to develop at the surface. Here, as elsewhere, it is clear 
that developments in experimental techniques, no less than advances in theory, are contributing 
to a refinement of ideas. Observations made at high magnifications, using fracture replicas and 
taper sections, are of particular interest. In both brittle fracture and fatigue details of the mech- 
anisms of crack nucleation by dislocations remain uncertain. Observations on ionic crystals 
described by Parker, McEvity and Macuiin provide an insight into what may happen in metals. 

The emphasis given to brittle fracture in steel reflects outstanding progress in this field. There 
is rather general agreement that cracks are nucleated by the conversion of glide dislocations 
into cavity dislocations. If these are to spread in the form of a growing crack, their concentration 
of elastic energy must not be dispersed by plastic flow. Theoretical ideas on the ductile—brittle 
transition advanced by Percu and Corrre ty go far towards giving a unified picture, which takes 
account of the main effects of microstructure, temperature, strain rate and the degree of traxiality 
of the applied stress. Many problems remain unsolved, but such achievements are already sufficient 
to justify Barrert’s comment that “ The atomic mechanisms involved lie at the heart of the 
true understanding.” 

This book will be of unique value to research workers concerned with deformation and fracture. 
It is recommended to all who seek a scientific understanding of mechanical properties. 

D. V. Witson 
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SUMMARY 


Tue penetration of a viscoelastic half-space by a rigid spherical indenter is investigated in a quasi 
static approximation. Solutions to the problem are obtained for monotonic contact radius and 
also when the radius possesses a single maximum. The analysis is used to estimate the duration 
of contact and coeflicient of restitution for the Hertzian impact of a spherical indenter on a Maxwell 


solid. 


1. INTRODUCTION 


THE PRESENT paper is concerned with the mechanical contact between a rigid 
spherical indenter and a viscoelastic half-space ; the problem is of significance for the 
interpretation of Brinell hardness measurements and rebound (i.e. scleroscopic) 
tests on polymer materials. 

The problem is one for which the boundary conditions are mixed since the 
surface displacement is prescribed within the contact region r < r, (t) while else- 
where on the surface the normal stress vanishes. In the absence of inertial forces 
many problems of this type are solvable by appeal to the similarity between the 
equations of elasticity and the transformed visco-elastic equations : 


in which the bar denotes a Laplace transform with respect to time, p is the transform 
variable, while A(p) and y(p) are the associated transform moduli (e.g. see HUNTER 
1960). As discussed by Ler (1955) and Ler and Ranox (1960), provided the trans- 
formed boundary conditions are known a priori, the transformed viscoelastic 
equations lead to an elastic problem in the transformed variables; inversion of 
the (known) elastic solution then solves the original problem. However, once time 
dependent boundary regions are encountered, as in the present example, there 
exist boundary points subject to different boundary conditions at different instants 
of time. For this class of problem we only possess a partial history of the stress 


and displacement boundary conditions for some regions; thus it is no longer 
possible to construct the transformed boundary conditions, and the method fails. 

For the contact problem considered here Lee and Rapox found a solution 
of limited validity by the following device. The associated Hertz elastic problem 


leads to the equation 
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for the distribution of normal stress o, over the contact region. A tentative solution 
of the viscoelastic problem is given by replacing the elastic constants in (1.1) by 
the corresponding integral or differential viscoelastic operators. The solution is 
tentative since, as the authors point out, prior valid manipulations of (1.1) (e.g. 
squaring each side) would lead to a different viscoelastic solution. The validity 
of the Ler and Rapok solution was established by showing that the associated 
displacement field conformed to the geometry of the indenter for the contact region. 

The solution is valid provided r,(t) is a monotonic increasing function of time ; 
once r,(t) passes through a maximum the solution fails by predicting the possibility 
of tensile stresses under the indenter. The mathematical reason for this failure 
will become evident from the present analysis which shows that extremum values 
of r,(t) are critical points for the solution. Physically the failure of the solution 
is attributable to the fact that the normal stress boundary condition implicit in 
the Ler and Rapok analysis is not o = 0 for r > r,, but rather 

P 
= u(t —t’) dt’ =0, ‘> ty (1.2) 
J od 

where p(t) is the stress relaxation function. For monotonic increasing r, (¢) the 
hereditary integral condition (1.2) is satisfied and is equivalent to 0 = 0 forr > r,; 
however, once r,(t) passes through a maximum, there exist points where currently 
ao — 0 but for which equation (1.2) is violated. 

The present method of solution (Section 2) devolves on expressing the trans- 
formed field quantities @ and @ in terms of the eigenfunctions of the elastic 
Boussinesq problem, 


u LS a(m, p) db, (m. 4), 2 b(m, p) b, (m, r). (1.3) 


m 
Here only the eigenfunctions % contain the space coordinate r while p only enters 
the coeflicients @ and b. To apply the boundary conditions directly we remove 
the transforms in (1.3) obtaining (in an obvious notation) 
u LY a(m, t) J, (m, Pr). a J b(m, t) J, (m, vr), 
m m 

in which the time dependent coeflicients a and 6 are related through an hereditary 
integral of the Volterra type. 

The boundary conditions now lead to a pair of integral equations with kernels 
related by hereditary integrals. In the limiting case of an elastic solid the two 
kernels are identical functions and the solution of the equations has been effected 
by Trrcumarsu (1937). By following this method of analysis (Section 2) we trans- 
form the original dual equations into an equivalent pair in the complex plane. 
Solutions of these equations are obtained for monotonic r, (t) in Section 3, recovering 
the results given by Ler and Rapox. The more general case in which r, (¢) increases 
monotonically from zero to a maximum and subsequently decreases monotonically 
to zero, is dealt with in Section 4. 

Finally, we give a treatment of the scleroscope problem for the limiting case of 
a nearly elastic solid (Section 5). In this limit the impact duration T deviates 
only slightly from the Hertzian value while the coefficient of restitution is given by 


€ 1 $7T 


where » is the mean inverse relaxation time of the solid. 
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2. FoRMULATION OF Basic EQUATIONS 


The basis of the present analysis is founded in a paper by Lams (1902) dealing 
with the axisymmetric Boussinesq problem. For a half-space z > 0 with the surface 
z — 0 subject to zero shear traction and an arbitrary radially symmetric distribu- 
tion of normal pressure, Lamp gives the displacement field 


u, = & P(m)[1,/2m(A + p) — 2/2) J, (mr) em, 


m 
u, - } P(m) [(A t+- 2) 2m (A +- pe) + 2n| Jo (mr) e-”™, 
m 
Here r, z are cylindrical polar coordinates with z the axis of symmetry, u, and u, 
are radial and axial components of displacement, J, and J, are Bessel functions, 
A, » are the Lamé constants while m denotes a continuous spectrum of eigenvalues 
with P(m) a distribution function to be determined. 

The value of Lams’s results in the present context devolves on the fact that the 
basic eigenfunctions in which the displacement field is expanded are valid solutions 
of the transformed viscoelastic equations provided the elastic constants are replaced 
by their corresponding transform moduli. Thus, the Laplace transforms of the dis- 
placement field in a viscoelastic half space subject to similar surface conditions 
are given by 


i, (r,p) = u,(r, t)e ?' dt 
J0 


= P (m, p)[1/2m(A(p) + w(p)) — 2/2 (p)] J, (mr) em, (2.3) 


ii, (r, p) - & P(m, p)[(A(p) + 24 (p))/2u (p) m(A(p) + # (p)) 
+ 2/2u(p)|Jq(mr)e-™ (2.4) 


where P now depends on p and where A (p), 4 (p) are defined by either the creep or 
relaxation functions in both shear and dilation. For example, if we define 4 (ft), 
p-'(t) as the normalized relaxation and creep functions in shear so that for* 


r= H(t), y= p(t), 
y=yAH(t, t=rvoru(t), 


then the transform shear modulus is given by 


wx 


is - 
pw (p) =p e~P" w(t) dt ly et 1 (4) dt . 
Jo Jo 
While » (t) and y~!(t) are not algebraically reciprocal functions, expansion in a 
power series about ¢ = 0 vields 


p(t) fp (1 we t+ 223d po? (t) Hp (1 + nt —...), (2.6) 


where jp is the instantaneous shear modulus and » is a mean inverse relaxation 
time defined by 


"a 
7 = r4ig(r)dr 
~ 0 


*H1(t) is the Heaviside step function H(t) = 0, 1 <0; Hit) = 1,t> 0. 
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in which g(r) is the distribution function of relaxation times. We make use of 
the expansions (2.6) in Section 5. 

To simplify the subsequent algebra we assume similar behaviour in both shear 
and dilation ; this assumption enables us to define an unequivocal value of Poisson's 
ratio independent of p: 

v A(p)/2[A(p) } » (p)}. 


There is no loss of generality in this assumption ; the appropriate modifications 
to the ensuing analysis merely entail replacing p(t) and y-'(t) by somewhat 
different functions of time. With the assumption that v is independent of p, equa- 
tions (2.3) and (2.4) lead to the following expressions for the Laplace transforms 
of surface displacement and normal stress : 


. 


(7.).~9 , (m, p) J, (mr) dm, 


. 0 


(e,).-9 = {u(p) (1 — v)} md, (m, p) J (mr) dm, 
J 0 
in which 


?; (1 v) P/u(p)m. 


The boundary conditions to be applied to (2.7) and (2.8) for the determination 
of ¢, for the contact problem are of the form (a) u, is prescribed by the geometry 
of the indenter for r < r, (t) where r, (¢) is the radius of the contact circle, (b) o, 0 
for r > r, (tf). As has already been discussed, the explicit appearance of boundary 
regions varying with time precludes an immediate solution for the transformed 
field quantities 7, and o,; because of this we remove the transforms in (2.7) 
and (2.8) obtaining* 


d, (m, t) Jy (mr) dm, (2.9) 
Jo 


(1 — v)o, | md, (m, t) Ig (mr) dm, (2.10) 
0 
to which the boundary conditions may be applied directly. In (2.9) 4, (m, 2) is 
the inverse Laplace transform of ¢, while ¢, and ¢, are related by the (equivalent) 
formulae 
i i d 
d, (m, t) | poh (t — U) — dg (mt) dt’, (2.11) 
—2 ot 


t 
d (m, t) [ p(t - "= d, (m, t’) dt’, (2.12) 


which follows directly from (2.7), (2.8) and the convolution theorem for Laplace 
transforms. Without prejudice we assume the solid undisturbed prior to t = 0 
so that the lower limits in equations (2.11), (2.12) may be taken as zero, 

For a spherical indenter of radius R the boundary conditions are explicitly 


u. x (t) r2,2R, r< 
(2.13) 
0, 0, r>Tr, (t), 


*In the remainder of the paper we deal exclusively with surface displacements and stresses ; in equations (2.9) 
(2.10) and subsequently we omit the specification z < 0. 
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where a priori the indenter penetration « (f) is unknown for given r,. 
It is convenient to define 


®; (mr, (t), t) = ¢; (m, t) 


in terms of which equations (2.9) and (2.10) become 


®, (y. t) Jy (wy) dy. 
0 


r, (t) uy rv=r7r(t), 


— (1 — pv) r,? (t) 0, 


. 


'y D, (y, t) J, (wy) dy. 
0 


* 


when the boundary conditions (2.13) become 


| ®D, (y, t) J, (zy) dy = A(t) — B(t) a?. 2 = 9/7, (t) < 1, 
J 0 


” 


“y®, (y, t) Jy (wy) dy 
0 


0. (2.18) 


| 


with A (t) r, (t) « (0), B (t) r> (t) 2R. (2.19) 
From equations (2.11), (2.12) and (2.14) the two kernels ®,, ®, are related by 


t : : 
P, (mr, (t), t) | {D, (mr, (t'), ) + mr, (t') By (mr, (t'). UY} w(t — t+) dt’, 


0 


a 


where 


P (x, t) = )@/dt, ®' (x, t) = )® w. 


Equations (2.17), (2.18) comprise a pair of dual integral equations for the 
determination of the related functions ®, and ®,. 
p(t) = pp and pp! (t) = wp, the two kernels ®, and ®, differ only by a multi- 


For an elastic solid for which 


plicative constant and the resulting integral equations are well known (TrrcHMarsH 
1937, BusBripGe 1938, SNEDDON 1951). By following Trrcumarsu’s analysis for 
the present problem we arrive at the following pair of integral equations in the 
complex plane : 


*t@ 
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ia ra T 
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io (4 


which are entirely equivalent to 


contours lie on either side of the singularity s 


< k’ 


viz: O 
while the kernels x; are defined 
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x, (8.0) Bit) 
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8) Xy (8, t) 
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28) —_— (2.28) 
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(2.17), (2.18). In (2.22), 
w and within the strip 0 < Re(s)<1, 


k<l 


2.23) the integration 


Re (w) - 
by the Mellin transforms of ©,, 


58 
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F; (8, t), (7 


F; (s, t) | ®; (y, t) y*' dy, 
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From (2.20), (2.21), (2.24) and (2.25) we deduce the convolution integral relations 
connecting x, and 2, 
"! ae - y(t) | , 
Xe (8, t) iD (t t) — ly, (s, t) Ee dt 9 (2.26) 
0 ot { ry (t ) | 
by , df irs }*) ,, 
x, (8, t) pie t)— (42 (8, t) E . dt’, (2.27) 
. Jo wt r,(t)| J 


which together with (2.22) and (2.23) define the spherical indenter problem for a 
viscoelastic solid. 


The purpose in extracting 2°J°(4s) (4 — 4s) from the definition of the x; 
functions in (2.24) is to ensure that the resulting ratios of I’ functions in (2.22) 
and (2.23) are functions of s which are regular and free from zeros, respectively 
in the domains Re(s) > 0, Re (s) l. 

For an elastic solid (2.26) and (2.27) reduce to x, = pp x, and the (unique) 
solution 

_| A(t) 2B it) 
ri i. 


x, (8, t) 
1 s 3 s 


Mp : ¥y (8. t) (2.28) 
may be verified directly. For, if we complete the contour for the integral on the 
left side of (2.23) with a semi-circle in the left plane, the contour encloses no singu- 
laritics of the integrand; further, on the semi-circle the integrand is of order 
s|-! so that (2.23) is verified. Similarly, if we complete the contour for the integral 
in (2.22) with a semi-circle in the right plane, the only enclosed singularities are 
simple poles at s = 1, s = 3 respectively with residues 
R() ni A (t) R (3) ni B (f) 
l—w (3 w) 
Here the integrand is of order |s|~' around the semi-circle so that (2.22) is verified. 
The important results for the elastic contact problem are recovered as follows. 
From (2.24), (2.28) we have 


FP *) ,{ 2-* Pas) f(t) 2°-1 I’( 4s) 2 (1 + 4s) 
*, (4, 7 P 


B 1)| 2.29 
(I (3,2 — 4s) (5 2 — 4s) (5 2 — 4s) ey 


whose Mellin inversion is (TrrcHMarsn 1937, p. 196) 


2A (t) sins 2 Bit) : 
D, (y. t) = - <8 hand — ity idy(y) — ytd (y)}- (2.30) 
7 7] 7 F 
Substituting this expression into (2.15) and (2.16) and carrying out the resulting 
integrations (e.g. see Exprny! et al. 1954) leads to 


A (1) B (6) 2*, 7 (2.31) 


r, (fu, 2A (t) , 
OM sin (et) — 22 P32, 4,5/2,0-%), > (2.32) 
77 


— (1 —v)r?(t) o, = = +B!) 2, 


— 


2.33) 
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To avoid singularities in o, at 1 = 1 we have to choose A = 2B = r,3(t) R [from 
(2.19)] so that we finally derive 


_ 4p = (1 2 r,?)t, 
7 n(1 —v)R 


(2.35) 
ba) sin! (a2) + § (a — 18}, 


in which we have expressed the hypergeometric function in (2.32) in terms of ele- 
mentary functions. 
It is convenient to denote the function on the right side of (2.30) by f(y, t): 


r° (t) {2 sin y 


»\t 
hae i « - i : 2 36 
Sly.) os (=) ly J, (y) —y td, (WI (2.36) 


This function is of importance in the solutions of (2.22), (2.23) for the viscoelastic 
case, which follows immediately. 


3. ViscoELASTIC SOLUTIONS FOR Monoronic 1, (¢) 


We assume a solution for which 


: A (t) 2B i(t) 
xy oo (s, t) nf ~ - 
1—s 3 - 8] 


so that from the previous analysis (2.22) is satisfied. From (2.26) 


Xo Xo a pil t) 


2 2 ; . (3.2) 
Jeo wijl—s 3 


"! > fA) 2Br) Rate 


rt) 
which is a regular function of s in the half-plane Re(s) < 1 provided that r, (t) > r, (t’) for all 
t > t. Thus, for monotonically increasing r, (ft), (2.23) is satisfied and (3.1), (3.2) provide a solution 
to the problem. Further, the solution is unique, as may be seen from the following argument. 
We write. 
ay = 44° + 4, , e + 24" 

so that (2.22), (2.23) become 

*kti« a (1) 

| = rie lll 

a i(k + 4s)(s w) 


"k’ tie ra - js) x,\)) 
oT (kh — $8) (8 — @) 


where, because the problem is linear, 


“t d a ry (t) |? 
(1) . 1 ‘y—! (0) ion ax 
a," (8, 0) | a *(t¢—t')— (8, (3.5) 
Je a’ |*2 nt) a 

Following Trrcumarsa we have ['(1 — }s)/I'(4 — $s) is a regular function of s without zeros 
for Re (s) < Re(w) so that equation (3.4) shows x," to be regular in the same domain ; thus, 
from (3.5), z,") is regular in the same domain provided r, (f) is a monotonically increasing function. 
It follows that 
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1 "+i a a’ 1) 
— | = oy 0. (3.6) 
2a P s w 
J kia 
On the other hand (4s) I'(4 js) is a regular function of s without zeros for Re (s) > Re (w) 
so that 
“kia x," ) 
—_—_— 0. (3.7) 


8 
of 


Moving the line of integration from kh’ to & in (3.6) gives 


as 


1 "ktim y (Ll) (s 7) 
x, (w, 0) | : 


27 | k-ieo s w 
and by (3.7) 


x," (s, 1) = 0, 0 < Re(s) <1. (3.8) 


However, since we have proved incidentally that z,"'’ is regular in the entire complex plane, then 
by a well known theorem, x,"’ is at most a constant and by analytic continuation of (3.8) x,” 
vanishes identically for all s. 
To obtain nonsingular stresses at the circle of contact we have to make the same choice for 
A(t) as previously, namely 
1(t) = 2B) = r 3 (HR 


so that the displacement determined by 2,° is identical with that for an elastic solid. The stress 
field is determined by 
a | 
) r, () |*| 


! ) 
Xs R ‘| ——— | w(t —t) ri) 
™ ! 3 8 


; dt’. (3.9) 
s Jo | r,t} | 


Comparing this expression with the elastic solution (2.28) and using the result that the Mellin 
transform of f (ny) is n-* times the transform of f(y), we find the corresponding 
"! ) 
5 we 0) eS (ur OO) at 


0 


. 


where f is defined by (2.36). 
The stress under the ball is given by 


2 ‘a ies 1 r)s —) 4 
(1 — v)r,F (te, | dt pit r) | 4 i r). (v a) a: 
' J 0 0 Vn 


4 . 
we? Vi rw) 


Carrying out the y integration using previously obtained results leads finally to 


- y ts eal t 2)) at’ (t’ 
) (r,*(t) rm)? at. r >» 
7R (1 — v) Ae s* i) (3.10) 


0, Se r, () 


in which the restriction on r implies that the effective lower limit in the integral is the solution 
of the equation r, (tf) = r. 

Since »(t — t') > O while {r,2(t’) r2}t is a monotonic increasing function of time, (3.10) 
yields compressive stresses for all points under the ball. 

The solution (3.10) is that previously obtained by Rapok and Lex (1960) who note that, once 
r, (t) passes through a maximum (3.10) may predict tensile stresses within the circle of contact, 
and is thereby invalid. The reason for the failure is quite clear in the present analysis, since once 
there exist times t’ < ¢ for which r, (t') > r, (0), the value of %» given by (3.9) is no longer a 
regular function of s for Re (s) < 0 and (2.23) is violated. The correct solution for the case where 
r, (t)isa continuous function with a single maximum is given in Section 4. 

Finally, in anticipation of the rebound problem for which the present analysis is valid prior 
to the point of maximum penetration, we derive the total resisting force for the indenter together 
with the equation of motion. The total resistive force given by (3.10) is 
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8 rr) ‘ d 
rdr t— ty) —(r,? (v) — r*)t at’ 3.11 
RI i|, fe - Ogrw—#) — 
in which the effective lower limit of the time integral is the solution of r, (t) r. As written in 
(3.11), the evaluation of the double integral in the r,t plane implies first an integration with 
r constant, followed by a summation over horizontal strips lying beneath the r, (¢’) curve (Fig. 1a), 
By inverting the order of integration so that the final summation is carried out over vertical strips 
(Fig. 1b), the integration with respect to r may be carried out explicitly to yield 


8 ‘ d fn) , - 
- t—t')— a ! 
-.”6C—C Oe. 


: F ¢—t’ ~ 4 lt 3.12 
_ - — (r,3 (¢’ ’ 3.12 
BRO 5 | ag "1 W))< { , 


in which the lower limit of the time integral is here truly zero. Equation (3.12) is also derived 
by Rapok and Ler by a somewhat different method. 


‘-— 
Fic. 1. Evaluation of resistive force on indenter. 
(a) The integral (3.11). (b) The integral (3.12). 


Since the surface displacement is identical with that for the corresponding elastic problem, 
the indenter penetration is given by (c.f. (2.35)). 


a=r,2(t)/R (3.13) 


so that by Newton’s third law and (3.12) the equation of motion of the indenter prior to maximum 
penetration is 
Mz (t) = = : ((—t < (a! (t’)) dt’ 3.14 
a 5 | ~Srae ete 


or equivalently 


3M (1 — v) [f 
— at (@) = a. 
af (t) sR [ 


in which M is the indenter mass. We return to equation (3.15) in Section 5. 


4. ViscoeLastic SOLUTION WHERE 7, (t) Possesses a SINGLE MaxtmuM 


In this section we derive a solution where r, (t) is of the form depicted in Fig. 2, i.e. a contin- 
uous function of time with a single maximum occurring at ¢ = t,,. For t <t,, 7, (t) > 7, (U) for 
t > t’, while for ¢ > ¢,, there exist values of t’ in the range f, (t) > t’ > t for which r, (t) < 1, (t’). 


Here ¢, (t) is the solution of the equation 


A=) t>by th <ty 
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For ¢ < t,, we already have the solution given by (3.1) and (3.2) . For ¢ > t,, we make the sub- 


stitution 
> | 14 1). 
t—v)y— iri’) |— dt (4.1) 
pe ( ey \" ( f 4 | 


Typical loading path r, (t) considered in Section 4, 


in which the integral term is a regular function of s for Re (s) < 0. Since (2.23) shows that x, 
is regular in the same region, x," is likewise regular. The corresponding value of x, for t > t, 
is given by 

r, (t) 


Substituting for x, from (3.2) for ¢ < t,, and from (4.1) for ¢ > ¢,, yields (after some algebra) 


ui 
wit i 
i, 


~ tm 


"% t 
ryt is a sy a’ ' pi(t—t) > (2 r >| “ay (s, | de. (4.2) 
a’ t\r, ( ) , 


~ tm 


For all relevant ¢’ in the double integral term in (4.2), 7, (f) <r, (t’). It follows that with 
the exception of simple poles at s = 1, s = 3 the terms in (4.2) not involving x,'2) are regular 
functions of s for Re (s) > 0. Inserting (4.2) into (2.22) yields ultimately 


= I (4s) d r Q (t) 
ly 6?) comm comes (2) 1") i. 
ns a Tm (a 


q (t) A (t) r,° (t) R t 
, "t . d if 
+R ; 
| pil t’) , an 


« tm 


d 
a(t —t) >> (r Pt) ry) av’| dt’. 
t, i) dt 


The unique solution of (4.3) regular in Re (s) <0 may be shown to be 
i d |r, (t) 
x, = — | (t—t)— |—— Q(t’) 
: 1—sj,* dt’ eye 


and in contrast with the remaining terms in (4.1) leads to singular stresses at the contact circle. 
It follows that z"2 vanishes so that Q(f) can only be a constant multiple of r,(f). However, in 
the limit ¢-—>4,, + 0, (4.4) gives 


Q (bm) = A (ty) — 743 (tm) /R 
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and since A(t) (= a(t)7r, (t)) is continuous while for ¢ < ¢,,, = (¢) r? (t)/R, we must have 
Q(t») = 0. It follows that Q(t) is identically zero and the indenter penetration given by 


d rt d 
Rx (t) = 71,2 — | pit — Ua | w(t — 05 (r,2(’) w’| dt’, t>tp. (4.5) 
tm t, (’) 


From (4.2) with x,‘2) = 0, we confirm the displacement under the ball as 
u, = «(t) — r7/2R, r<r,(t), 


with « given by (4.5) For r > r, (t) a much more complicated result follows which entails (among 
other terms) hereditary integrals of the functions appearing on the right hand side of (2.35). 
From this result, in the limit r = r, (1 + 5) where 8 < 1, it may be shown that the indenter and 
free surface are separated by the positive quantity 


84/2 t—t il 
Vv? : nw ( — 4, (0) r? 8i (4.6) 


in the derivation of which the logarithmic variation of 4 (f — t,) over the time taken for the contact 
circle to contract from r, (1 + 8) to r, has been assumed negligible. The separation (4.6) is to 
be compared with the value 


obtaining during the penetration process (and for the corresponding elastic problem). 
From (4.1), with x,'?) = 0, we find for the stress under the ball 


n(i -y)R 0 dt 
0, r>r (t) 


4 "ty (t) d 
| ett) fre) —-Pyhd, n(t)>r 


and since {r,? (t') — r?}4 is monotonically increasing in the integration range,* the stresses are 
everywhere compressive. Evaluating the total resistive force by the same procedure adopted for 
(3.11) leads to 


s “ty (t) d . 
F=—-—— t-t) > t’)) dt’ 4.7 
BR (1 4 i oe — ear er ene ~— 


which differs from (3.12) only in that ¢, (¢) replaces ¢ as the upper limit of the integral. 

For prescribed r, (1) conforming to Fig. 2 we have obtained a complete solution of the in- 
dentation problem for a viscoelastic solid. However, the problem of dominant physical interest 
is that of dynamic impact, for which r, (¢) is not prescribed ; rather the present results required 
to be supplemented by Newton's third law 


F = Mi (t) (4.8) 


which then determines r, (¢) concomitantly with «(é). For ¢ < t,, we have already carried out 
this procedure to the point where we obtained a single nonlinear integro-differential equation for 
a(t), namely (3.15). In general, for ¢ > t,, (4.5), (4.7) and (4.8) appear not to lead to a single 
equation for a(t) except under certain limiting circumstance discussed in the final Section below. 


5. Dynamic Iwpact PROBLEM 


A solution of the impact problem for a solid of arbitrary mechanical properties 
appears to be feasible only on a numerical basis. However, for a solid which is 
nearly elastic in the sense that the creep and relaxation functions are adequately 
approximated by the expansions (2.6) over the impact period, we can obtain 


*As in (3.10) the lower limit on the integral is effectively the point where r, (f) = r (f < t,»). 
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an analytic solution to terms linear in the parameter ». The solution so obtained 
is valid provided 
7T <1 


where T is the total impact duration. 
To terms linear in », we may replace equations (2.6) by 


pe (0) ppe™ po? (t) Lp 1(1 4 nt) (5.1) 


which, in addition to simplifying the subsequent analysis, are the exact reciprocal 
functions for a Maxwell solid. 

With «-!(t) given by (5.1), the equation of motion of the indenter for t < ft 
(3.15) reduces to the differential equation 


SR up 


Hla V - - 
i 3M (1 — v) 


(5.2 


with boundary conditions 
a= V, a = 0, t= 0, 


where V is the initial impact velocity. 
For ¢ > t,,, substitution of (5.1) into (4.5) yields 


“t : 1 “¢ ee mare a . 
Rx = r,2(t) (h+qn(t—t))— | e-l—0") 9,8 (0"") dt” | dt’. 
dt ty (e’) d 


~ tm 


On differentiating this equation we obtain the surprisingly simple result 


d dt 
Ra = e772 t-t) 2/1 a 
een Gi ON a 


or, since r, (t) = 7, (4). 
d 
Ra ent) r 2 (t) ’ 
S a | 1 ) 
which replaces the equation 


Ra = r,? (t), t<t 


= 
for t <t,,. We note that at ¢ =14,, r, is a maximum and therefore 7, (t,,) = 0. 
It follows from (5.4) and (5.5) that « is likewise a maximum so that optimum 
penetration and contact radius occur concurrently ; this latter result may be proved 
more generally for a solid with arbitrary properties. 

The total force resisting the indenter for ¢ > t,, is given by [ equation (4.7) ] 

8 "tit sd , P 

FD ent < (p38 (t')) de 

3BR(1—v)Jo dt 


from which we deduce 


dF, ee Fe 
e j I »— t 
dt v) dt a,‘ 4) 


or, since F = Ma, 


M (a 4 Sup thy enn» 4 (7,3 (t,)). 
3R (1 — v) dt dt, 
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Alternatively, 


M (a + a) = aia “a e~nt—t) . (r,° (d). (5.7) 

Since (5.3) permits the determination of a(t), « (t) entirely in terms of t, ¢, (t) 
and r, (t,) (presumed known from the solution of (5.2) since t, < #,,), (5.6) constitutes 
a complicated differential equation for ¢,(¢). Fortunately, to terms linear in », a 
much simpler treatment is possible. We observe that, in the limit » > 0, the problem 
reduces to that of elastic impact for which the function r, (t) is symmetrical about 


t = t,, and for which 


(5.8) 


For the viscoelastic case therefore it is reasonable to expect that, for small », 


+ 98 (t) + O(n?) 


and this may be verified by the procedure outlined above. However, if we confine 
attention to (5.4) and (5.7), it is seen that t, only enters by virtue of the exponential 
factor exp [— 7 (t — t,)] and so to terms linear in » we can replace t, by the zeroth 
order approximation (5.8), obtaining for t > t,, 


d 
Ra »—2n (a tm) “= 2 t ° 
; dt (71? (0) 


Sup e 2n 


d 
tm) __ 3(f "i 
3MR (1 — v) dt (n°) 


To terms linear in » the elimination of « between these two equations leads to 


os Bu) Rt d_, . 
Z — 37nZ = — sone am (OP 5.9 
y aM(1—») ai”? nits 
where 
% = ry" (t) 
R 
A first integration of (5.9) gives 
Bp 
3M (1 - 


At t =tp, Z (tm) = 0 so that from (5.4) and (5.10) fort =t, +0, Z = 4. 
t<t,, Z(t) =«(t) and the continuity of F (= Ma) implies, from (5.2), 


Z = Z (tm) = 37 (Z = Z (tm)) 


Sup Rt , 
- —. Zi (t,,). 
3M(1—v) (m) 


With Z (t,,) = 0, (5.11) becomes therefore 


Z (tm) + 7 (Z (tm) — V) 


_ 8u, RI 
Z —7(8Z +V) YD Z! (5.12) 


3M (1 — v) 
which provides an equation of motion for the ejection part of the cycle. The solution 
of (5.12) is subject to the boundary conditions at t = t,,, (a) Z (t,,) = 0, (b) Z (t,,) 
continuous from the solution of (5.2) for t < t,,. 

The approximate solutions of (5.2) and (5.12) are effected in the Appendix. 
The principal results to emerge are the following estimates of the coefficient of 
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restitution ¢ and impact duration T: 

e=1—nT,, T = T,(1 — 0-037 »T,), 
where 7, is the elastic impact duration 


E—) V+ 
32R! up 


f. 2-04 ( 


and where » may be regarded as the mean inverse relaxation time of the solid. 

The present approximation, valid for 77, < 1, is pertinent for solids whose 
properties are nearly * glass-like ’ at the temperature of testing. Since the modi- 
fication to the Hertzian impact duration is negligible, measurement of 7’ determines 
the essentially dynamic quantity »p/(1 — v) while measurement of e provides 


an estimate of ». 
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APPENDIX 


Approximate solutions of equations of motion 


With Z = r,*/R, the equations of motion for the indenter are 


8up he 
3M (1 — v) 


!, '<é. 


Z+(Z V) = 


3M (1 — v) 


Z —(8Z + V) yA 


In terms of the dimensionless variables 
£ = Vt/ap, 
(Al) and (A2) become 
dw 


— as jf. 
dé 


w(é,)=0, ££ = bq 
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K = 9%/V, and % = | 


15M (1 =9 r| 7 
82K! up 
a» is the maximum penetration for an elastic solid while £,, is the point for which (A3) first yields 
dw/dé = 0; the corresponding value of w = w(£,,) is denoted by w,. 
Writing v = dw/dé, a formal integration of (A3) leads to 


B 
v=c+2Kw — w? + 2K [ vd w’ 


* @ 


where c and £ are integration constants related by the boundary condition 
°p 
=c+2K | vdw’. (A6) 
Jo 


We proceed on the assumption that K 1 ; this is equivalent to the assumption 77 << 1 already 
adopted in the derivation of (A2). Equation (A5) is in a form suitable for iteration ; a first 
iteration leads to 


rp 
v=c+ 2Kw — w) + | (c + 2Kw’ — w?yt dw’. (A7) 

* @ 
Now v = 0, w = w,, is a movable singularity of (A3) and in order that (A7) should provide a 
uniformly valid second approximation for all in the range 0 < w < w,, we have to choose 
8 = wm, € = wy, — 2K. The actual value of w 


* is then given by (A6) 


- w 2K (w — w yi dw. (A8) 
m/s 


In the limit K + 0, @, = 1. For K <1 we anticipate w,, = 1 + 2 with 2 < 1. With this 


assumption, we have on expanding (A8) to first order terms in K, 2, 


Q=$K(1 —1,) (A9) 
where 
r(4) TR) 
lr (¥5) 


To the same order the time to maximum penetration is given by 


“1 
l= (1 — y')t dy = ~ 0-817. 
7 0 


am 
f= [ dw/v = 1, + K (I, — 1, —1,(1 — 1,)/5) 
~ 0 


where J, is the Hertz integral 


1 d r 
— [ ] FT on 


o(1 — yt) ! 


and where 
y = 0-842, 
1 
,4y | (1 —atjtde 
l,= . ~ 0-473. 
4 I. (i a y})i 


I, and J, were evaluated by numerical integration. 
The values 


wo, =1+$K(1—-1,), v=0 
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provide the starting point for the integration of (A4), which may be treated in an identical manner. 
In this way we obtain for total impact time 


VT 
Xs 


K [2/, — 41, — 21, (1 — 1,)/5] 


or, on inserting numerical values and substituting for A in terms of », 
T = T,(1 — 0-0387nT,) 


2/,%/ 4 is the clastic impact time. 


in which T, 
0 determines the ejection velocity V,. To first order in K we find 


The value of v at w 
v 1 + 2K/, 

and from (5.4) 
VV = ve "Te = (1 + Ty, 1,/1,) (1 — Ty) 


et 


or, since I, i, 5.9, 
4 7 
4 To. 
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SUMMARY 

AN Impact indentation test is described for investigating the behaviour of metals and alloys 
subjected to stress cycles of a few milliseconds duration. The test consists of the normal impact 
of a conically tipped tungsten carbide indenter on a plane surface of the specimen at impact 
velocities in the range 2-30em sec. An analysis of impact indentation is made, using a quasi- 
stationary approach; relations between impression dimensions, contact duration and impact velocity 
are obtained and verified experimentally. Comparison of the impact test results with those derived 
from hardness measurements, using the same indenter, affords an assessment of the strain rate 
sensitivity of the material. Results are reported for a wide range of materials, including copper, 
aluminium, iron, various steels and non-ferrous alloys. 


1. INrRopUCTION 


Tue dependence of the deformation behaviour of metals and alleys upon the 
rate of loading has received much attention over the last two decades, the most 
fruitful experimental investigations being essentially dynamic versions of the 
standard tensile and compression testing techniques [e.g. Baron (1956), Crum and 
Mavis (1958). Gou_ke (1957), Hawkyarp and Freeman (1954), JouNson ef al. 
(1953), Marpen and CampBe.. (1958), Srrecwa et al. (1958)]. This type of experi- 


mental approach can, with careful design, give dynamic stress-strain curves with 


strains covering the region 0-50 per cent, but the strain-rates attainable (1-10* 
sec!) are usually confined to a limited range by the inertial properties of the appar- 
atus. This limitation, however, applies to all known methods of dynamic testing, 
and hence a complete description of the strain-rate sensitive behaviour of a given 
material, necessitating the determination of the manifold of stress-strain curves 
with strain-rate as the variable parameter, would require a large number of different 
experimental arrangements. 

However, the stress-strain relationship for metals is a relatively insensitive 
function of the strain-rate parameter and therefore stress-strain curves derived 
from arbitrary loading cycles, but over a limited range of test durations (e.g. 
10-2-10-% sec), are closely similar. Under these circumstances it is legitimate to 
characterize the dynamic behaviour of a metal by the order of magnitude of the 
loading duration and we may then refer to dynamic testing in the second, milli- 
second and microsecond region. Internal ballistic problems (e.g. gun stresses during 
firing) are almost entirely concerned with millisecond behaviour, while terminal 
ballistics (e.g. target attack) are an admixture of millisecond and microsecond 
behaviour. 
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In the present work a description is given of an experiment requiring com- 
paratively simple equipment, which assesses the average strain-rate sensitivity of 
a material (i.e. the ratio of the dynamic and static flow stresses) over a limited 
region of strain of order 10 per cent and for test durations in the millisecond region. 
This average strain-rate sensitivity, while of little or no use in fundamental 
investigations into strain-rate phenomena, would be useful as a ‘ design factor’ or 
‘figure of merit ’ when the structural use of new materials is under consideration. 
This figure of merit is determined by the correlation of the indentations made 
statically and dynamically in the material using a conical indenter. 


2. APPARATUS AND EXPERIMENTAL PROCEDURE 

The indenters consisted of conical tungsten carbide tips of 45° and 68° semi-angles, brazed 
onto mild steel adaptors which fitted both a pendulum block and a Vickers hardness machine. 

The specimens were in the form of disks 0-975 in. diameter and 0-lin. thick. A few disks of 
0-20 in. and 0-05 in. thick were also indented, and the results did not differ significantly from those 
on the 0-lin, specimens. It was concluded that a thickness of 0-lin. was sufficient to avoid any 
errors due to plastic deformation extending right through the specimen. For impact indentation 
the disks were securely clamped by a peripheral retaining ring to an anvil of similar material ; 
in turn the latter was attached to an inertial block (mass ~ 100 kg) by another retaining ring, 
lead foil being inserted between anvil and inertial block to ensure good mechanical contact. The 
object of the inertial block was to dissipate the elastic waves produced by the impact. 

All the test surfaces were ground and polished, the final polishing being made using a diamond- 
paste impregnated wheel. The cold-worked surface layers were then removed, by vacuum annealing 
in the case of aluminium and copper, but otherwise by chemical etching. 

The composition, hardness numbers and heat treatment of the materials examined are shown 
in Table 1. 

For impact indentation the indenter was rigidly mounted on a steel pendulum block (mass 
~ 1 Kg) suspended by eight light strings. The suspension design prevented yawing in the pen- 
dulum motion ; this, allied with careful positioning of the specimen, ensured that at the instant 
of impact the pendulum velocity was normal to the vertical testing surface of the specimen. 
The suspension length (~ 6 ft) was chosen to permit impact velocities of up to 30 em /see with 
release of the pendulum from small angular displacements about the equilibrium position. Under 
these circumstances the impact velocity |) could be derived from the formula V = 2af\ where 
A is the horizontal displacement and f the frequency of free vibration of the pendulum. Ex- 
perimentally A lay between 2cm and 15 em and was measured to the nearest 0-1 mm. Thus V 
was given to better than 1 per cent ; corrections for pendulum damping were sufficiently small 
(~ 4} per cent) to be neglected. 

The static indentations were made using a standard Vickers hardness machine, but with the 
conical indenter replacing the usual diamond pyramid indenter. The loading time was in the 
range 10-15 sec giving a ratio of strain-rates for dynamic and static indentation of about 10‘. 

The diameters of the residual impressions were measured in two perpendicular directions with 
the microscope of a Vickers hardness machine, while the contact durations (~ 10~* sec) were 
measured by the timing device described by Vincenv et al. (1957) in which the making and break- 
ing of electrical contact between the indenter and specimen was used to start and stop a micro- 
second counter. To ensure good electrical contact during impact the indenter was frequently 
cleaned with absolute alcohol. 


3. TuroreTicAL MECHANICS OF INDENTATION 
(4) Caleulation of indentation parameters and duration of contact 


The quasi-static approach to impact problems, which avoids the difliculties 


due to stress-wave propagation, was used by Hertz [for a readily accessible account 
see Vincent et al. (1957)] in the analysis of the elastic impact of two spheres. 


Assessment of the strain-rate sensitivity of metals by indentation with conical indenters 


TABLE 1. Composition, heat treatment and 
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hardness of specimen materials 


Specimen Materials and Composition 


Al 
Cu 0-008, Mn 0-002 


99-83°% Aluminium. Si 0-096, Fe 0-07, 


Hleat Treatment V .P.N. 


Annealed 2 hr at 350°C 20 


H.C. Copper. 0. 0-033%. Other impurities | Annealed 2} hr at 550°C 


| 0-005 


in vacuo 


Molybdenum. Nominal carbon content | Stress relieved Ihr at 


0-01 % 
| Aluminium Alloy. DTD 687 special purity 
Cu 1-27, Mg 2-13, Zn 5-45 


DSP 


base. 


Aluminium Alloy. DTD 687 special purity 
base. Cu 1-29, Mg 2-57, Zn 5-48 


Mild Steel | B.S 970 En 38 Mild Steel, C 0-13, Si 0°25, 


Mn 0-84, S 0-046, P 0-03, Ni 0-09, Cr 0-04 


WDDJ 


Armco iron 


WESW Normalized 8.G. Iron. C 3-33, Si 2°15, 
| Mn 0-24, Ni 0-52, S 0-011. Mg 0-033 


WFSW 

WCQW | Grey cast iron. C 3-23 (total), 0-71 (com- 
bined), Si 1-44, Mn 0-79, S 0-091, P 0-44, 
Ni 0-50 


WCRY | 


Steel. C 0-89, Si 0-32, Mn 0-28 


19% Chromium Steel. C 0-09, 0-58, 
Mn 0-52, Ni 0-66, Cr 19-3, Mo 0-41, Ti 0-24 


WFSM 


Si 


0-10, Si O-77, 
Mo 0-08, Ti 0-72 


Austenitic stainless steel. ¢ 
Mn 0-75, Ni 9-20, Cr 18-67, 


Steel. C O-B1L, Si 0-19, 
Cr 0-72, Mo 0-42 


Mn 0-72, Ni. 2-68, 


W Alloy total 


Sintered tungsten heavy alloy. 1° 
Ni and Co 


Nilo 36 Iron nickel alloy. (Invar). 36% Ni. 


1350°C 

Solution treated 4 hr /465°C 
quenched. Aged 12 hr/ 
135°C 

Solution treated 4 hr /465°C | 
quenched, 
135°C 


187 
Aged 12 hr 


Stress relieved 1 hr at 650°C 


Heated in air 1 hr/930°C 
air cooled 


112 


166 
nace cooled 


-_ So = ; ‘ — 
WFST | Normalized S.G. Iron. Composition as for 


Annealed 1 hr/860°C fur- | 
| 
| 


267 


Ramee» SP 


As cast 


Heated in air 1 hr/760°C 
| air cooled 


Hardened by oil 


820 CC, 


quench 
from 
550PC 


Tempered 
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This analysis led to the prediction that the contact time T and the impact velocity 
1° were related by an expression of the form 


T—KV- 


which was subsequently verified by the low velocity impact experiments of, amongst 
others, ANDREWs (1929, 1931). The Hertzian relation was also shown by Hunter 
(1957) to hold for the impact of a sphere on the plane surface of a massive body. 
This success suggests the validity of the quasi-static approximation for the problem 
of the impact of a conical indenter with the plane surface of a massive specimen ; 
however, the fact that here the basic theoretical plasticity problem has not yet 
proved amenable to analysis means that we are unable to discuss the precise 
significance of the approximation as was the case for the Hertzian elastic problem, 
Nevertheless it is reasonable to argue that the physical grounds for the validity 
of the quasi-static approximation should be similar in the two cases, 

The physical basis for the validity of the quasi-static approximation for the 
elastic impact of a small body and a massive one is twofold. 


(i) The impact duration must be long enough for the passage of a large number 
of elastic waves back and forth along the relevant directions (i.e. those 
involving compression) of the small body. 


(ii) The quasi-static state of the massive body can be realized from outgoing 
waves only. 


In the present work, (1) is satisfied since the deformation of the indenter is wholly 
elastic and the time of travel of an elastic wave back and forth in the indenter 
mass is about 20 usec which is a small fraction of the observed contact durations 
(ca. 2000 psec), 

The possibility of a quasi-static state arising from outgoing waves alone was 
discussed by Hunter (1954) for the associated problem of the propagation of 
spherically symmetric outgoing waves generated by a transient pressure pulse 
at an internal cavity face. It was shown that the time required for the medium 
to respond quasi-statically to a step function pressure pulse is of the order 2a/c, 
where a is the cavity radius and cy is the propagation velocity cf elastic waves 
in the medium. 

Returning, then, to the conical indenter impact problem we might expect the 
corresponding time for quasi-static response to be of the order t = d/cy where 
d is the indentation diameter. Anticipating the relationships between d, V and 7 
obtained subsequently, we may derive 


It follows that the massive body responds quasi-statically provided that V obeys 
the inequality 


which for cg ~ 5 x 10° cm/sec is well satisfied for the present range of impact 
velocities, 
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The immediately preceding discussion implies that a knowledge of the stress 
system produced in static indentations with a conical indenter would be a sufficient 
basis for an adequate description of the corresponding impact process. This 
knowledge is much less complete than fer (elastic) spherical indentation and we 
are compelled to rely on well-established semi-empirical relations derived from static 
loading experiments and supported to some extent by theoretical work on related 
problems. 

In the various theoretical indentation problems studied by Hii. (1950) and 
SuieELp (1955) it is a common result that the mean pressure P over the surface 
of the indenter is given by a relation of the form 

P = eY (1) 
where Y is the flow-stress of the material (assumed constant) and ¢ is a numerical 
constant of magnitude ¢ ~ 3. Equation (1) is valid for a non-hardening rigid / plastic 
material. In particular this result has been obtained for indenters in the shape of 
(a) a two-dimensional plane punch, (b) a two-dimensional wedge and (c) a flat 
circular punch. The mathematical difliculties associated with axisymmetric 
problems of plasticity have so far precluded exact solutions for the conical indenter 
but it is not unreasonable that an equation of the form (1) should be valid. Ex- 
perimental support for this is given by DuGpa.e (1954) for indentation with 
lubricated cones of cold-worked materials, which are a reasonably close approach 
to the ideal plastic-rigid material. It was found that for a given cone angle, the 
mean indentation pressure P bore a constant ratio to the shear vield stress k 
over a wide range of loads ; this leads to a relation between P and Y of form (1) 
if it can be assumed that the von Mises yield criterion is applicable. 

Other experimental information is complicated by the existence of work- 
hardening in all real materials. An extensive study by Tapor (1951) of the Vickers 
diamond indenter yields the empirical result that (1) is valid (again with ¢ ~ 3) 
provided that Y is interpreted as the flow stress on the compressive stress-strain 
curve for a particular finite strain value (8 per cent in the cases examined). To 
date this result has received no detailed theoretical backing but is well supported 
by experimental evidence for a wide variety of materials. There is, however, 
general theoretical support for the form of the result (i.e. the interpretation in terms 
of a strain value independent of indentaticn size) in that all pyramid diamond 
impressions entail an element of geometrical similarity. Geometric similarity is 
likewise a feature of conical indentations and a similar interpretation of equation 
(1) is permissible but with a different strain value. This representative strain value 
would be expected to be a function of the semi-angle of the cone. 

In what follows we shall assume the validity of an equation of type (1) to evalu- 
ate the residual impression dimensions and duration of impact as functions of 
the initial impact velocity for a rigid conical indenter. The results obtained are 
compared with experimental evidence in Section 4, 

By integrating the equation connecting the motion of the indenter with the 
resistance to penetration (P = cY,)* we show in the Appendix that the maximum 


penetration x, is given by 


3m 4 73 ‘ 
Fae Y; — (2) 


*The subscripts i and s refer to impact and static indentation respectively. 
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and the corresponding maximum diameter (d;) of the indentation is 


d 2x, tan @ = 2 


(= tan «| Vi. 


2c Y; 


The loading duration T derived by further integration is 


Bm 4 
, , 4 
: 1 Y; tan? a) ' (4) 


where V is the impact velocity, m the pendulum mass and @ the semi-angle of the 
cone. The % power law relationship between d; and V is originally due to TaBor 
(1951). 

These relations are derived for idealized conical indenters but in practice the 
tip of the cone is rounded into an approximately spherical cap, on account of 
which the idealized height of the cone and hence the depth of impression is reduced 


by a distance h. Correcting for this we show 


3m = 
~ ‘ $ 
d; 2 tan 0 (5 ¥ tan? a) 1's, 


T= = ) Vil — 07 

te Y, tan? 0 | iy 

Equations (5) and (6) have been obtained for the loading cycle ; immediately 
following this, the mean pressure P = cY between specimen and indenter unloads 
to zero, ejecting the indenter with a finite velocity V, (say). It is probable that 
the unloading process is mostly elastic although the possibility of reversed plastic 
flow in the vicinity of the base of the impression cannot necessarily be discounted. 
At the termination of the unloading process the impression dimensions will have 
changed only by an elastic order of magnitude so that to an accuracy of order 10-% 
the formula (5) for the impression diameter remains valid. However, the present 
work demonstrates that the duration of elastic unloading is not necessarily small 
compared with the leading time given by (6), and an estimate of the duration is 
necessary 

With the present limited knowledge of the detailed mechanics and stress 
system associated with the indentation process it is hardly possible to formulate 
a precise account of the elastic unloading process. Instead we make use of a model 
somewhat akin to that suggested by Tanor (1951) in the parallel problem for a 
spherical indenter. It is assumed that during unloading geometrical similarity of 
the impression is maintained and at the termination of the process the impression 


depth has contracted from a, to 2, where from general considerations one might 


i y \’ 
(#=*) ~(E) <1 


where r is an exponent of order unity, and EF is Young’s modulus. 


expect 


Further, during the unloading we assume the mean pressure between indenter 
and specimen is 
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where n is (as yet) a second free parameter and P, (= cY,) is the initial value of 
P at x =a. With these asumptions, integration of the equation of motion of the 
indenter during the unloading phase, 


, (*-a\" 
P, ‘) A 
vo ~ ay 


is shown in the Appendix to give an unloading duration of 


1" re om __\* 1-4 [S sine gag 
3 ( V ) laze Y, tan? a) P a? ony 
where ¢ is a function of (@ — x,)/(a% — 24). 

In this analysis we derive 


= aN a 


where V, is the rebound velocity of the indenter and V the impact velocity. The 


right hand side of (10) is a measure of the elastic strain recovery (Y;/ £) independent 
of impression size and impact velocity. Accordingly (10) predicts a constant 
value of the ratio (V/V) for all impact velocities. This result was subsequently 


verified experimentally, though the precise value depends on the specimen material 


and angle of the indenter. Using this constant ratio we derive from equations 
(6) and (9) the total contact time 7’, as 


c 


— - sake as h k V. 3m at i 11 
c= r ; 7 ( , ee =e = Y; Fe — 


where k = 4 2 sin? ddd. 


7“ 0 


If hk is ignored 7’, is proportional to V~4, 


(ii) Estimation of strain-rate sensitivity 

During static indentation the indenter is pressed slowly into the specimen under 
constant load until deformation ceases. At this point the load Mg is entirely 
supported by the pressure between the indenter and specimen and we can write 


Mg — PA 


where P and A are as defined in the Appendix. Hence, by using an equation of 
type (1), viz. P = cY,, we obtain 


Mg - } . wd? cY, (12) 


which is also to be compared with experimental results. 
The geometrical constant ¢ occurs only in the product of cY and therefore cannot 
be found unless Y is known from other sources, Although it is known that ¢ ~ 3, 


ignorance of its exact value in the present work precludes the determination of 


SB 
Y,; and Y, individually. 

However, if the quasi-static approach leads to a valid description of the impact 
process, it is reasonable to assume that the same value of ¢ is pertinent to both 


the impact and static indentations. On this assumption, ¢ can be eliminated 
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between (5) and (12) giving the ratio Y/Y, (defined here as the average strain-rate 
sensitivity A) in the form 
3Bmtan@d d? 


Meg S ° \ =} 


where S, is the slope of the indentation diameter vs. (impact velocity)? plot from 
equation (5). 


(iii) Frictional effects 
Modification of the indentation analysis to allow for frictional effects is made 
difficult by the lack of any precise model describing them. A proposed model due 
to HaNkINs (1925) postulates the existence of a coetlicient of friction ~ between the 
indenter and indentation, and incorporating this idea into (1) leads to re-writing 
it in the form 
P = ¢,(1 peot Oy (14) 


where ¢, is a numerical function of @ alone. As was pointed out by Tanor it is 
doubtful if this model is satisfactery on general physical grounds for it suggests 
that for a flat cylindrical punch (@ — 90°) the yield pressure is independent of 
the friction between the indenter and indentation, and this is known to be untrue. 
Fair agreement was obtained by Hanxkixs between experimental and theoretical 
results on the basis of this model for indenter semi-angles up to 70°, although the 
quoted values of « are probably spurious due to his neglect of the dependence of 
frictionless indentation pressure on cone angle (see Bisnor et al. 1945). However, 
as no use is made here of absolute magnitudes of yw. this model, in the absence 
of a better one, will be adopted in the following. 

If the coeflicients of friction »; and jp, (the subscripts ¢ and s have their usual 
meanings) are both constant, the forms of (5), (6) and (12) will be unchanged by 
the substitution for ¢ of a different constant c,(1 + » cot @) and therefore the 
constancy of « can be adduced from the linearity of the experimental results 
plotted according to (5) and (12). 

Substitution of c¢ (1 pe cot @) into equations (5) and (12) leads to (13) 
having the form 


l pw, cot °) Sntand d? 


(15) 


Y. \i +p; cot 0 Ms SS, 


and here A depends on the unknown values of w, and y;. 


In what follows we shall assume p, ~ pw; and 


l p, cot O - 
1 + p; cot 0 ¥ 


which reduces (15) to the form of (13). The assumption p, ~ «; is not easily 
justified experimentally except for a material whose strain-rate sensitivity is a 
relatively insensitive function of the work-hardening ic. of the * representative ’ 
strain associated with the semi-angle of the cone. Of the materials tested here it 
is believed that the high tensile steels conform closest to this specification ; for 
these materials the experimental values of A derived using semi-angles of @ 15, 
0 = 68° are sulliciently close to prove the validity of the above assumption. 
For other materials (notably the annealed f.c.c. metals) the two values of A differ 
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slightly ; while this may be partly attributable to a difference between p, and 


pw, it is thought that the dominant contribution arises from a true variation of 
flow stress ratio (Y;/¥,) with strain. 

A secondary reason supporting the assumption p, ~ ju; arises from considering 
the more detailed mechanics of the indentation process. It is at once apparent 
that the frictional coeflicient defined for the indentation experiment bears little 
or no relation to the corresponding quantity measured in sliding experiments. In 
the first instance the normal pressures involved here are several orders of magnitude 
greater ; secondly, in the indentation process there is hardly any question of sliding ; 
rather the indenter is continuously compressing the specimen material into intimate 
contact. Under these circumstances it seems likely that apart from strain-rate 
sensitive features the indentation mechanics are exactly similar for both the static 
and dynamic impressions. 


t. Resvuvrs ann Discussions 
(i) Indentation diameter results 
A wide range of materials was tested ; for details of materials and heat treatment 
etc., see Table 1. Fig. 1 shows plots of indentation diameter vs. (impact velocity) 
for annealed copper, and austenitic stainless steel. Results for both indenters 
are presented. 


3 2/3 
v2’> «cm/sec 


Fic. 1. Indentation diameter, d; vs. (impact velocity, Vy for (a) annealed copper, (b) 
austenitic stainless steel. ©, 90° indenter: @, 136° indenter. 
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According to the proposed theoretical model, (5) predicts a linear relation 
between d; and V4; this is amply confirmed by the excellent straight lines obtained 
for which the statistically estimated slopes possess standard deviations varying 
from + }to ~ 8 percent. In repeat experiments on different specimens of the same 
material, the statistically estimated slopes usually differ by less than the sum of 
their individual deviations, 

While none of the plots precisely intersect the origin as required by (5), the 
intercepts are relatively small, varying from — 0.0008 to 0-002 cm ; for a partic- 
ular material the larger intercepts are usually associated with the 90° indenter. 

The mean values and standard errors of the two groups of intercepts are 
0.00149 + 0.000076 cm and 0.00041 + 0-000156 cm respectively for the 90° and 
136° indenters ; the value 6-4 for the ratio of the difference between the two means 
to its standard error implies a probability of the two sets of intercepts belonging 
to the same family of less than 0-2 per cent. This suggests that the intercepts 
are quantities related predominantly to the individual indenter rather than the 
specimen material ; physically it seems likely that to some extent the intercept 
magnitudes devolve on deviations of the tip geometry from the ideal, i.e. on the 
parameter /; direct (somewhat inaccurate) estimation of h for the two indenters 
gave values of 0-0018 (90°) and 0-0009 em (136°) which are of the same orders 
of magnitude as the mean intercept values quoted above. However, we are unable 
to reconcile an equation of the type 

d=SVi+K 
as suggested by Fig. 1, with the model proposed in Section 3 for which the relation 
between d and V is considerably more involved. 

The remarkably good linearity of the indentation diameter plots is adduced 
as evidence for both the validity of (1) and the constancy, within the limits of 
experimental accuracy, of the dynamic frictional coetlicient 4; ; comparable evidence 
for the static coellicient ~, was provided by load vs. (diameter)? plots for copper 
and aluminium. 

The dynamic indentation diameter results may be summarized as providing 
excellent support for the theoretical model based on (1) and the assumption of a 
quasi-stationary state. 


(ii) Contact duration results 
Correlation of the contact duration results with the theoretical prediction 
of (11), 


} V, : ; 
r | (1 nied ~ th (7)| lacs — 0 it (16) 


~~ 


is rather more difficult than for the indentation diameters. Complicating features 


are the unknown parameters 4, k and V,/V and the dependence of xv upon V 


‘ 
which precludes a simple linear plot of 7, in terms of an elementary power of V. 
On the other hand, for the limit of an ideal tip (4 = 0) or for a large impression 
(h/%) <1, and with the additional experimentally justifiable assumption 
(V./V) = const., (16) predicts a linear relation between T, and V~}, It is therefore 
convenient to plot 7, as a function of V~ since, for (h/x,) < 1, we expect a linear 
relation while the presence of a non-vanishing h should be indicated by systematic 
deviations of the graph from linearity. 
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Fig. 2 shows plots of T, vs. V-} corresponding to the indentation diameter 
plots of Fig. 1. The remaining experimental results are similar. 

It is at once apparent that the scatter on the contact duration results is much 
greater than that for the indentation diameters ; so much so that any existing 
deviations from linearity are completely masked. The scatter appears more pro- 


- 3 -” 
Vv, (cm /sec) 


0-6 


Fic, 2. Contact time, 7, vs. (impact velocity, V')~+ for (a) annealed copper, (b) austenitic 
stainless steel. O, 90° indenter; @, 136° indenter. 


nounced for the 90° indenter than for the 136° indenter. If the scatter is partly 
associated with the tip geometry, this result might seem reasonable since visual 
observation of the indenters indicates a value of h = 0.0018 cm* for the 90° cone 
and of 0-0009 em* for the 136° cone. On the other hand, part of the scatter is 
probably attributable to persistence of arcing between specimen and indenter 
after mechanical contact has ceased ; another contributing factor may be continued 
contact of indenter and specimen during ejection of the indenter due to twisting 
of the pendulum induced by slight misalignment of pendulum and specimen. 
Evidence that such twisting did occur is provided by the appearance of score 
marks in some of the impressions. It is interesting to note that both these effects 


*h was obtained experimentally by estimation of the diameter of the rounded tip with the measuring eyepiece of 
the microscope of the Vickers hardness tester. 
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lead qualitatively to longer contact durations than those suggested theoretically ; 
to some extent this is borne out by a more detailed analaysis of the experimental 
results (below). 

In the absence of any detailed treatment of these effects it was decided to 
analyse the results for the 136° indenter on the assumption h = 0; this is justified 
to some extent by the comparative linearity of the plots 7, vs. V~4 for the 136 
indenter. Further, for the 136° indenter and with the visually estimated value 
of h, the quantity (0-7 h/r,) is at most 0-07 and assumes this magnitude only for 
the smallest impressions. 

More explicitly, since the extrapolated contact duration plots fail to intersect 
the origin by some hundreds of micreseconds, we compare the experimental slopes 
with the theoretical value 


V. 3 i 
S; ji +k (7)| i aor 0) 


derived from (16) in the limit h = 0. 


TaB_e 2. Comparison of theoretical and experimental slope ratios and of 


calculated and measured contact times 


Vv Sa T,, meas. T,, cale, 
Specimen material (cm sec) “ S; (psec) (sec) 


99-83 ° Aluminium “23 34 4120 4050 
annealed 5-76 2310 2120 


Armco iron annealed 2: 2-8: 3- 2231 2280 
1291 1190 


0-89 % C. Steel 2-2: 2-5¢ 2-6 2080 2000 
1160 1050 


Austenitic stainless steel 2: 2-5! 2- 2381 2320 
1341 1210 


Grey cast iron (as cast) 2-25 2-4 2- 2641 2270 
1471 1190 


2tan@ 


1-4 + 1:58 (1,/V) 


*R 


For practical purposes it is most convenient to compare the slope ratios 


Sa 2 tan 0 


S, 14+k(V./V) (17) 


where S, is the previously defined slope of the d; vs. V3 plots. Equation (17) 
contains one free parameter k (since V,/V is experimentally determinable), 


: | 2 sin? ddd, 


0 
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and we have attempted to compare the experimental slope ratio to the right hand 
side of (17) with a single choice of k. 

As mentioned previously, measurement of ejection velocity V, over a range of 
impact velocities V, showed that for each material the ratio V,/V was constant. 
Some experimental values of V,/ V have been entered in Table 3. Using all values 
of V/V the best choice of k was found to be k = 1-53. The experimental slope 
ratio S,/S, is compared with 

2 tan @ 


aie OS V/V 


in Table 2 for a few materials. The agreement is fair. 

Table 2 also displays, for some materials tested, two experimental values of 7, 
obtained at impact velocities of 2-25 and 15-76 cm/sec. These may be compared 
with the theoretical values derived using k = 1-53; as can be seen from the table 


the calculated times are usually less than the observed values by amounts up to 


300 or 400 psec, the discrepancy showing no significant difference for the two 
impact velocities. The agreement between the two sets of figures is very reasonable 
considering the necessarily approximate description of the unloading process 
while the existence of arcing and pendulum twisting affords an explanation of the 
positive difference between the theoretical and calculated values of T7,. 

It is of some interest to note that with & = 1-53, the exponent appearing 
in (7) is approximately » = 2. Thus, the elastic unloading phase for the 136 
indenter is governed by a mean pressure 


where (2 — 2,)/%» is measured experimentally by V,/V [equation (10)}. 

In analysing the results for the 90° indenter we have again chosen k = 1-5: 
although there is no a priori reason why the same value of n (and hence k) should 
hold for both indenters ; however, no single value of k gives very good agreement 
between theoretical and experimental slope ratios and in the absence of any 
evidence to the contrary the choice k — 1-53 has been adopted. 

Accurate determination of the slopes of the contact time vs. (impact velocity)~+ 
plots was precluded by the scatter of the measured contact times, which also con- 
cealed any deviations due to tip flattening. However, if tip flattening were sig- 
nificant, it would be expected that the values of 


2 tan @ 
1-4 + 1-58 (V./V) 


would in general be less than the measured, albeit inaccurate, slope ratios, while 
the difference between the two would be expected to be less for the pure, softer 
materials where larger impression diameters would lessen the significance of (h/x 9) 
in the factor (1 — 0-7 h/ag). Examination of the results shows that these expecta- 
tions were qualitatively fulfilled but no consistent estimation of h was possible 
from the magnitudes of the discrepancies. 

Somewhat better agreement between theory and experiment is obtained for 
the 90° indenter results if some account is taken of the tip flattening parameter h ; 
while experimental scatter precludes comparison of the experimental plots of 
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T.. vs. V4 with the resultant non-linear theoretical curve, it is still possible to 
compare theoretical values of 7, derived from equation (11) (for assigned values 
of h and k) with the experimental figures. As before the value k = 1-53 has been 
adopted, and, in the absence of a more accurate estimate, we choose h = 0-0018 em. 

As previously, the experimental values of T, exceed the theoretical estimates ; 
however, the present discrepancies, while of the same order of magnitude as those 
for the 136° indenter, are distinctly larger. This result might reasonably be attrib- 
uted to either or both the arcing and twisting phenomena proposed previously. 
For a given impact velocity the 90° indenter is ejected at a lower velocity than 
the 136° indenter. Under these circumstances the 90° indenter spends a longer 
time within the vicinity of the specimen and this in turn leads to (a) an increased 
arcing time* and (b) an increased probability of the indenter making continued 
contact with the walls of the impression during ejection. 

In conclusion, it is felt that the contact duration results afford reasonable 
support for the theoretical model of the indentation process proposed in Section 3. 


(iii) Statice indentation results 

From (12) the theoretically predicted relation between M and d,? is linear 
with zero intercept. This result was confirmed experimentally for both indenters 
on copper and invar specimens. From these it follows that the conventionally 
defined hardness values are independent of the load and that a valid estimate of 
the static flow-stress is given from experiments with a single value of M by the 
formula 
4Mg 


” 
nd, 


cy, 
In practice a number of impressions were made, using one value of M in conjunction 
with the mean diameter d,. 

Repeated static experiments on different specimens of the same material were 
extremely reproducible, since, with the exception of annealed copper, the difference 
of the mean diameters for the two groups was less than the sum of the individual 
standard deviations. In the exceptional case of copper, the indentations were 
characterized by marked * sinking in” of the material near the indentation peri- 
pheries.t This feature, which to a lesser extent occurred with the aluminium 
impressions, produces a lack of definition of the impressions and leads to some 
difficulties in assessing d,. 

It was noticeable that with the same load the 136° indenter always produced 
larger diameter impressions than the 90° indenter. This is in agreement with earlier 
work of Bisuop et al. (1945) who found that, with unlubricated indenters on 
hardened copper, the mean indentation pressure P decreased with increasing 
indenter angle. The three parameters which could affect the impression diameter 
with change of indenter angle are the geometrical constant c, (a function of @ alone), 
the mean flow-stress Y, (dependent on the strain-pattern produced) and the co- 
eflicient of friction p, (appearing in the term p, cot 2). DUGDALE (1954) in his work 


on cold-worked materials (which are close approximations to the ideal plastic— 
rigid solid and hence are described by a nearly constant value of Y,) shows that 


*An elementary model suggests an arcing time proportional to he 
*+Tapor (1951) states that * sinking in’ is a common feature of impressions made in annealed metals. 


Assessment of the strain-rate sensitivity of metals by indentation with conical indenters 249 


Cy (the constant for frictionless indentation) is an increasing function of @ in the range 
15° << @< 70°. This would produce an increase of P with increasing indenter 
angle. The observed decrease in P thus devolves entirely on the decrease in the 
expression p, cot @ and a probable decrease in Y, corresponding to the lower rep- 


s 


resentative strain associated with the blunter cone. 


(iv) Strain-rate sensitivity 


The average strain-rate sensitivities, from (13) are tabulated in Table 3 for all 
the materials tested (see Table 1) and for both indenters. In the same table the 
present results are compared with those of other authors who used more conven- 
tional testing methods. 


With the exceptions of molybdenum, copper, aluminium and grey cast iron, 
the results of repeat experiments are in close agreement. The somewhat low value 
A = 1-58 obtained with the 90° indenter on one molybdenum specimen is attributed 
to specimen variability, as are the scattered results for the other three materials 
concerned ; however, the discrepancy between A values from any pair of nominally 
identical specimens tested with the same indenter, lies within, or almost within, 
the sum of the two individual standard deviations on A. 

For many of the materials tested (spheroidal graphite iron ; normalized 0.89% 
C steel; 2-68% Ni, Cr, Mo steel; 19% Cr steel; austenitic stainless steel) the 
A values derived using both indenters differ only by a few per cent. For the re- 
mainder of the materials the two A values deviate ; the discrepancy for these solids 
is believed to reflect the variation of strain-rate sensitivity with strain. In par- 
ticular for molybdenum, mild steel and Armco iron, which all exhibit upper yield 
point phenomena, the A value is believed to represent a compromise between the 
initially large upper yield point ratios and the somewhat lesser flow stress ratios 
obtained at larger strains ; here for molybdenum and Armco iron, the sharper cone 
angle, associated with the larger representative strain, tends to yield smaller values 
for A than the 136° indenter. On the other hand, annealed copper and aluminium 
exhibit larger A values for the sharper indenter ; this result is in qualitative agree- 
ment with Baron’s (1956) work on annealed tough pitch copper which shows 
that for strains up to about 20 per cent of the ratio of dynamic to static flow-stress 
is an increasing function of strain. 


For the remaining materials tested (Al alloys, Tungsten Heavy alloy and Nilo 


36) the mechanical properties are insulliciently detailed to effect a comparison with 


the present results ; for these three materials the 136° indenter gives larger A values 
than the 90° indenter. This suggests that here the flow stress ratio is a decreasing 
function of strain, in contrast to the results for aluminium and copper. The present 
results for the aluminium alloys are everywhere higher than those reported by 
Baron (1956) for duralumin but agree more closely with his low temperature 
tests on that material. 

As mentioned in Section 3 (#77) discrepancies in A values from the two indenters 
may be partly attributable to a difference between yu, and y;. In view of this, it 
is felt that perhaps slightly greater weight should be attached to the value of A 
obtained with the 136° indenter for which the expression (1 + u, cot @)/(1 + ju; cot @) 
is nearer to unity for given values of uw, and ,;. 
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5. CONCLUSIONS 


The quasi-static approach utilizing the semi-empirical equation (1) led to a 
valid description of the impact indentation process for a conical indenter. The 
theoretical model implied relations between impact velocity, impression dimensions 
and contact duration, which were subsequently verified experimentally. 

The values of A derived here represent estimates of the average strain-rate 
sensitivity over the strain region 0-10 per cent, such estimates being useful as design 
factors in problems of limited plastic flow. The experimental simplicity of that 
part of the apparatus required to drive A (i.e. without measurement of contact 
time) compares favourably with conventional methods of dynamic testing; in 
particular the method recommends itself as a rapid means of dynamic testing 
complementary to standard hardness testing procedures. The most time-consuming 
process is that of subjecting the experimental information to statistical analysis, 
but where access to an electronic computer is not available, the slope of the d vs. V4 
relations can be estimated by ordinary graphical means to within + 2 per cent. 
The corresponding deviation on A is then + 6 per cent compared with that of + 3 
per cent given by statistical treatment. 

It is recommended that conical indenters used in impact testing should not 
have included angles of less than 120°, a convenient angle to choose being that 


of the Vickers diamond pyramid which is 136°, 

Finally it is wished to emphasize the versatility of the method in testing a 
wide range of materials many of which for reasons of brittleness, high density or 
poor machinability do not readily lend themselves to testing in the dynamic 


extensions of the conventional tensile and compressive procedures. In brief, the 
range of materials includes any which are susceptible to ordinary static hardness 


testing with a tungsten carbide indenter. 
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APPENDIX 
The equation of motion of the pendulum during the loading cycle is 
ma PA =0 A(l) 


where m is the pendulum mass, « the penetration distance and A is the normally projected area 
of the indenter in contact with the specimen. From the geometry of the cone 
A na* tan® 0 A(2) 


in which @ is the semi-angle of the cone. From (1) in the text, and A(1) and A(2) we obtain 


me Y,;tan?@ 
ae , A(3) 


m 

a differential equation to be solved subject to the boundary conditions 
r 0. 2=/V/, t=0 

where | is the initial impact velocity. A first integration of A(3) gives 


sv? ; ne Y; tan® *) . 
3 _. g3) x. 


sm 


The maximum penetration 2, occurs when « 0, for which A(4) gives 


am 4 
X | - vi 
2c Y; tan® 0 


while the corresponding diameter d; of the impression is 


jm ; 
d; = 2x, tan @ = 2 tan a| — vi, 
2ne Y; tan? 0 


In terms of a, A(4) may be re-written 


a\3)4 ‘a dq 
r Vii | or f J | —- - 
ro , ol }— (q 4o 3}; 


from which the duration T of the loading cycle is 


dq 
0 (1 (q %)*}? 
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Using the result 


“lds of? riyyr 
ds _ |# sin 4)} dé (3) (4) 
J ofl — 5°) . 3T' (%) 


together with A(5) gives finally 


om 4 
T x 14 vos, A(7) 


2nc Y; tan? 0 


The reduction (4) in the idealized height of the cone due to flattening of the tip leads to some 
modification in A(5), A(6) and A(7): 


4 
a ns) ~h, 
° i Y; tan? 0 


3BmV2 _\3 
d; = 2tan@ | - a 5) , 
2c Y; tan* 0 


3m i h 
T | vip t : ) 
2ac Y; tan? 0 Ze 


F(1 ;) > ra(1 07°) 


to better than § per cent for the values of (h «)) obtaining in the experiments reported here. 

In the present experiments the initial impact velocity Vis everywhere sufficiently large to 
make the h® term entering the parentheses of A(®) negligible and we are then left with the expres- 
sions for the loading cycle : 


om 


PF 
d; 2 tan 0 | : - 7, Vs, 
2ne Y; tan* 0 


om 4 ‘= h 
T= 1-4 ( . - J (1 ~ 0-7 ). A(i2) 
2ne Y; tan? 0 % 


During the unloading cycle it is assumed that geometrical similarity of the impression is 
maintained and that the impression depth contracts from a) to 2,. Further, choosing for the mean 
pressure between specimen and indenter 


A(13) 
where n is a free parameter and P, (= cY;) is the initial value of P at x = 2), we may write the 
equation of motion of the indenter as 

mx P d \( 14) 
where A a(v + h)* tan® @ is the projected area of the impression. However, as the change 
in impression dimensions due to elastic recovery is small, -1 will be taken as constant and equal to 


7 (Xy h)? tan? 0 in what follows. 
The first integration of A(14) together with the boundary conditions x 0 ata Uy gives 


2P, Aw 


min 


\(15) 


V,, and so 


\(16) 
m(n 
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The unloading time 7” is obtained from A(15) in the form 


| min 1) | 


"ro 
N\ |2P, A (4% r)| I. 
| 
which can be reduced to 


, jm (nm + 1) fay ry)| “1 du 
| 24 | JoVa—w) 


jf 


j om )’ V3 
1 
- : 2 7 Y; tan? @ 


enable A(16) and A(18) to be written in the form 


V,\? 3 : ; 3 a 
{| (1 1) ~ | ° 3) A(19) 
V in + 1) : } h (n +1) X% 


The equations 


r 2 fy bm \'r [: in? ddd A(20 
— 2 sin A(20) 
3 | V = Y; tan? @ Jo 

utr, 


where p= (l—n) (1 n) and the integral has been simplified by the substitution sin? ¢ 


\lso, in A(19) the assumption x2) > h, valid for most of the present experimental results, has 


been introduced. 
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PLASTIC YIELDING IN ANELASTICITY 
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SUMMARY 
By means of the application of a yield criterion, according to which yielding takes place when 
that part of the stress-work which is conserved reaches a definite maximum value, it is shown 
that from the constitutive equation of anelasticity two phenomena follow. On one hand, when 
the load is constant, yielding can take place after some time in creep. On the other hand, when 
a constant rate of strain is applied, the yield stress increases with the rate of strain. 


1. The generally accepted yield criterion for the * ideal plastic body” is one 
due to von Mises (1913) in accordance with which plastic yielding takes place 
when the second invariant of the stress-deviator /7,,,, reaches a certain limit. 
Let # be the yield stress and &,) its deviator, then 


IT, (o) } [®,, (o) 7 a 


yy (0) 


82.) + 20%, + 29%,, + 29, ]. (1.1) 


yz 


Let 3, be the maximum (tangential) shear stress in yielding in a state of simple 
shear; then from (1.1) 


IT, (o) 3. (1.2) 


The ideal plastic body is assumed to be isotropic, to be perfectly elastic below the 
yield point, and not to yield under an isotropic stress. To a first approximation 
metals behave in this manner, and the theory of plasticity as treated, for instance, 
by Hi (1950) “is related specifically to the properties of metals” insofar as 
coming under the picture of a * Hooke-body’ (H)*. In the Hooke-body, stress s 
and strain « are single-valued functions of one another. Let « be the modulus 
of rigidity ; then Hooke’s law is postulated as 


Sig) = 2p €~) (1.3) 


where the index (0) indicates the deviator, and s and ¢ stand for the tensors s;; 


and ¢;,. It has, however, more recently been realized that internal friction in 


;: 
metals cannot be disregarded in many phenomena, and largely as a result of ZENER’s 
work (1948) a new approach to the theory of elasticity of metals has been developed 
under the term ‘ anelasticity.’ Anelasticity is not * inelasticity ° because it is 
assumed that, when the strained body is unloaded, all strain ultimately disappears, 
and the original shape (and volume) is completely recovered, even if this takes 
time. However, in anelasticity stress and strain are not single-valued functions 


*See REINER (1958), p. 448. 
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of one another. The * rheological equation’ in this case, which has to replace 
(1.3) is written by ZENER as 


T4§ = M(e + Tew é) (1.4) 


where 7',, is a * relaxation time,’ 7’, a ‘retardation time’ and M a * modulus 


of elasticity.” These terms will be defined more specifically later. 

In the same manner as ‘ elastic ° metals, anelastic metals are liable to plastic 
vielding. It is obvious that the von Mises criterion (1.1) is here not applicable. 
The question therefore arises as to an appropriate yield criterion for anelasticity. 
It is the purpose of the present paper to deal with this problem. 


2. While the von Mises yield criterion is always written in terms of stress as 
in (1.1), it is obvious that for a Hooke-body it can as well be written in terms of 
strain. Let @ be the vield strain, then from (1.3) 

Ao Pio) 2h. (2.1) 


and (1.1) becomes 


17. i¢) § [A.. + Pi + O., 207,. + 207., + 26%,, | (2.2) 
with 


i] (0) 0; P by* (2.3) 


€ 


The fact that this relation does not hold in anelasticity makes the von Mises criterion 
inapplicable. We shall, however, do well in following Occam's principle*, that is 
we shall apply von Mises’ criterion as far as possible. This can be done by giving 
(1.1) a physical interpretation. Such interpretation is due to Hencky (1924). 
In accordance with Hencky, yielding begins when the elastic energy of distortion 
reaches a critical value. A characteristic term exists for this energy since 1835. 
It is resilience, * the work (per unit volume) required to deform an elastic body 
to the elastic limit... Denoting the specific deviatoric stress-power by Wi»), we have 


Hi) $42 (0) € gx (0) 2H€. 3 (0) €gx (0) (2.4) 
and by integration 


Ti) H€a2 (0) €9x (0) 5, 2/0) * 2x (0) bys. 
Let R,,, be the deviatoric resilience ; then from (2.5) 


dye R 


(o)* 


sig) O R.) p. 


pa (0) 
These two equations are identical with (1.1) and (2.2), if we make 


I, «o) 2 Ry), IT, «@) Rio) /2- 


So far we are still giving only a different interpretation to the usual yield criterion 
of the Hooke-body, but a slight modification of the procedure implied in it will 


serve our purpose, 


3%. The rheological equation which defines anelasticity was first derived by 
Poyxtine and THomson (1902). They were also the first to introduce a mechanical 


model for the representation of rheological behaviour. The model is shown in 


Theories are not to be multiplied without necessity,” 
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Fig. 1. It consists of a spring (/7,) and dashpot (N) in series, coupled with another 
spring (H,) in parallel. We may assume that anelasticity effects do not occur 
under isotropic pressure (or tension)*. We therefore apply the model upon the 
deviators of stress and strain, but shall drop the index (0) for simpler writing. 
ZENER has named a body which behaves in accordance with this model a * standard 
linear solid,’ while ReiInER (1958, p. 147) uses the designation * Poynting-Thomson- 
body ’ (PTh), and defines it as a combination ‘in parallel’ of a Maxwell-body 
(M) and a Hooke-body (H), and accordingly denotes the two shear-moduli by 
fey, and py, With » the coeflicient of viscosity. Examination of the model will 
show that the stress s is the sum of the stresses taken by the two components, or 


8 = Sy + Sy (3.1) 
while the strain ¢, which the PT'h-body suffers, is the same as the strains of each 


one of its components, or 
(3.2) 


>— 


Si 


4 
Bu 


Fic. 1. Mechanical model of a ‘* standard linear solid.” 


We can therefore write the rheological equation of the PTh-body in two equivalent 
forms. On the basis of (3.1) we find the stress s as a function of « and € as follows : 


t 
s So exp ( -t T 1) 2uy . = Zuy exp ( t i) ° | € exp (t T’..1) dt (3.3)7 
J 0 


On the basis of (3.2) we find 
ol 
Ss a 2uy le + €y MH Pe) (3.4)f 
HM hulu 
Equation (3.4) yields the following interpretation of Zener’s parameters in 
(1.4) : 


7 L + 
T rel I ° 7) f us EM, M 2 y- (3.5 ) 
EM MH Pm 


From (3.4) we find by integration the strain ¢ as a function of s as follows : 


e, exp (— t/T 4) [s 8 exp (— ty T rer) | Tt 


2 (ey > Pa) 
eM 
2” (Hy +> as) 


"t 
2 exp (— t/T,,4) | s exp (t/T’,,) dt. (3.6) 
Jo 


* Because, as expressed by ZENER (op. cit., p. 56), “Generally no relaxation occurs under a pure hydrostatic pressure.” 


+Reiner (op. cit., p. 471). 
[Equation (3.4) can also be derived from (3.3) by differentiation with respect to time and elimination of the integral 
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4. In order to apply as far as possible the Mises—Hencky yield criterion to 
our case we note that the resilience should not include stress-work which is dissi- 
pated through internal friction. Reiner and WeissennerG (1939) have therefore 
generalized the Mises-Hencky yield criterion to include materials with internal 
friction, viscous or solid, by postulating that yielding takes place when that part 
of the distortional stress-work which is conserved as clastic energy in a unit volume 
of the body reaches a certain maximum value —the resilience. Applying this 
to our case, the stress-work expended upon the PTh-body is the sum of the stress- 
works expended upon its two components, or 


UpTh Wy, ? TW yy- ( 4.1) 
We find w,, from (2.5): 
Wy = hy © = 8y°/ dey (4.2) 


This is entirely conserved. In contradistinction the stress power of the 
M-component 


. , 
Sy Say , “yw 


Wy ~ Sy ( 4.33)" 


2M 27 
is partly conserved and partly dissipated through viscous resistance. In accor- 
dance with Reimer and Wetssennenc’s theory only the first part on the right 
side of (4.3) has to be taken into account. 


The tetal conserved stress-work is therefore 


Sy" Atay > Sg”) Ape 
This is also 


We = py > (8 — Bey ©)? / Apegy 


and plastic yielding will take place when this expression reaches the value R. 


5. We assume that through appropriate experiments} the parameters uj, jy 
and » of the material or, what comes to the same, 7 


} e as and Mu have been 


re 
determined. We now put a specimen of the material in a testing machine to 
determine at what stage it will yield plastically. We have to distinguish two kinds 
of machines, In the first kind the cylindrical specimen is loaded in tension by 
gradually increasing loads and the (normal) tensile stress &,t is determined at 
which yielding takes place. In every single case s — constant s.. We can then 
integrate (3.6) and find, assuming that we start in every case with an unstrained 


and unstressed specimen (€ 0, & 0), 


8, uM -_ 

l exp(—t/7 of 
» re 
“hu Mu Mu 


In this case our yield criterion gives, from (4.5) with s, o. 


» 
‘ =!@M , Mu an 
i tu, RY exp | - exp (— 24/7 
Mn + PM fn Mu 


*Rerenr (op. cit., p. 522) 
*For instance instantaneous reaction, creep, damping, ete. 


TWe mean, of course, Ono), Le. the deviater of the tensile stress 
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When the stress #, is applied, plastic yielding will accordingly take place after 
the lapse of time 
1 


t . Trot In 1 Ji Mu T bu (1 C 4, *) . (5.3) 
eM on? 


We see that, if the stress applied is 
6, = 24/[(un + um) R], (5.4) 


t = 0 and plastic yielding will set in at once. On the other hand, when a smaller 
stress of magnitude 
0, = 2/ (Hn R) (5.5) 


is applied, it will take infinite time (¢ 2%) for yielding to be reached. 
8, < 0,, there will be no yielding, however long we may wait. If 0, < s 


‘ c ~ n* 


there will be yielding after the lapse of time 0 < t < © to be found from (5.3). 
This is qualitatively in accordance with experience. If plastic yielding takes 

time to arrive, it will lead to what is known as ‘creep fracture.” Anelasticity is 

accordingly of necessity connected with what may be named * static fatigue.’ 
The strain corresponding to the yield stress is, from (5.1), 


My , (1 by > Paty buy *)) | (5.6) 
by > eM eM 6,? J 


and is in the two extreme cases 


b,, R dO, R 
G= = : | ) G=-— = /— (5.7) 
2 (Hn +> as) fn + bu 2H My 


with, in general, 6, < 0, <0, 


6. The other, and usual, kind of testing machine is one in which € is roughly 
constant, say — ¢€,. For this we have from (3.3), assuming that we start with an 
unstressed specimen (8 = 0), 

. . A . if Al . > 
8 = 2py € + 2pyy Ty [1 — exp (— t/T.)] é.- (6.1). 


Introducing ¢/t for é., the yield criterion gives from (4.5) 


R 
on to + a? = — 


exp (— t/T',1) | (6.3) 


when 1/7, = 0, « = 1, and when t/T,, 0,%=0. For any 0 <t/T,, < @, 
x varies monotonically from 1 to 0, being always positive, and smaller than 1. 
In accordance with (6.2) @, varies between y/ (R/py + py) and 1/ R/py as in 
the previous case [compare (5.7) ]. From (6.2) and (6.3) we have 


1 (R yyy) 
:— 6.4 
€. Je ty) + a ~_ 
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from which we can calculate the time +, when yielding will take place with a given 
constant rate of extension €,. 

If we thus know r+, we introduce this value for ¢ in (6.3) and find the limiting z, 
and thus in turn from (6.2) the yield strain @,,. 

We now write from (6.1), (6.2) and (3.5, 1) 


é Zu 9, + 2n Be, (65.) 


B = 1—exp(l t/T,.1). (6.6) 


This coeflicient varies between 0 and 1. We see that when the specimen is extended 
with a constant rate (é,) yielding will take place when a definite strain (@,,) is reached. 
The stress at the yield point (#,), however, increases with the rate of strain. This 
also is qualitatively in accordance with experience. There exists a large body of 
experimental results showing the increase of the yield stress with the rate of strain 


in metals and other materials. 


7. CONCLUSIONS 


Two phenomena observed in metals and other materials have until now not 
been traced to a common source. They are * static fatigue leading to creep fracture ’ 
and * increase of yield stress with rate of strain.” We have shown that both are 
inherent in anelasticity as defined by a linear relation between stress, strain and 
their time derivatives, and /or as represented by a mechanical model which consists 
of a Maxwell-body and a Hooke-body coupled in parallel. The causal connection 
was effected by means of Reiner and WrissensBerc’s yield criterion, in accordance 
with which yielding takes place when that part of the stress-work which is conserved 
as elastic energy reaches a certain maximum value R. Two methods of testing, 


namely (i) by constant load (s,), and (11) by constant rate of strain (é,) were considered 
in detail. In the first case it was found that there is instantaneous yielding when 
the load produces a certain yield stress s, — 8. If the stress is less than #, but 
larger than #, with @ < 8, yielding takes place in creep after the lapse of some 
time which, in the limiting case s, — 9, is infinite. If s, < 6, there is no yielding. 
To the yield stresses # and @ correspond single valued yield strains @ and @. 

In the second case yielding takes place when the yield strains 0 and @ are 


reached, the first when the rate of strain is very large approaching infinite, the 
second when it is very small approaching zero, with other yield strains 0 << @ < @ 
corresponding to rates of strain 0 > €> 0. The yield stress 3, however, is not 
a single valued function of @, but increases with the rate of strain. 
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By A. J. M. Spencer* 
Atomic Weapons Research Establishment, Aldermaston 


(Received 4th August, 1960) 


SUMMARY 


Tuts paper is concerned with the motion under plane strain conditions of an ideal plastic—rigid 
solid, when the inertial forces are not negligible. It is shown that the equations for such a motion 
can be expressed in a particularly simple form when referred to a system of moving curvilinear 
coordinates which is a generalization of the system defined by the slip-line field in quasi-static 
plane plasticity. A perturbation method of solving the equations is described ; in this, approxi- 
mate solutions to dynamic problems are obtained as perturbations of a known (usually quasi- 
static) solution. The method is illustrated by application to problems of indentation of a plastic 

rigid half-space by stationary and moving loads. 


1. IN rTRopUCcTION 


Tue tHeory of the deformation of plastic solids under dynamic conditions has 


been studied by various authors. For example, Tay Lor (1958), Karman and Duwez 
(1950) and others have considered the propagation of longitudinal plastic waves ; 
SyMonDs and others and Hopkins and others have treated the dynamic deforma- 
tion of beams and plates respectively (references to this work are given by GoopiEer 
and Hopce, 1958) ; and Hopkins (1960) has reviewed work on spherically symmetric 
deformations. 

In all the examples quoted the treatment has been facilitated by the fact 
that it is possible to analyse the problem in terms of two independent variables, 
namely time and one space coordinate. In this paper the plane deformation of an 
ideal plastic—rigid solid under dynamic conditions is considered ; the analysis 
therefore involved two space variables as well as time. The theory is based on 
the well-developed theory of quasi-static plane plastic strain which is here extended 
to the case in which inertial terms are included. The general problem is formulated 
in a fundamental system of ccordinates and an approximate method of solution 
is described, with examples. 

As with any theory which treats an idealized material, the ideal plastic—rigid 
theory has limitations in its application to real materials. Those which apply in 
quasi-static as well as in dynamic motion have been discussed frequently in the 
past and need not be stated here ; it may be noted, however, that the assumption 
of plastic-rigid behaviour also precludes any consideration of elastic waves, and 
so may lead to erroneous results if material velocities are comparable with the 
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velocities of clastic waves in real materials. A further assumption, which is of no 
consequence in the quasi-static theory, but which further limits the dynamic 
theory, is that the yield stress is independent of strain-rate. Although these 
assumptions restrict the value of the plastic—rigid theory, this theory seems to be 
a necessary first step towards the construction of more elaborate and _ realistic 
theories, and may itself be adequate to describe some physical situations. 

The arrangement of the work is as follows. In Section 2 the governing equations 
are stated and their characteristic surfaces and bicharacteristic curves in (a2, y, ¢) 
space are determined. It is shown that the equations have formal simplicity 
when referred to a system of coordinates which is a generalization of the system 
defined by the slip-line field in quasi-static plasticity. 

In Section 3 a perturbation method of solution of the equations of Section 2 
is described. In this a known solution (usually a quasi-static solution) is taken, 
and dynamic solutions are regarded as perturbations of this original solution. 
The method can be applied if the stresses due to the inertia of the material are small 
compared to the yield stress. 

In Sections 4-7 the theory is illustrated by application to the problem of 
surface indentation of a semi-infinite body by the application of surface pressure 


or displacement to a segment || <a of the surface y = 0. In Sections 4 and 5 


a is taken to be constant ; in Section 6 a is considered to be a function of time. 
In Section 7 the work done in surface indentation is evaluated approximately. 


2. Eeuvarions or PLANE PLAstic STRAIN 


We denote by o,. ¢,. 7,, the components of stress referred to a fixed system of 


a Sy 
rectangular coordinates (7, y); v,, v, the components of particle velocity Sar Sy the 
components of particle acceleration ; and by p the constant density of the material. 
Then the equations which govern the motion of an ideal plastic—rigid solid which 
satisfies either a von Mises or a Tresca yield criterion, and is undergoing deforma- 


tion under cenditions of plane strain, are as follows : 


(i) The equations of motion 


pfs: 
(ii) The yield criterion 
(o, a,,)* - 
where k is a constant. 
(iii) The incompressibility condition 
ov 


v0, (3) 
y 


(iv) The condition that the principal axes of the stress and strain-rate tensors 
are coincident 


(4) 
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The acceleration components f,, f, are given in terms of v,, vy by the relations 
) : dv 
(Vv ) } 4 - - v s, 
) r oy 


ov 


(5) 


v. —Z- 
oy 


u 


Equations (1)-(5) are in principle suflicient to determine o,, ¢,, 7 


a» Gus and uv, as 


ay’ ‘a 
functions ef 2, y and ¢, if suitable boundary and initial conditions are specified, 

We begin by investigating the characteristic surfaces in (a, y, t) space of the 
system of equations (1)-(5). The notation to be used follows, in the main, that of 
Hits (1950). Proceeding by analogy with the theory of quasi-static plane plastic 
deformation, we define the «- and 8-lines at a time ¢ to be the curves in the (2, y) 
plane whose tangents at any point at time ¢ are directed in the principal directions 
of the shearing stress at that point. The «- and f-lines at a given instant are two 
families of plane curves, and are distinguished by the convention that if the z- and 
8-lines through a point are regarded as a pair of right-handed curvilinear coordinate 
axes, the line of action of the algebraically greatest principal stress lies in the first 
and third quadrants. The z- and £-lines collectively are called slip-lines. The 
use of this term will be justified later. 

If 6 denotes the angular rotation, measured anti-clockwise, of an «-line from the 
y-axis, we may write 

p —ksin 24, 


p +k sin 24, 
k cos 24, 
where p and ¢ are scalar functions of position and time. The yield condition (2) 


is now identically satisfied. Substituting for the stress components, equation (1) 
becomes 


d ‘ 
2k cos 2¢ $ tL Bk sin 2d 
or 


2k sin 2¢ d¢ 2k cos 26 
or 


and (4) may be written 


dv 


(3) 


cos 2¢ | 


= 
wr a) 


When the expressions (5) for f,, f, are substituted into (7), equations (3), (7) and 
(8) form a system of four first-order quasi-linear differential equations, with p, 
, v, and v, as dependent variables, and x, y, t as independent variables. It is this 
system of equations which will be studied. 

The condition that a surface @ (x, y.t) = 0 shall be a characteristic surface 
of the equations, that is a surface on which the normal derivatives of p, ¢, v, and v, 
are not uniquely determined by the equations if p, ¢, v, and v, are known on the 
surface, is 
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2kA pC 
2kB 0 


where 
A = cos 26 (d0/dx) + sin 246 (I0/dy), 


B = sin 24 (0/dx) — cos 246 (d0/dy), 
V, (90/d) + v, (90/dy). 


Expanding the determinant and inserting the expressions for 4 and B, we obtain 
from (9), after simplification 


[cos b (dO /dx) + sin 6 (d8, dy) [sin (30 /dx) — cos (0 dy) - 0. (11) 


The determinant expressing the characteristic condition therefore resolves 
into two distinct factors, each repeated, neither of which contains terms in 90/24. 
Thus there are four families of characteristic surfaces which are coincident in pairs. 
This coincidence is a generalization of the familiar result in quasi-static plane 
plasticity that the characteristics of the stress and velocity equations coincide, 
and are the slip-lines. From (11) and the definition of the slip-lines, it follows that 
each characteristic surface @ (x, y, t) = 0 is either a plane ¢t = constant or a surface 
which intersects the planes ¢ = constant in z- or f-lines. The bicharacteristic 
curves through a given point degenerate to become the envelope of the characteristic 
surfaces through the point, and are in fact the pair of slip-lines through the point. 
Since the slip-lines, regarded as curves in (a, y, t) space, are plane curves in the 
planes ¢ = constant, relations along the bicharacteristics through a_ point 
P. (%q Yo: to) can give no information about the dependent variables at times 
subsequent to tf), and in this sense the system of equations is parabolic. 

Since it has been shown that derivatives of v, and v, may be discontinuous 
across a characteristic surface, and hence across a bicharacteristic curve, the use 
of the term slip-line for the bicharacteristics is justified. 

In view of these properties of the equations, it is appropriate to refer them to ¢, 
and to a system of moving curvilinear coordinates in the (7, y) plane which at any 
instant are defined by the two families of slip-lines at that time, which in turn are 
completely defined by the current value of the angle ¢. We denote by ds,, ds, 
elements of length along the «- and §-lines respectively at a time ¢, so that 

(d/dx) = cos d (d/ds,) — sin d (d/d8z), 
(12) 
(d/dy) = sin d(d/d8,) + cos d (d/d8z). 


We also denote by v,, vg, the components of particle velocity in the directions 
of the «- and §-lines respectively at time ¢, and by f,, fz, the components of particle 
acceleration in the directions of the «- and f-lines at time t. Thus 


v,cos¢ + v,sing, Uz -v, sind + v, cos d; (13) 


f, cos & + f, sin 4, fa = —f, sind +f, cos ¢. (14) 
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From (12), (13) and (14), equations (3), (7) and (8) are readily seen to be equivalent 
to 
d(p +- 2kd)/ds, + pf, = %, (15) 


2kd)/dI8, + pfs — %, (16) 
Ug (d¢/d8,) = 0, (17) 
8 + U, (36/38) = O. (18) 


When the acceleration components /,, f, are zero, (15) and (16) reduce to Hencky’s 


equations for the stress field in quasi-static plane plastic flew ; equations (17) 


and (18) are an expression of GrrrINGER’s equations for the velocity field in plane 
plastic flow. 

and é. From (5), (12). (13) 
and (14) we find, after some manipulation and use of (17) and (18), 


It remains to express f, and f, in terms of v,, v 


3 


f ., (0, 
x ed De 
ISg 
Wg | OU, 
_ an | 
2 


at ds, 


In (19) the expressions dv,/M, dv,/M and d¢/M denote the time rates of change 
of v,, v, and ¢ respectively, referred to fixed curvilinear coordinates which coincide 
instantaneously with the z- and £-lines., 

As in the quasi-static theory, a velocity field which satislies (17) and (18) 
and the boundary conditions does not generally define a unique solution of a given 
problem. Moreover, a stress field in a plastic region can be accepted only if a 
stress field can be constructed in the rigid regions, which is in equilibrium, or 
permits only rigid body motion, does not violate the vield criterion, and will support 
the tractions on the boundary of the rigid region. 

It may be remarked that Thomas (1952) has discussed characteristic surfaces 
in three-dimensional time-dependent plasticity from a completely different view- 
point, 


3. PerrursaTion Metruop or Soiution 


Despite their formal simplicity the numerical solution of equations (15)-(19) in cases of interest 
will at best be an extremely lengthy procedure, and we are led to consider approximate methods, 
In this Section a perturbation method of solution will be formulated. 

It is first noted that in many cases the terms involving the squares and products of v,, v, 


dv, dey and dv, dx, in the expressions (19) for f, and f, will, when these expressions are inserted 


in (15) and (16), be small in comparison to other terms appearing in (15) and (16). More speci- 
fically, we may have 
pe® << 2k (20) 


where c is a typical particle velocity occurring in a problem. It will be assumed that this condition 
is satisfied. 
We seek solutions of (15)-(18) of the form 


ep 
24 
es,” 
+f, 
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where ¢ is a small dimensionless constant. We require that the terms involving squares and products 
of v,, vg and their space derivatives shall appear as terms of order ¢ in the expressions for f, and 
f,, that is, we require that v, and vz may be expressed in the forms 


In order that the derivatives of v,, vz and ¢ with respect to time shall appear as terms of the 
correct order, the substitution 

elt (23) 
is also made. 

The solution will be referred to the system of orthogonal curvilinear coordinates which is 
defined by the angle 6’, and the coordinate curves of this system will be called an * initial slip- 
line field,” in contrast to the field defined by ¢, called the * perturbed slip-line field.’ The angle 
é is in general a function of time, as well as of position. In order to transform equations (15)-(19) 
to equations referred to the initial slip-line field, we use the relations 


cos (¢ — } )(d/ds8,°) + sin (d — d°) (0/d8,°), 


sin (6 — $°)(d/ds,°) + cos (¢ — 6°) (9/ds,°) | 


where )/ds, and )/ds,° denote differentiation along the slip-lines of the initial field. 

We now insert (21), (22), (23) and (24) in equations (15)-(19), express all the resulting terms 
in the equations as serics of powers of «, and equate coeflicients of successive powers of « in the 
equations to zero. This procedure yields a sequence of sets of linearized equations, which deter- 
mine, in turn, p', ¢’, VL. Veo: ps &. Vy. Ves pO. VL. Vg: and so on, as functions of 
time and of position with respect to the initial slip-line field. We will formulate explicity the 
equations obtained by equating to zero coeflicients of the three lowest powers of « which occur in 
equations (15)-(19). 

The terms of lowest order in (15)-(19) give 

d(p 2hd”)/ ds 


a 
d(p 2kd") O8p 


Ve (0¢ 
Vo? (0° /d8, 


x 


V (0 oT), 


fg? = 2Vg°/d7 + V2 (08"/d7). J 


A solution p’, ¢, 1, , V4 of (25) will be called an * initial solution,’ and solutions which include 
terms of higher order in « will be regarded as perturbations of the initial solution. The boundary 
conditions satisfied by the initial solution may differ at most by quantities of order « from the 
boundary conditions of the problem which is to be solved by the perturbation method. In applica- 
tions, the initial solution will usually be the solution of a quasi-static problem, and the initial slip- 
line field will be the slip-line field of this quasi-static problem. The equations (25) for the initial 
solution reduce to the quasi-static equations of plastic plane strain when / f,° = 0. This 
condition is satisfied in two important cases, namely (i) problems of steady motion, in which 
WL /dr MV ,°/dr dd° /)r 0, and (ii) problems in which Fes Ve 0, that is, non- 
steady motion problems in which p)dv,/dt and pdv,/df are everywhere of order ek/a, where a 
is a typical length, and the non-linear terms in the expressions (19) for the acceleration components 
are of order @ ka. Note that in problems of type (ii) it is not necessary that )¢°/)r = 0, so that 
perturbation solutions may be developed for problems in which ¢° varies with time, if a suitable 
initial solution can be found. 

The equations for the first-order perturbations p’, 4’, 1,’ and IV,’ are obtained by equating 
to zero coeflicients of the next higher power of « in (15)-(19), after making the substitutions 
(21)-(24). These equations are 


. SPENCER 


(26) 


f 


The equations for the second-order perturbations p”’, ; and VV.” are derived in a 


similar manner, and are 


‘ (yp 2hd'’)/ ds 


z 


2khd') 


d¢ oT), 
dd’ /dr) 


J dod’ / ds, p dO” /dr). 


z 
In deriving (27), use has been made of (25). 
It will be observed that across lines of discontinuity in the velocity field, f,’, /,”’ 
So' Ja... will in general take infinite values unless the normal component of velocity across the 
line of discontinuity is zero, and that infinities may also arise in the velocity equations if velocity 
discontinuities occur. The perturbation method cannot be applied without modification in such 
cases. As in the quasi-static theory, the correct approach in such cases seems to be to regard 
the lines of discontinuity as the limits of narrow regions through which the tangential component 
of velocity changes rapidly, and to adopt a limiting process. 
In applying equations (25), (26) and (27) to the solution of particular problems, boundary 
conditions and conditions of continuity at interfaces between different regions must be applied 
in the perturbed slip-line field and not in the initial field. 


t. Surrace INDENTATION OF A SEMI-INFINITE SOLID. 
RELATION BETWEEN PreEssSURE AND SuRFACE VELOCITY 
In this and the following Sections we consider the problem of the indentation 
of a plastic—rigid solid occupying the half-space y < 0 by the application of pre- 


scribed surface pressures or displacements to the surface y = 0, || < a. In this 


Section and the next a will be taken to be constant ; in Section 6 a is a function of 
time. It is assumed that the deformation is sufficiently small for changes in surface 
geometry to be neglected, so that boundary conditions may be regarded as being 
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applied on the undeformed surface y — 0. The solution therefore applies strictly 
to the initial motion of the plastic-rigid material, but should give a useful approxi- 
mation as long as the depth of indentation remains small compared with its width. 

The perturbation method of solution will be used to solve this problem approxi- 
mately. As an initial slip-line field we use one which gives a solution of the quasi- 
static punch indentation problem. It is well known that there is no unique velocity 
field which solves this problem ; however, if for simplicity we consider only con- 
figurations which are symmetrical about x — 0, every possible field can be regarded 
as a special case of that illustrated in Fig. 1. For instance if in Fig. 1 A and B 


" 


Fic. 1. Initial slip-line field for surface indentation. 


coincide, the field resembles that originally proposed by PrRanpr. (1920), whereas 
when B coincides with the origin O, the field reduces to that due to Hii (1949). 
It will be shown that the solution of the dynamic problem throws some light on 
this problem of uniqueness of the velocity field. 

In Fig. 1, the surface of the punch is represented by A, A, and the deforming 
region is OCDFD, C,, the region exterior to this being rigid. The lengths OA, 
OB are denoted a, b respectively. The initial slip-lines are straight lines in ACD, 
A, C, D, and A, AEE,, and are straight lines and circular ares in ADE and 


A, D, E,. Since the configuration is symmetrical, we refer to the region B, ACDE 
only. As illustrated in Fig. 1, (r, @) are polar coordinates centred on A, the line 


@ = 0 coinciding with the downward vertical through A. 
The initial solution for the stress field is 
(i) Region B, AE: p k(l +n). ¢ , (28) 
(ii) Region ADE: p° =k(1 + ba — 26), , (29) 
(iii) Region ACD: p k, o fr. (30) 


For the initial velocity solution the material is assumed to be at rest, that is 


Vv. = V,° = 90, (31) 


x 
and all motion is regarded as a perturbation of this stationary state. It is readily 
verified that (28)-(31) satisfy equations (25). The normal surface pressure on the 


surface A, A is Qo, where 
Q, — k(2 + 2). (32) 
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There is no applied tangential stress on A, 4, and the surface AX is stress-free. 

For the dynamic problem, let Q (x, f) denote the pressure applied to the surface 
A, A, and W (a, t) the downward vertical component of velocity of points which 
initially lie on this surface. For simplicity, it is assumed that Q (2, 1) and W (a, t) 
are even functions of @ in a I a. The surface AX remains stress-free, 
and there is no applied tangential stress on 4, 4. Hence ¢ tw on A, A, 
so that if W, and — W, denote components of velocity on A, A directed along the 
x- and 8-lines respectively, then 


W = (W, + W,)/s/2. (33) 


In the dynamic problem, the z-line through B, is denoted B, F’ E’ D’ C’, where 
F’ lies on & = 0, C’ lies on y — 0, and the centred fan of 8-lines through A is 
hounded by AE and AD’. The configuration is illustrated in Fig. 3 for a special 


case, to be described later, in which B, coincides with A,. 


When o, and 7,, are expressed in terms of p and ¢ by means of (6), it is seen 


that the boundary conditions to be satisfied in the dynamic problem are 
p=Q(a,t)—k. 4 7, on A, A. (34) 
v W.. A, A. (35) 
k, d= 4x, on AC’. (36) 
Also, since the z-line segment F’ £’ D’ C’ is the boundary of a rigid region, we have 
v,=0, on PE’ DC. (37) 


Kither Q (x, t) or W (a, t) is regarded as given on A, A, and W, and W, are related 
to W by (33). 
From (34)-(37), and the surface values of p.é. V, and V, given by (28)-(31), 


it follows that the conditions to be satisfied by the first-order perturbation terms 


p’, d, V.', V,' are 
Q(x. t) —Q. ¢ A, A. (38) 
eV,’ ‘es A, A. (39) 
0. @ 0, on AC’, (40) 
V,=0, on PE DC. (41) 


It is, of course, implicit in this formulation that Q (2, 1) — Q, shall be of order 
ek and that W(x, t) shall be of order «! (k/p)!. 

Noting that the 8-lines of the initial solution are everywhere straight lines in 
B, ACDE, it is clear from (28)-(30) that dp /ds, d¢°/d8, 0 throughout 
B, ACDE. Inserting these values, with the values V, V, 0, 36°/dr = 0, 
in (26), we obtain for B, ACDE 


d(p’ + 2kd’)/ds,° + pf,’ = 9, 
d(p' — 2hd’)/d8, — p d(p° — 2kd°)/ds,° + pfs’ = 9, 
do V,.’ ¢ - V,’ dd ‘dS, 
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From the fourth of these equations, V,' is constant on each initial 8-line in 
B, ACDE. Since V, 0, the condition (41) for V,' on F’ E’ D’ C’ may, 
to the required order in ¢, be applied on the initial z-line FE DC, so it follows that 
VV, = 0 in BCDF. In B, BF, from (28), d¢ /ds, 0. Thus at all points of 
B, ACDE the third of (43) reduces to )V,'/ds, 0, and it follows that V,’, and 
consequently /,’, is constant at any given time along any initial z-line in B, ACDE. 
The first of equations (43) may therefore be integrated immediately along each of 
the initial z-lines. Taking for definiteness the typical «-line RST'U illustrated in 


Fig. 1, we obtain 
PR Pu 2k (dp by ) pl o Fa oT, ( 44) 


where pp’. Py are the values of p’ at R, U respectively, dp’, 4, are the values 
of ¢' at R, U respectively, V,’ is evaluated on RSTU, and | is the length RSTU, 
and is equal to (2 + $2) (a — v,g)/\/2, vy being the value of x at R. Inserting 
this value of 1 and the boundary conditions (38), (39) and (40) in (44), making 


i 


the substitution ¢ — e! +, and omitting the suffix from ap. we have 


a 


Q (a, t) = Qy + p(2 + $2) 2-4 (a —a) IW, (a, t)/d1. (45) 


Two cases now arise, according to whether |2| is greater or less than b. If 
b << a2 <a, then R lies on the surface BA, which is part of the boundary of the 
region BCDF, and we have shown that V,’ = 0 in this region. Hence W, = 0 
and, from (33), W, = 4/2 W, on BA. We therefore have, from (45) 


Q (x, t) = Qy + p(2 + bx) (a —a) dW (a, b/d, (46) 
for b <a <a. Similarly 
Q (a, 1) = Q, + p(2 + $x) (a + 2) DW (a, t)/d1, (47) 


for b>u>a. If b <«2 <b, integration along the f-line through R in 
the region BA, C, D, E, leads to the relation, analogous to (45) 


Q (a, t) = Qy + p(2 + bn) 2-4 (a 4+ x) OW, (a, t)/d4. (48) 


Equations (45) and (48) are compatible with each other and with (33) only if 


IW (at) (a +a) dW (a, t) dW, (at) (a —a) dW (a, t) 
dt av2 dt tw av2 . 


(49) 


and then 
Q (a, t) = Qy + p(2 + $2) (a? — x?) (2a)! DW (a, t)/Ddt (50) 
b. 

It is remarkable that equations (46), (47) and (50), giving the required relations 
between Q(x, ¢) and W (a, 2), have been derived without it being necessary to 
determine p and ¢’ in the deforming region ; in fact no use has been made of the 
second of equations (43). The relations (46), (47) and (50) are valid only as long 
as W (a, t) is positive ; if W(x, t) becomes negative, the sign of Q, must be reversed, 
in order that the rate of plastic working shall be positive. It is noted that 
Q (x, 1) = Q, ata ta, if )W/0dt is to be finite at x Ha. 

The total vertical force applied to the surface, per unit length in the z direction, 
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. 


2 | “@ (a, t) da 


0 


2a Q, + 2p(2 + 4 v®) (2a)-! (QW (a, t)/dt) dx 


| (a vr) (OW (a, t)/dt) dx}. (51) 
b 


In the case of indentation of a medium initially at rest, )W (2, ¢)/d¢ is initially 
positive. It may be shown from (51) that, for JW (a, t)/d¢ > 0, R(t) has its 
minimum value when b — a. In this case the initial fietd is that illustrated in Fig. 2. 


Yh 


ry 


Fic. 2. Initial slip-line field for surface identation when b = a. 


Q(x. 0), W, and Ws, are then given by (49) and (50) on the entire surface 

a <«# <a, and the velocity field is determined by these values of W, and W, 
and the result that V,’ is constant along each initial z-line, and V,’ is constant 
along each initial f-line. Of the infinity of mathematically possible velocity 
fields, it is expected that the actual one is that which minimizes R (t). 

If a quasi-statically deforming plastic—rigid solid is regarded as the limit, 
as U,, Ug 0, of a dynamically deforming plastic—rigid solid, and if minimizing 
R (t) is accepted as a criterion for uniqueness, then we obtain the velocity field 
described above as the solution which must be chosen from all possible solutions 
which are symmetrical about 2 = 0, for the initial motion in the problem of quasi- 
static surface indentation. For indentation by a flat rigid punch, this velocity 
field differs both from that preposed by Pranxvri and from that proposed by Hi, 
and is characterized by the fact that v, decreases linearly along any A-line, from a 
maximum value at A to zero on the z-line through A,, and by a similar relation 
for v, along the «-lines. This field, of course, is not necessarily obtained if other 
properties of real materials, such as workhardening, are taken into consideration. 

The possibility that b may be a function of time has not been taken into account. 
For non-zero W, it seems unlikely that 6 should vary with time, since in such a 
case )¢°/)7 would be non-zero in parts of the field, and this would introduce 
infinite accelerations, and consequently infinite stress gradients, into the field. 
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5. SurFACE INDENTATION. PERTURBED SLip-LINE FIELD 


For many purposes equations (46), (47) and (50), which relate the surface pressure to the 
surface velocity, give all the information that is required. It is, however, of interest to determine 
the form of the perturbed slip-line field and, furthermore, a complete solution of the first-order 
perturbation equations is essential if it is intended to proceed to higher order perturbations. 

It was shown in Section 4 that the case b = a is of particular interest, and for brevity we will 
consider this case only. The initial slip-line field is then that illustrated in Fig. 2, and W, and W, 
are related to W by (49) in — a <a <a. In other respects the formulation is the same as in 
the preceding section. 

It is convenient to introduce, in addition to the polar coordinates (r, 0) previously defined, 
a system (£, ») of rectangular Cartesian coordinates, illustrated in Fig. 2, and defined by 


é (x a — ¥), vy 2, 7 (x a+y/y 3. (52) 

Then derivatives with respect to the initial system of «- and 8-lines can be expressed as follows : 
d/d€, 9/ds, in A, AF’, 
d/rvd, 8, Q in AD’ E’, 

Vd in AC’ YD’. (55) 


Since V’,’ is constant on each «-line, V,’ ‘a (— 9) in A, AE’, VL’ = V(r) in AD’ E’, and 
ro (€) in AC’ D’, where Fan is the same function of its argument in each region. Also 

V,'(— €)in A, AE’, and V,’ = 0 in AC’ D’ FE’, The boundary conditions on A, A give 
av/2—¢ 


W (a - 2 ¢, t), 
a \ » 


ef V9" (0) Wi (a 2 f, SW (a V2 60), 
a 


where, as before, the first argument of W denotes distance measured along OX. The relations 
between Ww. W, and W are derived from (49), it being assumed that W, Ws Ww 0 at 
t 0. 

In the first two of equations (43) we now substitute for f,’ and f,’ from the last two of (43), 
and insert the values (28)-(30) of p and ¢,, and the relations (53)-(55) for d ds,” and ) d8,°. 
There results 

d(p’ + 2hd’)/dE + p VL’ (— n)/dr 0 


: -—~ 
d(p’ — 2kd’)/dn + p dV,’ (— £)/dr =0 (57) 
d(p’ + 2he’)/90 — prov,’ (r)/dr = 0 
) (p’ — 2kd’)/dr — 4k b'/r = 0 
d(p’ + 2h’)/dn + p Wg’ (E)/d7t = O 
d(p’ — 2kd')/dE = 0 


The solution is commenced in the region AC’ D’. Integrating (59) and applying the con- 


AC’ DY. (59) 


ditions (40), we find 
p’ = 2hd’ = bp (€ — y) dV,’ (€)/dr, (60) 
in AC’ D’. 
In the region AD’ E’, (58) give on integration, 


dV,’ (r) 
40 f . + 


oT 
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where G(r) and //(r) are functions which satisfy 

dG/dr dil /dr — 2H1/r 0. (62) 
An arbitrary function of @ which arises in the integration of (58) has been set equal to zero in 
order to satisfy the requirement that ¢’ is finite as r —- 0. 

The functions G (r), 11 (r) (of which only one is independent) are determined by the conditions 
that p ep’, @ + ed are continuous across AD’. To the present order of approximation 
the equation of AD’ is dy d& = ed’, where ¢' is given by (60), with » = 0. Hence, on AD’, to 
first order in «, 

€p OVA (8) 


Ve Jo P dr 


dé, 


On AD’, therefore, from (30) and (60), and to order « 


p>+Qp k 4 epé dV,’ (£)/dr, 
(62) 
2k (6° + eb’) = Jak + LepEdV,/(E)/d7. J 


Since, on AD’, to first order in ¢, é randy» =r(é |), the equation of 4D’ may also be 
written 

ep | 

ter 


| Q dL (r) ota 
ep k — hep |i: , ’ ’ dr 2G (ry). 


; 1 Q 
2h id? + e¢') wh bn lhe ’ (1 + }2)- 211 (r)!. 
or ‘Je oT 


Continuity requires that (63) and (64) shall determine the same values of p ep and dd’ + ed. 
This determines the functions G(r) and //(r) as 


Gir) s(1 }) 


Q ¢ (r) 
Il (r) s(1 ls . : ul. 


rT 


It is readily verified that G(r) and I/ (r) satisfy the necessary condition (62). When these values 
of G(r) and II (r) are inserted in (61), we obtain 


lo (l 


2hd lp (i 


in AD EE, 
In the region A, AE’, equations (57) integrate to give 


} + 9) 0V_'(— €)/dr 
F(£) + F(y)}. 
dT 
F (£) + F(y)}. 


where the condition ¢ 0 on 4, A has been imposed, and F is as yet an arbitrary function of 
its argument, The treatment of the conditions of continuity of p + «qr and @ + «¢ across 
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AE’ is somewhat similar to the treatment of the continuity conditions across AD’ except that 
it is necessary to use in addition the result, from (56), that V,’(0) = 0. It is found that all 
the continuity conditions are satisfied if 


a 


F (lf) = — dp (1 + $m) 0 0V,'(— 0)/dr, 
and thus 


p kp {(2 + bm) €d9V,'(- £)/dr + [¢ (1 + jz) 9] WV,’ (— 9)/dr 
(§ — 7) Vg" ( - £)/dr}, 


zko’ = gp {(2 + 4m) €9V,/(— O/de —[€ + (1 + bm) ag) WV, (= w/e 
(€ — 9) VQ’ (— €)/dt}, 
in A, AE’. 

On the surface A, 1, € v7] (a r)/1/2. If these values of ¢ and », with the boundary 
value (38) of p’ and the expressions (56) for Pa and J°,’, are inserted in (67), the relation (50) 
between Q (av, t) and W (a, ft) is again obtained. 

As a specific example, let us consider the indentation of a plane surface by a flat rigid punch 
of width 2a. W («, t) is then independent of x in a <2 < a, so that the expressions (56) for 
V_’ and V," become 


as/2—C 
dV, (gt) = —" wn, 
ud a 


dV,'() =—- : W (t). 


From (50), the resultant downward force exerted by the punch is, to order e 


“a “a 
R(t) =2 Q (a, t) da =* {Qy + p(2 4 hor) (a2 — x) (2a)-1 dW (0) dt} da 


~~ 0 ~ 0 
2aQ, + 4 pa? (2 + 4x) dW (t)/dt. (69) 
Equations (60), (65) and (67) become respectively 


p’ = 2kd¢d’ hpe! (€ n) (av: £) a~! dW (t)/dt, 
in AC’ D’; 
p’ j ln — @) r (3 av/2— ‘ ria 1 dW (t) dt, 
2hd’ + fn —@O)r(hay: r)a-! dW (t)/dt, 
in AD’ E’; 

p ~ spe? {(3 + bx) Eay/2 + (1 + bn) (& + 9? + gQay/2) + 2én} at AW (t)/dt, 
2h’ jpe* (1 + ia) (E n(Eé+yn+avy2)a 1 dW (t)/dt, | 
in A, AE’. 

Using the above expressions for ¢’, the equations of the perturbed slip-lines are readily found 
to first order in «. They are: 
p 


a-lines: € Eo a * (£5 — yn) (ay/2 — 5) dW/dt, 


B-lines: » No — £ [4 €? b(av/2 + ng) E+ m9 44 2] dw /dt, 
in AC’ D’; 
a-lines: r=, 4 — (1 + pn — OP re? (ha 4/2 — 319) dW /at, 


Blines: 0 =O, = (1 + de — Oy) r(hay/2 — $n) aW/dt, 
a 


\. J. M. Srencer 


ADE 


a-lines: 9 . bw) €(4 & 4 f : 2 No @y 2) dW dt, 


B-lines: € = g = (1 + $m) ohn? + dn ay? — Se? — fa y/2) dW at, 
a 


in 4, AE’. In these equations, £5. n9. tf and @, are parameters which characterize the various 


families of slip-lines. 


Fic. 3. Perturbed slip-line field for identation by a flat rigid punch when 6 = a and 


(pa 2h) dW dt }. Initial slip-lines ; Perturbed slip-lines. 


The tield of perturbed «- and 8-lines is illustrated in Fig. 3 for the cuse 
pa dw 
zk dt 
With this comparatively large value of dW /dt the second-order terms would probably have a 


significant effect on the field ; the form of the perturbed field is, however, shown more clearly 


with a large value of dW /dt. 


6. Surrace Ixpentratrion spy A Movine Loap 


It is now considered that pressure or surface displacement is applied to the surface of a semi- 
infinite solid over the surface y = 0, (a a, where now a = a(r). In all other respects the 
conditions of the problem are the same as in Section 5. 

The initial solution is again given by (28)-(31), but now, through the relations 


r= [a — alr)? + y*, tand = [a — a(r)]/(— 9), (73) 


p and @ depend implicitly on +r. Since dp /)r does not appear in equations (25), and d¢°/dr 
appears in (25) only when multiplied by V,° or V,°, and V, Ve 0 in the present problem, 
the validity of (28)-(31) as an initial solution is not affected by the dependence of p’ and ¢° on r+. 

The boundary conditions are again given by equations (38)-(41) where now A,, A and C’ 
are moving points. The (£, ) coordinate system is again defined by (52), with the constant a 
replaced by a function a(r). The (£€,) and (r, @) systems of coordinates are now in motion 
relative to the fixed (2, y) system of coordinates. Referred to fixed coordinates which coincide 
with the instantaneous positions of the (£, 7) and (r, @) systems, the formulae for differentiation 
along the a- and 8-lines are still given by (53)-(55). As in Section 5, the initial slip-line field is 
chosen to be that illustrated in Fig. 2. 

When the relations dp’ /ds, d¢°/d8g Ve Ve 0 are inserted in (26), equations 
(43) are obtained as before, except that now /,’ and f,’ are given by 


V4’ dg /dr, I,’ WW ,’/dr 4 Vi,’ d¢ dr. (74) 
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As in Sections 4 and 5, the solution of the third and fourth of equations (43) is 


in A, AE’, 


where 


Since )d (dr {k’, and V',’ AC’ D’ E’, from (74) 
(77) 

throughout the region under consideration. )V_’/dt is to be interpreted as the derivative of J . 
with respect to ¢, evaluated at a fixed point (x, y). 

The expressions for {,’ are obtained from (76) and (77) by inserting the appropriate argument 
in (76), differentiating to obtain the total derivative of V_’ with respect to ¢, regarding , € and 1 
functions of f, and in the resulting expressions evaluating dy» M, d&/M and dr/ at a fixed point 
(*, y), by differentiation of (52) and (73). This procedure gives 


ef, 


da dw _ (a - > 2, t) 
2 sin @) 


da yW. 
> Z 


dt 


| 
J 
| 


ACD’. 
The solution will be coptined to finding the relation between Q (a, 1) and W (a, t) on A, A, 
to the accuracy of the first order perturbation. This relation follows from the first of equations 


(43) which, on integrating along a typical initial «-line RSTU, gives 


PR Pu 2h (dp oy ) p [s, ds, ’ (81) 

where the integral is along RST'U, and the notation is the same as in (44). Now, on RS, 
-9if/2 =a —ap; on ST, ry\/2 =a —a#p; and on TU, £4/2 =a —ap. Inserting these 
values in the expressions (78)-(80) for f,’, evaluating the integral along RSTU, and substituting 


the appropriate boundary values of p’ and ¢’ at R and U, we obtain 


jow (wt) da dW, (x, t)) 
Q (a, 1) = Qy + p(2 + $n) 2-4 (a — a 7, 
andes " m si . 5 | ’ dt AY J 


This reduces to (45) when a (f) is a constant. 
Similarly, 
{We (a,t) da We (a, t)| 
Q (a, t) ( + » (2 la)2-2 (a v) —— - : s 
Yo + Pl Ps | M dt du | 
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so that 
pow, (a, da OW, (4, | ' ») |? a0 da Wy (a, | 


(a v) t 
| M AY | | Mt dt du | 


(84) 


This relation, with (33), determines W, and Wg, in terms of W. @ (a, 1?) is then given by either 
(82) or (83). 

Equation (84) shows that We is constant at x a(t), and Ws, is constant at 4 a(t). 
If the material starts from rest, these constants must be zero, since neither W, nor W, may be 
negative if the rate of plastic working is to be non-negative everywhere in the field. It follows 
that in this example there is no velocity discontinuity across the bounding slip-lines A, E’ D’ C 
and AE’ D,’ C,’. If there were velocity discontinuities across these curves, a point initially 
outside the deforming regions would instantancously acquire a finite velocity if the slip-line 
field moved in such a way that the point entered the deforming region. Such a motion would 
imply the existence of infinite accelerations and stress gradients, and the perturbation method 
could not be applied without modification in such a case. 

The solutions obtained in this and the preceding sections are incomplete in the sense that it 
has not been proved that it is possible for the rigid region to support the tractions across 
C, Dy E DC’. In principle this problem may be investigated by seeking to extend the per- 
turbed slip-line field in C,’ D,’ E’ D’ C’ into the rigid region in the manner described by Bisnop 
(1953). Since the rigid region is at rest, quasi-static stress fields are appropriate for the extended 
field. For a complete solution, the extension must be shown to be possible for cach instantaneous 
position of the dynamic field in C’, D, FE’ D’'C’. Bisnor has demonstrated how the extension 
can be made for quasi-static punch indentation. From the manner in which his solution was 
derived it seems probable that the perturbed slip-line fields can be extended in a similar way, 
provided that the variation from the quasi-static configuration is not too great, but this conjec- 
ture has not been verified. 


7. Work Done 1x Survace INDENTATION 


It is of interest to compare the work done in forming a surface cavity under dynamic loading 
with the work done in forming a similar cavity under quasi-static conditions. The work done in a 
deformation of the type described in Sections 4-6 between the times ¢ = 0 and 1 T is 

"a (t) 
Q (a, t) W (a, t) da, (85) 
ait) 
where, correct to the first order perturbation terms, @ (a, 1) and W (a, 7) are related by (33), 
(82), (83) and (84). The problem of Sections 4 and 5, in which a (f) is a constant, is included as a 
special case. From (85) and (33) 
ey “a it) 


2-1 dt | Q(x. [WL (at) NW g (#, t)] dl. 
0 


eo e aii 
The expressions (82) and (83) for Q (a, t) are now substituted in (86), giving 


E E., E,.“°) E,.‘*), 
where 
eg “a it) 
| dt Q, W (a, t) da, 


. ait) 


(OW, (at) daw, (a, 0) 


a ry “dt le | 


We (a, 0) da, 
a(t) 


Py "a it) {dW (a, t) da Ws (a, th 


E,(*) tp (2 + 42) dt (a vr) Wea (a, t) da. (0) 


o  -alt) | ot di Ay | 


. 

The term Ey simply represents the work that would be done in forming a surface cavity 

which at all corresponding times is similar to the cavity under consideration, but which is formed 
in a quasi-static deformation. 
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The terms E,-‘*) and E,'°) also have simple physical interpretations. The expression (89) 
may be written 

ws *a (t) { 

dt (a r) 


aib 


d da > 


s il | 
Wh (at -~ |W * (a, t)|)) da. 
| 2 ] dt ot a @ 3 ” 


Mt 


After integrating the last term by parts with respect to 2, and using the fact that W, («, t) vanishes 
at a — a, this becomes 
es *a(t) » 
dt he l(a a) Wi? (a, 0} dw, 
0 J alt)! 


which, changing the order of integration, gives finally 
{ *a(T) "a (0) 

(a) tp (2 + 4) [a(T) vr) W,? (av, T) da [a (0) — a] W,? (a, 0) dx). 91) 
J ~a(T) ~ ~ald) 


Ex 


It may be verified that the first and second integrals in (91) represent respectively the final and 

initial kinetic energies of the system due to the components of velocity directed along the «-lines 

to the accuracy of the first-order perturbation theory. This follows from integrating the expres- 

sion jpV, over the region A, AC’ D’ FE’. Similarly 

*a(T) *a (0) 
[a(T) | W ? (a, t) da [a (0) + a} FROGS? (92) 


Ex?) = }p(2 + 4m) 
a ~a\(T) 7 ~al0) 


und £,*) represents the change of kinetic energy due to motion directed along the 8-lines. 
Hence Ey'*) + E,'®) represents the total increase of kinetic energy of the system between 
t= Oandt T. 

If the system is initially and finally at rest, then E,.'*) = E,-'°) = 0. We therefore find that, 
to the accuracy of the first-order perturbation theory, the work done in forming a given surface 
cavity in a rigid—plastic medium which is initially and finally at rest is the same when the defor- 
mation occurs under dynamic loading conditions as when it occurs under quasi-static loading. 
The difference between the amounts of work done in otherwise similar dynamic and quasi-static 
surface indentations is therefore a quantity of order ¢ or less. 
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AN ELASTIC TREATMENT OF GROUND MOVEMENT 
DUE TO MINING——-I, ISOTROPIC GROUND 
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SUMMARY 


SO LONG as the excavation is comparatively deep the seam thickness may be considered infinitesi- 
mal and the convergence of opposing points in roof and floor may be treated as a discontinuity 
in displacement at a single point. A result in plane elasticity can then be used to find the solution 
for a partially closed excavation of infinite length in an infinite medium, and from this solution 
are derived those for an unclosed and a completely closed panel. The corresponding results for a 
semi-infinite medium are found only approximately for the unclosed and partially closed panels, 
but exactly for complete closure. In the last case the expression for the displacement at the plane 
boundary is independent of the elastic constants and forms an unequivocal limit with which 
actual subsidence profiles may be compared. In British coalfields the magnitude of maximum 
subsidence is almost always greater than that given by the bounding expression, and the discre- 
pancy cannot be explained on grounds of minor departures from the basic assumptions. It follows 
that these assumptions must be drastically modified before agreement may be expected. 


1. Inrropucrion 


Tuere is considerable disagreement among mining engineers concerning the 
mechanism of subsidence following the extraction of minerals. Some of this 
disagreement undoubtedly reflects major differences in behaviour in radically 
different circumstances: experiences gained in British coal mining may be very 
dissimilar from those obtained in other coalfields or in the extraction of other 
minerals. It is not intended to give here a cemplete survey of past and current 
theories of subsidence, but merely a brief sketch of the main ideas, which will 
serve as a background to the present work. Comprehensive surveys of the subject 
have been given by Briccs (1929) and Gronp (1950), while a wide variety of 
opinion is represented in papers read at conferences in Liége (1951) and Leeds 
(1957 

Far from thinking of subsidence as an elastic deformation, most early writers 
appear to have favoured the idea of a practically clean break of the ground, upwards 
from the edges of the excavation, along a surface with generators either normal 
to the excavation or at an angle to the normal ; it was thought that no movement 
at all occurred outside the region enclosed by this surface, unless it was due to 
flow of unconsolidated surface deposits. This conception was later modified by 
supposing that fragmentation of the roof in the centre of the excavation left the 


unbroken parts of the roof strata free to bend like cantilever beams until they 


fractured approximately above the edges of the excavation and subsided into the 
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cavity: the process was repeated by successive strata until the subsidence reached 
the surface. Some authors believe that a region of fragmented rock spreads out 
from the centre of the roof until it reaches the surface, while the ground outside 
the region of broken rock remains undisturbed. However, increasing support 
is now being given to the idea that fragmentation of the overlying rock is often 
arrested long before it reaches the surface, and that thereafter the deformation is 
chiefly elastic: the greater the depth of the working the more important, one 
suppeses, is the elastic effect. 

Most elastic treatments of ground movement to be found in the literature 
fall in two main categories. The first contains theoretical accounts of the simpler 
problems, chiefly the effects of openings of circular and elliptical cross-section 
representing shafts, roadways ectc.: references to much of this werk are to be 
found in a book by Isaacson (1958). The second comprises investigations of more 
complicated problems undertaken by means of experimental models, either for 
the estimation of stress distributions photoelastically, or for the direct measure- 
ment of displacements. Of the last kind are the gelatine models of Wuerron, 
Kine and co-workers (notably, Wuerron and Kine 1957), which are of con- 
siderable interest but suffer from some defects to be discussed shortly. The theore- 
tical work of Hacker (1957, 1959) on an unclosed excavation, falls into neither 
of these categories, but forms the first stage in the present project. 

Not very much is known about the elastic properties of coal measure rocks, 
but they are clearly inhomogeneous in the mass and almost certainly anisotropic 
even in small samples. Nevertheless the departures from homogeneity and iso- 
tropy have been almost totally disregarded in previous work and it seemed better, 
in a first attempt at a more sophisticated theoretical investigation, to retain these 
simple assumptions until they were shown to be inconsistent with practical measure- 
ments. The present treatment ignores, too, the fact that there is certainly some 
region, smaller or larger, of broken rock in the vicinity of the excavation ; but 
if this region is small compared with the entire deformed region, its effect may be 
taken into account in applying the results of this work. However, they cannot be 


expected to predict stress and displacement fields in the immediate neighbourhood 


of an excavation. The treatment is based on the fact that if the mine is suffi- 
ciently deep, the thickness of the excavated panel is comparatively small, and the 
strains will be classically small: in the past it has been insufficiently recognized 
that displacements of the magnitude occurring in mining, although large compared 
with those of laboratory elasticity measurements, may still be infinitesimal in 
their own context. In addition to being comparatively thin the panel must be, 
for our purpose, comparatively long, so that there is substantially plane strain 
over cross-sections remote from the ends: then the problem is two-dimensional 
and the ground is represented by a homogeneous isotropic elastic half-plane. 
Comparison of the results of the present work with measurements of subsidence 
show, without a doubt, that the basic assumptions are not wholly correct for 
British coal-mining conditions. It is not possible, on this theory, to accommodate 
surface subsidence of the magnitude encountered in practice. Moreover, the 
results predict measurable displacements over a much greater area than that 
actually affected. These discrepancies have led us to extend the work to the 
study of transversely isotropic materials with otherwise similar assumptions, 
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and an account will be published shortly, followed by a treatment of the three 
dimensional problem. 

These conclusions mean that any theoretical or experimental elastic model of 
large-scale ground movements is quite inadequate in simulating coal-mining 
subsidence in this country if both homogeneity and isotropy are assumed. It 
appears that the gelatine models of Wiurrron and Kine (1957) were constructed 
to such a scale as to register subsidence extending not much farther than that 
found in field measurements: as we have seen, a homogeneous isotropic model 
will exhibit appreciable effects over a much wider area if it is made on an adequate 
scale. Again, the depth of their elastic medium seems insullicient, certainly in 
the experiments where it goes no deeper than the ‘seam’: there is then no 
allowance for uplift of the floor of the excavation, which, by the present results, 
would reduce the lowering of the roof by nearly a half, and so nearly halve the 
surface subsidence. 

The results of the present work have been examined in more detail by Sates 
(1959), and a thorough discussion, from the mining engineer’s viewpoint, is to be 


submitted to a mining journal. 


2. ForRMULATION OF THE PROBLEM 


Although it is, in a sense, the weight of the ground which causes it to deform, 
the elastic problem is not a body-force problem, since the gravitational force 
is the same before and after mining. It is convenient to use the term ‘ primitive 
stress ’ (which has some currency) for the stress distribution existing in the undis- 
turbed ground, and * induced stress” fer the increase in stress associated with 
mining. Then, on the assumptions stated in the Introduction, the consequent 


displacement is related to the induced stress by the equations of classical isotropic 


elasticity. Little is known about the primitive stress distribution, but it enters 
into the calculation of the induced stress and displacement only in so far as the 
traction it exerts across the surfaces exposed by the excavation must be cancelled 
by the induced stress field. The latter must be zero at infinity and exert no traction 
across the ground surface. The displacement is also zero at infinity. 

It is supposed that the seam of coal which is extracted is so thin in comparison 
with its depth and the width of the excavation that the thickness can be treated 
as an infinitesimal and that a point on the lower boundary of the seam can be 
given the same coordinate as the nearest point on the upper boundary. The site 
of the excavation then becomes, in two dimensions, a single straight line, and 
convergence of opposing points in roof and floor of the excavation can be treated as 
a discontinuity in displacement at a single point. Clearly, a solution based on this 
assumption will not be valid at the edges of the excavated panel, but this is hardly 
important since in any case the deformation is known to depart from elastic con- 
ditions in the vicinity of an actual excavation: it is quite possible, however, 
that a solution of this kind may be valid outside a reasonably small region including 
the excavation. 

It is convenient to distinguish three conceivable states of the excavation: 
(i) non-closure, in which roof and floor do not meet at any point, (ii) partial closure, 
in which they meet over part of the excavation, and, (iii) complete closure, in 
which roof and floor meet throughout the excavation. The first and second states 
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have a common limit, namely the condition of point contact, while the third state 
is a limiting form of the second. These three states have as their counterparts 
in the idealized model three forms of displacement discontinuity. Case (i) is 
really the crack problem in reverse, with the edges of the crack overlapping instead 


of drawing apart. Case (ii) may be considered as a double reversed crack problem 


with the extra condition that the interval between the two cracks is subjected 
to a constant displacement discontinuity, t, where ¢ is the seam thickness. 
In case (ii) the constant discontinuity covers the whole interval representing the 
excavation. Whether case (i) or case (ii) occurs depends upon the magnitude of 
the traction at the excavation and the other parameters involved. Case (iii) is 
the limit of (ii) as the ratio of the traction to the shear modulus tends to infinity : 
although this case is not physically realizable it yields some useful results. 


Closed excavation 


Fic. 1. Partial closure. 


The problem is simplified considerably if it is supposed that the induced stress 
exerts a normal and constant traction, p, on the unclosed parts of the excavation. 
This condition would probably be fulfilled to sufficient accuracy either if the 
excavation were approximately horizontal, or, with a tilted panel, the primitive 
stress were hydrostatic and the difference in depth between the sides of the panel 
were comparatively small. 

In this paper the infinite medium is treated first. Complex potential solutions 
are given for case (ii), partial closure, from which the other two solutions are 
derived quite simply as limits. The partial closure problem (though not in the 
mining context) has previously been considered by Mossakovsku and 
ZAGUBIZHENKO (1954) to the extent of finding the relation between the length 
of closure and the other parameters, but the complete solution was not calculated. 
The solution for a crack in an infinite plane is well known (WesTERGAARD 1939) 
and has been studied in the present context by Hackerr (1957, 1959), while a 
constant discontinuity over a finite line may be readily obtained as the sum of 
two edge dislocations, equal in magnitude but opposite in sign, originating one at 
each end of the line of excavation (SAEs 1959). 

The paper continues with a general method for the deduction of the complex 
potentials for a given discontinuity in the half-plane from those for the same 
discontinuity in the whole plane. For case (iii) this method gives an exact solution 
to the given problem, but for cases (i) and (ii) the traction condition at the excava- 
tion is no longer satisfied. The discrepancy is reduced by increasing the depth, 
so that the results are still useful for suflicient depth. 
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The most remarkable result emerging from this work is the expression for the 
displacement at the boundary of the half-plane in case (iii), complete closure. The 
displacement is independent of the elastic constants and so forms an unambiguous 
limit for the homogeneous isotropic medium. 


3. Ixpinrre Mepium 


It is assumed for the present that the ground surface is at an infinite distance 
from the excavation, which occupies the interval |. a of the line y 0. Roof 
and floor are supposed to meet in the interval |. 4, while in the intervals 
h a the mduced stress exerts a normal traction, p. The displacement 
and the induced stress must be zero at infinity. Writing Av for the discontinuity 


in displacement, we have, on y 0. 


In addition, if the contact at bh is to be non-adhesive. a, must be bounded 


there. 
The solution of this problem follows from some general results on cracks by 


Muskueuisuvinn (1953 Phe displacement and stress fields are given by 


> (5) 


whe rm 


= P(z), 


and 2 ’ iy. If the z-plane is cut along the intervals b < || a of y 0 
the function (2) is single-valued and the stress field is given unambiguously. How- 
ever, the functions (4) and (5) remain multivalued unless a further cut is made. 
r| < b being the obvious choice. 

The complex conjugate functions are defined so that @(x) P(x) and 
d (xv) d(x) on the uncut intervals of y = 0. On |a bo, <p and Ta, = 0, 
so that contact is non-adhesive on the whole of that interval. 

The relation between 4 and the other parameters is found by considering the 
increase in complex displacement around an anti-clockwise contour, C, enclosing 


the interval > r a of the real axis. In an obvious notation 
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using equations (1) to (5). Further calculation 


pal ; 1 [4/a 
2pa (1 vy) a | | a* 


b? 
2 


a 


E(k) K (k) (6) 
where k = (1 — b*/a*)! and K (k), E(k) are the complete elliptic integrals of the 
first and second kinds respectively. The right-hand side of (6) is a monotonic 
decreasing function of b/a, unity at b/a 0, zero at b/a 1. Equations (1) to 
(6) represent the required solution of case (ii). 

In case (i) the interval of prescribed displacement discontinuity vanishes and 
the solution is obtained by putting } 0 in (2), so that 


® (z) spl 2 (2* — a*)-] (7) 
and 
¢ (2) }p[z 2? a*)!), 


both regular in the plane cut along the interval |r| <aofy — 0. It is easy to show 


that, on ja] Sa, y = 0, 


v) (a® 


This quantity remains less than ¢ for all |v| <a so long as 


ut 


2pa (1 v) (9) 


so that (9) is the condition for no contact between roof and floor. The equality 


ut 


2pa (1 v) my 


is the condition for point contact at 2 — 0, which is a limiting state of both cases 
(i) and (ii). When 
~y x (11) 
2pa (1 — v) 
there is contact over a finite interval 2b, given by (6). 
The solution for case (iii) may be obtained as the limit of that for case (ii) by 
letting b +a. In (6) we let & +0 and hence y»t/pa +0. By expanding the 
right-hand side of (6) in powers of k*® and inverting, we find that 


- = uty?! | 
mpa (1 — v) (" tarpa(1 —v) ° 0 |e) |} 
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Substitution for 6? from (12) into (2) leads to the expression 


pal l | 
@P (2) 


27(l vy) (a? >*) | 
In the limit we have the complex potential 


peat 
P (2) > (13) 


27 (1 


for complete closure, valid except at 2 a. Corresponding to the potential 


(4) we have 
jal | s+ a 14 
® (2) og | . ) 
tr (1 v) : a \ 
The constant displacement discontinuity described by these potentials is equiva- 
lent to a Weingarten dislocation formed by the superposition of two edge disloca- 
tions at 2 a and 2 a, with Burgers vectors t and f, respectively, in the y 
direction. The Airy stress function for an edge dislocation is well known (Koru.er 
1941) and the superposition of the two leads to the stress function 
/ (rv +- ay 
.Y) “ (i + a ) log : 
tr (1 v) | t? 
(v7 —a?® + y?| 


15) 
pe | 


—(a a) log 


which is easily shown to be equivalent to the complex variable solution above. 


4. Hacr-PLane 


The first part of this Section is concerned with a general result on displacement discontinuities 

or dislocations inside a half-plane with a traction-free boundary. Suppose that the equations (1) 
together with the functiors 

diz) = f(z), wW(z) = g(). (16) 


represent a stress distribution which is bounded in the whole plane with the exception of a finite 
number of singularities in y < 0 associated with discontinuities in that part of the plane. We 
wish to find functions f, (=). 2, (=). regular in y < 0, such that the complex potentials 


$(2) = f(2) +f, (2) ¥(2) g (=) £, (>), (17) 


vield a stress distribution exerting no traction on 0. From equations (1) the condition for 


this to be so is 
@ (2) @ (a) +: (a) + Ww’ (v7) = 0 
fie ty @ + ah @ + a) fa”) —f’a) 
This equation is clearly satisfied if both 


fy @) 
and 
i @® 


These equations may be integrated to give 
zf,’ (2) 


f, (2) 
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From (21) 


f,@) =f’ (=) — 9), 


J@+2{f@4+2/' +97). 


The functions (22) and (23) satisfy the requirement of regularity in y < 0 since their singulari- 
. 1 } 7] g 


and from (19) and (20) 


ties are all in y > 0, and are of the right order at infinity: hence the problem is solved. 

In order to find functions f(z) and g (z) representing an arbitrarily oriented discontinuity of 
the type discussed in the previous section we must first transform the defining equations. Let 
(a, y’) now denote the initial coordinate system, so that the discontinuity lies on the interval 
av) <a of y’ = 0, and let dp (2), da (2’) now denote the complex potentials (4) and (5). The 
transformation 

z (z + th)e-™ (24) 


translates the discontinuity so that it lies between the points z 


The equations relating the displacement and stress fields in the (v7, y) coordinate system to 


those in the (2, y’) system are 
e'* (u’ + iv’), 
ix \ oy 
( (oy Oy + Stty 


y y)> 


and substitution from (1) into these equations together with the substitution (24) leads to 
2u (u + iv) ia {(3 — 4y) do [(z ih) e~ta) 7 


ih) e~'™ bo’ [(: ih) e] bo [(2 = ih) e*]}, 


2 {dy [(z ihje =) + Po [(2 ih) e'*}}, 
zetia f(z + ih) e-'™ Jy” [(2 — th) ef] 


bo [(z - th) e'] i. 


Now the functions (16) must satisfy the relations (1), and hence 
2u(u + iv) = (3 — 4v) f(z) — =f’ (2) —G®). 
oy = 2[S'@) +F'). 
—2[2f" (2) +9 ())- 
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Comparison of (26) and (27) shows that the required functions are 
f(z) = &* do [(= + ih) ], 
g (z) = e-™ dy [(= + ih) ec] — ih dy! [(= + ih) e-). 
By means of (5) g (z=) may be expressed in terms of ¢, (=) and its derivative with the result 
£ (2) =e" by [(= + th) e"*] — [lz + ih) e ™™ + ih] dg’ [(z + th) e*). (30) 


Then, from (17), (22), (23), (28) and (30), the solution for the given discontinuities in a half-plane 
is given by the potentials 


(2) = € {by [(z + ih) em] — bo [(z — ih) c'*] 
[(z + ih) e** — (z — ih) e'*] b' [(z — th) e*]}, 
b (z) = e-* {bq [(z + th) e-*] — bo [(z — ih) e'*| 
[(z + ih) e'™ + ih e'™] do’ [(z + ih) e-"*]} 
2$y' [(z ih) e*) 4+ xe [(z 4 ih)e™ — (z — ih) e'*] by” ih) e* (32) 
with, from (2) and (4), 


dy (=) = blz) = 3 [1 (2? — b®)) (2? — a®)-!] de. (33) 
The solution given by equations (31) to (33) is for a prescribed displacement discontinuity 
on the line Im [(z + ih) e-"*] = 0 identical to that obtained in an infinite medium under the action 
of a constant normal traction p on the unclosed intervals b < |Re [(z L. ihje s) < a, where 
p satisfies the condition (ii). If 6 is made zero in (33) the solution is for the elliptical discontinuity 
obtained in the infinite medium when p satifies condition (9) or (10). The introduction of the 
traction-free boundary at y = 0 alters the tractions exerted at the discontinuity so that equations 
(31) to (33) do not represent the solution to the problem of prescribed normal traction at the 
excavation. We shall investigate later to what extent they may be used as an approximation to 
the required solution. However, if we let b — a, the interval on which traction was originally 
specified now vanishes and the potentials (31) and (32) together with 


pl z+ a 
bo (2) = by (2) log ( 
= § 


tril 


~ a 


give the exact solution for a constant displacement discontinuity 


AN (u iv) = — ite” 


on the interval a < Re [(z + ih)e ‘| <a of Im [(z 1. ih) « e} 0. This is the complete 
closure solution, case (iii), for the half-plane. 
From (25) and (1) the traction exerted on the line of the discontinuity is given by 


d (2) + (2) + e?* [36” (z) + W (z)] 
with 
Im [(z ih) ¢ i) 0 


and @(z) and & (z) given by (31) and (32). Equation (35) can be put in the form 
dy (2) + bo (2) — (2 — B) by” (2) + P(A) (36) 


where 2 = (z + ihje~™ and ( = (z — ih)e'®. Here, the functions of = and 2 represent the 
solution of the original problem of the infinite medium and have the sum p on b < a’) <a, 
7 0; while F (¢, () is the additional traction introduced by imposing the traction-free boundary 
aut y 0. It can be shown that 

° a? — b* 
F(t, 0) =p. [G16 ) + O(a?) |? ))] (37) 


C 
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where G ({, ¢) is a function certainly satisfying the inequality |G) < 48/4 + 15 |h/{) 4 6h?) 2?) 
and the notation O (a? |¢?)) is used to indicate terms which are of the order of magnitude of 
a®/|(?| as that quantity tends to zero. 

Equations (36) and (37) imply that equations (31) to (33) constitute an approximation to the 
half-plane solution having a comparative discrepancy of O (a?/h?). We suppose that in (37) 
terms of smaller order of magnitude than G@({¢, ¢) may be neglected, and use the fact that 
{ > 2h — a for points on the discontinuity. Then the modulus of the contribution of F ({, ¢) 
to the complex traction is less than p/10 if 


13 15h 6h2 1 
4 | 2h (2h —a)?| — 10 


It is not diflicult to show that this inequality certainly holds if h/2a > 4. When « = 0, |¢| > 2h 
and it is easier to make an estimate of the magnitude of F(f, f). In fact, we then have the 


: 5 p(a® — b®) [ 15a aa 
F(t, o)) < r li+-— - (ja) |: (38) 


inequality 
sh 32 he 


In this case, neglecting the term O (a4 /h*), it is found that the contribution to the traction does 
not exceed p/10 if h/2a > 1-3. These results indicate that, at least when the discontinuity 
is nearly parallel to the free surface, equations (31) to (33) may give a fair approximation to the 
exact solution even when the ratio of depth to width, 4/2a, is not very large. In the half-plane, 
the criteria (9), (10) and (11) will no longer hold, and the critical ratio will become a function 
of a/hand x. Nevertheless, the original ratio will remain a good approximation for a/h sufficiently 
small. 


DISPLACEMENT AT THE SURFACE 


The most easily and accurately measured of the effects of mining is the displace- 
ment at the surface. From (1), (31) and (32), the displacement on y — 0 is given by 


, | v : , , , 
iv)g = 2c —— {dy [(a + th) e-*] — do [(a — th) e**] 
+ 2i (asin « — h cos a) dy’ [(x - th) ei=]} (39) 


where ¢, is given by (33) for partial closure, or by (34) for complete closure. For 
partial closure and non-closure (6 = 0) the result holds only approximately, 
being subject to the limitations discussed in the previous section. For complete 
closure we find that 


{lo _ Le ae iz a| 
] 


oie ? a (es L ih) iz __ aq 


[¢ v — ih) &* —a] 
{@ 


v — ih) e + a] 
tia (h cos « — x sin x)| 


(a — th)? eta _ @ { (4) 


This is the exact result, and it is clearly independent of the elastic constants. 

In the case of non-closure, when 6 = 0 in (33), the elastic constants do not 
enter into the function ¢, (2), so that they occur in (39) in the factor (1 — v)/p 
only. On the other hand, in the partial closure case the expression depends on 
the elastic constants by means of b also. 

When ¢, (z) is given by (33) and h is sufficiently large, (39) has the following 
expansion ; 
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-v (" COS & d sin x 
fe 


a + th) x 


a? + h? 


3a? 4 b a‘ 
; 0 (© 7 
12 (a? 4 ia) 1” (;;)| (41) 


rv ] 
q (x) — ¢' 2 i ; 2 (42) 


where 


so that the inequality 
3a* + 


12 (22 + hay 2) § 


is certainly satisfied. Equation (41) thus affords a convenient approximation 
even when //2a is not very large. Certainly, for values h/2a > 4, when the approxi- 
mation to the partial closure solution for general x may be reckoned to be reasonably 
close, the first term of the expansion (41) will be all that is required for comparison 
with actual surface displacement measurements. In the range h/2a > 5/2, the 
partial closure approximation of the previous section is good for a nearly horizontal 
excavation and the ratio of the second term to the first in the expansion (41) is 
not more than 2/25. 

Except for complete closure (b -> a), (41) has a comparative discrepancy of 
O (a* /h®), so long as it is regarded as the result for constant and normal traction 
at the free surface of the excavaticn, and it follows that the exact form of the 
second term in the expansion is unknown. For complete closure, however, this 
term stands, and the limiting expansion can be found by means of (12). Bearing 


these points in mind, we write for the three cases : 


(i) Non-closure 


, l »(h cos x in x)? 8 
(u W)o 2pa* — , tea *) (a ih) t o( - 
je 


a? +h? 


(ii) Partial closure 


. , (h cos x — a sin 2\? 2 
(u + iv), 2p (a? — b) | a Sarin =} (a in) | 0(Z)) (44) 
ye h?) 


r 4-h? 


(iii) Complete closure 


atau 2 2 4 
i ihe tat (‘ COS % rsin *) (a + th) [ a® q (a) 0 (; | (45) 


7 x + h? 3(a® +- h*) ht 


where q(x) is given by (42). It may be shown that in these expressions the factor 
independent of x is equal in each case to 2/7 times the area of the appropriate 
displacement discontinuity in the infinite medium. Since, to the order of approxi- 
mation considered, the discontinuity is the same in the half-plane as in the whole 


plane, each case may be represented by the single expression 


; 2 h cos a — x sin «\? ; a . 
(u + WW) - A| (a in) 0(")| ( 46) 


a +. h? 


where A is the area of the discontinuity, or, in practical terms, the volume closure 


An elastic treatment of ground movement due to mining—I. Isotropic ground 291 


per unit length of the infinite rectangular panel. The vertical displacement given 
by this approximation is indicated in Fig. 3. 

For a given size of excavation, A increases steadily with p (1 v)/u. The 
rate of increase is approximately linear until, according to condition (10), point 
contact is made in the neighbourhood of p (1 v)/p kt/a, when A = Seat. 
Thereafter the rate of increase becomes less, and as p(1 — v)/u > ©, b +a by 
equation (12) and A -» 2at exactly. Thus, to the degree of accuracy indicated, 
the complete closure solution provides for the surface displacement a bound which 
is independent of the elastic constants. Moreover, the magnitude of the displace- 
ment in the bounding case is greater than that at incipient closure by a factor 
of approximately 4/7 only. 


In comparing these results with actual measurements one should bear in mind 
the effects of likely deviations from the postulated model. There are two respects 
in which the actual situation will probably differ from the ideal without destroying 
its validity ; and the effect of both departures seems to be to reduce the expected 
subsidence. In the first place, the panel may well be insufliciently long to be 
considered infinite, and the effect of having the ends at a finite distance is almost 
certainly to reduce the displacement. (It is certainly so in the complete closure 
case, as will be shown in the paper on the three-dimensional problem). Secondly, 
when the ground around the excavation is broken to some extent, more space is 
occupied by the broken material than if it remains continuous, and the convergence 


of points just outside the fractured zone is less than predicted: this again has the 


effect of decreasing the displacement. 

However, when the subsidence measurements recorded in the literature are 
examined, it is found that almost without exception the magnitude of maximum 
subsidence is in excess of that given by the bounding expression, equation (45). 
Moreover, the shape of the subsidence profile indicated by the present results is 
much flatter than that observed in practice, so that displacements of measurable 
magnitude extend much farther from the centre of the trough than those actually 
found, 

A more detailed comparison of these results with field measurements will be 
made elsewhere, but the present remarks are intended to show that it is of little 
use to consider subsidence in British coal-measure rocks as the deformation of a 
homogeneous, isotropic, elastic medium: at least one of the major assumptions 
must be modified. 
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NOTICE 


PIB SYMPOSIUM 
ON 
KLECTROMAGNETICS AND FLUID DYNAMICS OF GASEOUS PLASMA 


Tue eleventh annual international Polytechnic Institute of Brooklyn Symposium, scheduled for 
+-6 April 1961 in New York City, will be devoted to “ Electromagnetics and Fluid Dynamics 
of Gaseous Plasma.” The area of interest covers collective electromagnetic and fluid dynamic 
phenomena and their self-consistent analytical description in the temperature range characteristic 
of the transition between partially and fully ionized gaseous plasmas. 


Typical of the subjects planned for discussion at the Symposium are : 


Microscopic and Macroscopic Theories of Non-equilibrium Magneto-Fluidynamiecs. 


(a) Distribution function versus moment approaches (cut-off procedures) 
(b) Elastic and inelastic collision contributions 

(c) Effects of heat conductivity, viscosity, etc. 

(d) Effects of particle trapping, instabilities 


Linear Wave Propagation in Uniform and Non-Uniform Plasmas 


(a) Classification of wave types (harmonic and other small disturbances) 
(b) Surface waves 

(c) Effects of plasma discontinuities 

(d) Plasma radiation (random and ordered) 

(ce) Experimental wave techniques 


Nonlinear Wave Propagation in Uniform and Non-Uniform Plasmas 
(a) Shocks 

(b) Dissipation and excitation phenomena 

(c) Harmonic generation and parametric effects 

(d) Boundary layer effects 

(ce) Experimental techniques 


Possible Applications of Magneto-Fluidynamics 


(a) Electromechanical forces in moving plasmas 
(b) Plasma generators 

(c) Plasma jets 

(d) Confinement and stability 


This year the symposium is being organized by the Department of Aerospace Engineering 
and the Microwave Research Institute of the Polytechnic Institute of Brooklyn in cooperation 
with the Institute of Radio Engineers and the Institute of the Aeronautical Sciences and with 
the co-sponsorship of the Air Force Office of Scientific Research, the Office of Naval Research, 
and the U.S. Army Signal Corps. 


In keeping with tradition, the symposium will endeavour to serve the twofold purpose of 
providing both a review of the present state of research in the above plasma fields and a forum 
for discussion of recent outstanding advances of interest to engineers, mathematicians and phys- 
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icists involved in plasma research. The programme will comprise both invited and a limited num- 
ber of contributed papers and will conclude with a round-table discussion of some future trends 


in plasma research. Further information may be obtained from Professors Martin Boom and 


Enrico Levi, Co-Chairmen of the Symposium Committee. 


The closing date for submission of papers or 200 word abstracts is 20 December 1960, Cor- 
respondence should be addressed to: 
Symposium Committee, 
Polytechnic Institute of Brooklyn, 
55 Johnson Street, 

Brooklyn 1, New York, U.S.A, 


